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PREFACE. 



The volume now presented must be regarded as the opening 
one of a serios forming a Text-Book on Physics, which the 
authors are preparing. The second volume, that on Sound, lias 
already been issued, and the remaining volumes dealing with 
Heat, Magnetism and Electricity, and Light will be published 
in succession. 

As already stated in the preface to the volume on Sound, 
" The Text-Book is intended chiefly for the use of students who 
lay most stress on the study of the experimental part of 
Physics, and who have not yet reached the stage at which the 
reading of advanced treatises on special subjects is desirable. 
To bring the subject within the compass thus prescribed, an 
account is given only of phenomena which are of special 
importance, or which appear to throw light on other branches 
of Physics, and the mathematical methods adopted are very 
elementary. The student who possesses a knowledge of 
advanced mathematical methods, and who knows how to use 
them, will, no doubt, be able to work out and remember most 
easily a theory which uses such methods. But at present a 
large number of earnest students of Physics are not so 
equipped, and the authors aim at giving an account of the 
subject which will be useful to students of this class. Even 
for the reader who is mathematically trained, there is some 
advantage in the study of elementary methods, compensating 
for their cumbrous form. They bring before us more evidently 
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the points at which the various assumptions are made, and they 
render more prominent the conditions under which the theory 
holds good." 

In the present volume the authors deal with weight, mass, 
gravitation, and those properties of matter which relate chiefly 
to change of form, such as Elasticity, Fluid Viscosity, Surface 
Tension, Diffusion and Solution. The molecular theory of matter 
has necessarily been introduced, inasmuch as investigators have 
almost always expressed their work in terms of that theory. 
But the detailed account of the theory, especially as applied to 
gases, will be given in the volume on Heat, in connection with 
the account of the phenomena which first brought it into 
prominence. 



PREFACE TO FOURTH EDITION. 

A few corrections have been made in this edition. The authors 
desire to thank the readers who have kindly pointed out errors 
and have enabled them to make these corrections. 

J. H. P. 
J. J. T. 

Janvary 1907. 
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CHAPTER I. 

WEIGHT AND MASS. 

Contents.— Weight — Mass— Definition of Mass— Masa proportional to Weight at 
the same Point— Constancy of Mass— l : n,t of Mass. 

Introductory Remarks.— Physics is the study of the properties of 
matter, and of the action of one portion of mutter upon another, and 
ultimately of the effects of the.se actions upon our senses. The properties 
studied in the various branches, Sound, Heat, Light, :tinl Magnetism nnd 
Klectricity, are for the most part easily classified under these headings. 
But there are other properties chiefly connected with changes in shape and 
relative position within a system which are grouped together as "(iencra-l 
Properties of Matter." Among these latter properties are Elasticity, 
Surface Tension, Diffusion and Viscosity. 

The most, general properties of matter are really those studied in 
Statics and Dynamics: the relation between forces, when the matter 
acted on is in equilibrium and the motion of matter under the mutual 
action of the various portions of a system Rut in Statics and Dynamics 
the recourse te expel iment is so small, and when the expci iuiental foun - 
dation is once laid the mathematical structure is so great, that it is con - 
venient to treat these branches of Physics separately. We shall assume 
in this work that the reader has already studied them, and is familiar 
both with the conditions of equilibrium and with the simpler types of 
motion. - 

Wg shall, however, begin with the discussion of some questions which 
involve dynamical considerations. We shall show how we pass from the 
idea of weight to that of mass, and how we establish the doctrine of the 
constancy of mass. We shall then give some account of the roea&uicmont 
of gravity at the surface of the eaith, and of the gravitation which is a 
propei ty of all matter wherever situated. We shall then proceed to the 
discussion of those properties of matter which are perhaps best described 
as involving change of form. 

Weight. — All matter at the surface of the earth has weight, or is 
pulled towards the ground. The fact that the pull is to the earth at 
all parts of its surface shows conclusively that it is due to the earth. 
Apparent exceptions, such as the rising of a balloon in air, or of a cork 
in water, are of course explained, not by the levity of the rising bodies, 
but by the greater gravity of their surroundings. Common experience 

A 
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with the balance shows that the ratio of the weights of two bodies is 
constant wherever they are weighed, so long as they are both weighed 
at the same point. Common experience shows too that the ratio is the 
same, however the bodies be turned about on the scale-pm of the balance. 

The balance does not tell us anything as to the constancy of weight of 
a given body, but only as to the constancy of ratio ; for if the weights of 
different bodies varied, and the variation was always in the same ratio, the 
balance would fail to indicate it. But here experiments with pendulums 
supplement our knowledge. A given pendulum at a constant temperature 
and in a fixed position has, as nearly as we can observe, the same time of 
swing from day to day and from year to year. This implies that the 
pull of the earth on the bob is constant— i.e., that the weight at the 
same place remains the same. 

This constancy of weight of a body at the same point appears to hold 
whatever chemical or physical changes the matter in it may undergo. 
Experiments have been made on the weight of sealed tubes containing 
two substances which were at first separated, and which were then 
mixed and allowed to form new chemical compounds. Tho tubes were 
weighed before and after the mixture of their contents. But though 
Landolt* and Heydweillert have thought that the variations which they 
observed were real and not due to errors of expetiment, Sanford and 
Rayt have made similar experiments, and considered that the variations 
were observational errors. Where variations have been observed they aro 
so minute and so irregular that we cannot as yet assume that there is any 
change in weight. 

Again, temperature does not appear to affect weight to any appreciable 
extent. It is extremely difficult to make satisfactory weighings of a body 
at two different temperatures. Perhaps the best evidence of constancy is 
obtained from the agreement in the results of different methods of 
measuring liquid expansion. In Dulong and Petit's U-tube method of 
determining the expansion of mercury, two unit columns have different 
heights but equal weights, and it is assumed that the cold column would 
expand into the hot column without change of weight. But in the 
dilatometer method nearly tho wholo expansion is directly measured, and 
only the small expansion jf the envelope, measured by assuming t he expan- 
sion of mercury, introduces the assumption of constancy of weight with 
change of temperature. The close agreement of tho two methods shows 
that there is no large variation of weight with temperature. 

"We may probably conclude that, up to the limit of our present powers 
of measurement, the weight of a body at a given point is constant under 
all conditions. 

But when we test the weight at different points this constancy no 
longer holds. The common balauco used in the ordinary way fails to show 
variation, since both pans are equally affected. 

But very early in the history of the pendulum, as we shall show in the 
next chapter, experiments pioved that the seconds pendulum had different 
lengths at different places, or that the same pendulum had different times 
of swing at different places. In other words, the weight of tho bob varied* 
Thus a body is about 1 in 300 heavier at London than at the Equator. 

• Zeit.f. Physik. Chem., xii. 1, 1894. 

f Zeit.f. Physik., August 25, 1900, p. 527. 

J Phyi. Rev., v. 1897, p. 247. 
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As early as 16 G2 an experiment was made by Dr. Power* in which a 
variation of weight with change of level over the same point was looked 
for. A body was weighed by a fixed balance, being first placed in the 
scale-pan and then hung far below the same pan by a string. The 
experiment was repeated by Hooke, and later by others, but the variation 
was quite beyond the rango of observation possible with these early 
experimenters, and the results they obtained were due to disturbances in 
the surroundings. The first to show that the balance could detect a 
vaiiation was von Jolly (chap. Hi. p. 41), who in 1878 described an 
experiment in which he weighed a kilogramme on a balance 5*5 metres 
above the floor and then hung the kilogramme by a wire so that it was 
near the floor. He detected a gain in the lower position of 15 mgm. 
Later ho repeated the experiment on a tower, a 5 kgm. weight gaining 
mote than SI mgms. between the top of the tower and a point 21 metres 
below. More recently Richarz and Krigar-Menzel found a variation 
in the weight of a kilogramme when lowered only 2 metres (chap. iii. 
p. 42.) 

The evidence then is convincing that the weight of a body varies from 
point to point on the earth's surface, and also varies with its distance above 
the same point. 

The question now arises — Is there any measurable quality of matter 
which remains the same wherever it is measured? Experiment shows 
that there is constancy in that which is termed the mast of matter. 

Mass. — Without entering into any discussion of the most appropriate 
or most fundamental method of measuring force, we shall assume that we 
can measure forces exerted by bent and stretched springs and similar con- 
trivances independently of the motion they produce. We shall assume 
that, when a given strain is observed in a spring, it is acting with a definite 
force on the body to which it is attached, the force being determined by 
previous experiments on the spring. Let us imagine an ideal experi- 
ment in which a spring is attached to a certain body, which it pulls 
horizontally, under constraint free from friction. Let the spring be 
always stretched to a given amount as it pulls the body along, so acting 
on it with constant force. Then all experiments and observations go to 
Bhow that the body will move with the same constant acceleration wherever 
the experiment is made. Tin's constancy of acceleration under a given 
force is expressed by saying that the mass of the body is constant. 
Though the experiment we have imagined is unrealisable, actual experi- 
ments on the same lines are made for us by good chronometers. The 
balance-wheel of a chronometer moves to and fro against the resistance 
of the hair spring, and its acceleration is very accurately the same for the 
same strain of the spring at the same temperature in different lati- 
tudes. The weight of the balance-wheel decreases by 3 in 1000 if the 
chronometer is carried from London to the Equator. If the acceleration 
under given force increased in the same ratio the rate of the chronometer 
would change by 3 in 2000, or by two minutes per day, and the 
chronometer would be useless for determinations of longitude. Again, a 
tuning-fork, making, say, 2*>(» vibrations per second at Paris at 10° will 
have very accurately the same frequency at the same temperature wherever 
tested. The same portion of matter in the prongs has the same acceleration 
for the same strain and, presumably, for the same force all the world over. 
• Mackentie, The Lam of Qruvitalion, p. 2. 
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This constancy of acceleration of a given l>ody under given force holds 
true likewise whatever the nature of the body exerting the force may be — 
i.e., whether it be a bent spring, a spiral spring, air pressing, a string 
pulling, and so on. 

Further experiment shows that the acceleration of s given body is 
proportional to the force acting on it. Thus, in a very small vibration of 
a pendulum the fraction of the weight of the bob tending to restore it to 
its central position is proportional to the displacement, and the simple 
harmonic type of the motion with its isochronism shows at once that the 
acceleration is proportional to the displacement, and therefore to the force 
acting. When a body vibrates up and down at the end of a spiral spring 
we again have simple harmonic motion with acceleration proportional to 
the distance from the position of equilibrium. The variation in the force 
exerted by the spring is also proportional to this distance, or acceleration 
is proportional to force acting. Indeed, elastic vibrations with their 
isochronism go, in general, to prove this proportionality. If, then, we 
accept the view that we can think of forces acting on bodies as being 
measurable independently of the motion which they produce — measurable, 
say, by the strain of the bodies acting — we have good experimental proof 
that a given portion of matter always has equal acceleration under equal 
force, and that the accelerations under differont forces are proportional to 
the forces acting upon it. 

We can now go a step farther and use the accelerations to compare 
different masses. 1 

Definition Of Mass. — The masses of bodies are p-oportional to thefvrces 
producing equal accelerations in them. 

An equivalent statement is, that the masses are inversely as the 
acceleration produced by equal forces. It follows from our definition that, 
if equal accelerations are observed in different bodies, then the masses are 
proportional to the forces acting. 

Observation and experiment further enable us to say that: 

The masses of bodies are proportional to their wights at the same point. 
To prove this it is only necessary to show that all bodies have equal 
acceleration at the same place when acted on by their weights alone — to 
show, in fact, that the quantity always denoted by g is constant at the same 
place. 

A very simple though rough experiment to prove this consists in 
tying a piece of iron and a piece of wood to the two ends of a thread and 
putting the thread across a horizontal ring so that the two weights 
depend at the same height above the floor. The thread is now burnt 
in the middle of the ring and the iron and wood begin to fall at the same 
instant. They reach the floor so nearly together that only a single 
bump is heard. If the surfaces presented to the air are very different the 
air resistance may interfere with the success of the experiment. But the 
more the air resistance is eliminated the more nearly is the time of fall the 
same. Thus, if a penny and a sheet of paper are placed on a board some 
height above the floor, and if the board is suddenly withdrawn, the penny 
falls straight while the paper slowly flutters down. Isow crumple up the 
paper into a little ball and repeat the experiment, when the two reach the 
ground as nearly as we can observe together. 

Newton (Prindpia, Book III., Prop. 6) devised a much more accurate 
form of the experiment, using the pendulum, in which any difference of 
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acceleration would be cumulative, and suspending in succession equal 
weights of various kinds of matter. He says (Motte's translation) : 

M It has been, now of a long time, observed by others, that all sorts of heavy 
bodies (allowance being made for the inequality of retardation, which ihey 
suffer from a small power of resistance in the air) descend to the Earth from 
equal height* in equal times ; and that equality of times we may distinguish to 
a great accuracy, by the help of pendulums. I tried the thing in gold, silver, 
lead, glass, sand, common salt, wood, water, and wheat. I provided two 
wooden boxes, round and equal. I filled the one with wood, and suspended an 
equal weight of gold (as exactly as I could) in the centre of oscillation of the 
other. The boxes hanging by equal threads of eleven feet, made a couple of 
pendulums perfectly equal in weight and figure, and equally receiving the 
resistance of the air. And placing the one by the other, I observed thorn to 
play together forwards and backwards, for a long time, with equal vibration*. 
And therefore the quantity of matter in the gold (by Cor. 1 and 6, prop. 24, 
book 2) was to the quantity of matter in the wood, as the action of the motive 
force (or vU motrix) upon all the gold, to the action of the same upon all the 
wood ; that is, as the weight of the one to the weight of the other. And the 
like happened in the other bodies. By these experiments, in bodies of the same 
weight, I could manifestly have discovered a difference of matter less than a 
thousandth part of the whole, had any such been." 

Newton here uses "quantity of matter" where we should now say 
"mass." Bessel (Berlin Abh., 1880, Ann. 1'ogg., xxv. 1832, or 
Me moires relatifs a la Physique, v. p. 71) made a series of most careful 
experiments by Newton's method, fully confirming the conclusion that 
weight at the same place is proportional to mass. 

Constancy Of HaSS. — The experiments which have led to the con- 
clusion that weight at the same place is constant now gain another 
significance. They show that the mass of a given portion of matter is 
constant, whatever changes of position, of form, or of chemical or physical 
condition it may undergo. 

When we " weigh " a body by the common balance, say, by the 
counterpoise method, we put it on the pan, counterpoise it, and then 
replace it by bodies from the set of " weights" having an equal weight. 

But our aim is not to find the weight of the body, the pull of the 
earth on it. We use the equality of weight possessed by equal masses at 
the same point of the earth's surface to find its mass. In buying matter 
by weight we are not ultimately concerned with weight but with mass, 
and we expect the same mass in a pound of it whether we buy in London 
or at the Equator. A set of weights is renlly a 6et of masses, and when 
we use one of them we are using it as a mass through its weight. 

Unit Of HaSS. — We can make a definite unit of mass by fixing on 
some piece of matter as the standard and saying that it contains one unit 
or so many units. So long as we are careful that no portion of the 
standard piece of matter is removed and that no addition is made to it, 
such a unit is both definite and consistent. 

In this country the unit of mass for commercial purposes is the piece of 
platinum kept at the Standards Office at Westminster, marked " P.S. 
18-14 1 lb." and called the Imperial Avoirdupois Pound. But for scientific 
purposes nil over the world the unit of mass is the gramme, the one- 
thousandth part of the mass of the piece of platinum-iiidium called the 
" Kilogramme-International," which is kept at Paris. Copies of this 
kilogramme, compared either with it or with previous copifs of it, are now 
distiibuted through the world, their values being known to less, perhaps, 
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than 0-01 mgm. For example, the copy in the Standards Office at West 
minster is certified to be 

1-000000070 kgm. 

with a probable error of 2 in the last place. 

According to a comparison carried out in 1883, the Imperial pound 
contains 

4">3-502l277 grammes, 

though Parliament enacted in 1878 that the pound contained 

453-51)245 grammes. 

Of course one piece of matter only can be the standard in one system of 
measurements, and the enactment of 1878 only implies that we should use 
a different value for the kilogramme in England fiom that used in Franca 
The difference is, however, (juite negligible for commercial purposes. 
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THE ACCELERATION OF GRAVITY. ITS VARIATION AND 
THE FIGURE OF THE EARTH. 

Contents. — Early History— Pendulum Clock — Picard's Experiments — Hoygens' 
Theory— Newton's Theory and Experiments — Bouguer's Experiments — Ber- 
noulli's Correction for Arc— Experiments of Borda and Ca&sini — Hater's Con- 
vertible Pendulum — Bessel's Ex|>erimcnts and his Theory of the Reversible 
Pendulum— Repsold's Pendulum — Yielding of the Support — Defforges' Pendulum 
— Variation of Gravity over the Earth's Surface— Kicher— Newton's Theory of 
the Figure of the Earth — Measurements in Sweden and Peru — Bonguer's 
Correction to Sea-level— Clairaut's Theorem — Kater and Sabine — Invariable 
Pendulum— Airy's Hydrostatic Theory — Kayo's Bulc— Indian Survey— Formula 
fory in anv Latitude — Von Sterneck's Half-second Pendulums— His Barymeter 
—Gravity Balance of Threlfall and Pollock. 

We shall describe in this and the following chapter the methods of 
measuring two quantities ; tho acceleration of falling bodies due to the 
earth, at its surfaco (tho quantity always denoted by g) ; and the accelera- 
tion due to unit mass at unit distance (the quantity known as the gravita- 
tion constant and denoted by (J). The two may be measured quite in- 
dependently, but yet they are closely related in that y is the measure of a 
particular case of gravitation, while G is the expression of its general 
measure. The two together enable us to find the moss and therefore the 
mean density of tho earth. 

The Acceleration of Gravity.* — Wo shall briefly trace the history 
of the methods which have been used in measuring g, for in so doing we 
can set forth most clearly the difficulties to be overcome and realise the 
exactitude with which the measurement can now be made. We shall 
then give some account of tho experiments made to determine the varia- 
tions of gravity and the use of the knowledgo so gained to determine the 
shape of the earth. 

Early History. — The first step in our knowledge of the laws of 
falling bodies was taken about the end of tho sixteenth century, when 
Stevinus, Galileo, and their contemporaries were laying the foundations 
of the modern knowledge of mechanics. Stevinus, the discoverer of the 
Triangle of Forces and of tho theory of the Inclined Plane, and Galileo, 

" A collection of the most important original papers on the pendulum 
constitutes vobt. iv. and v. of Mr mains rtlaiift it la Phytinue. It is prefaced by an 
excellent history of the subject by M. Wolf, and contains a bibliography. The fifth 
volume of The G. T. Survey of India consists of an account of tho pendulum 
operations of the survey, with some important memoirs. In the Journal de 
Pht/sique, vi\ 18SS, are three important articles by Commandant Defforges on the 
theory of the pendulum, concluding with an account of his own pendulum. The 
description given in this chapter is based on these works. 
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the founder of Dynamics, were both aware that the doctrine then held that 
bodies fall with rapidity proportional to their weight was quite false, and 
they asserted that under the action of their weight alone all bodies would 
fall at equal rates. They pointed out that the different rates actually 
observed were to be ascribed to the resistance of the air, which has a 
greater effect on the movement of light than of heavy bodies of equal 
size. Galileo made a celebrated experiment to verify this fact by dropping 
bodies of different weights from the top of the Leaning Tower of Pisa, 
and showing that they reached the ground in the same time. The air- 
pump was not yet invented, so that the later verification by the " guinea 
and feather" was not then possible. But Galileo did not stop with this 
experiment. Ho made the progress of dynamics possible by introducing 
tho conception of equal additions of velocity in equal times — the con- 
ception of uniform acceleration. His first idea was that a constant force 
would give equal additions of velocity in equal distances traversed, but 
investigation led him to see that this idea was untenable, and he then 
enunciated the hypothesis of equal additions in equal times. He showed 
that, by this hypothesis, the distance traversed is proportional to the 
squaro of the time. Not content with mere mathematical deductions, 
he made experiments on bodies moving down inclined planes, and demon- 
strated that the distances traversed were actually proportional to the 
squares of the times — i.e., that the acceleration was uniform. By ex- 
periments with pendulums falling through the arc of a circle to the 
lowest point, and then rising through another arc, he concluded that the 
velocity acquired in falling down a slope depends only on the vertical 
height fallen through and not upon the length of the slope, or, as we 
should now put it, that the acceleration is proportional to the cosine of 
the angle of the slopo with tho vertical. He thus arrived at quite sound 
ideas on the acceleration of filling bodies and on its uniformity, and from 
his inclined plane experiments could have obtained a rough approxi- 
mation to the quantity we now denote by g. But Galileo had no accurate 
method of measuring small periods of time in seconds. The pendulum 
clock was not as yet inveuted, and be made merely relative measurements 
of the time intervals by determining in his experiments the quantity 
of water which flowed through a small orifice of a vessel during each 
interval. 

To Galileo we also owe the foundation of the study of pendulum 
vibrations. The isochronism of the pendulum had been previously ob- 
served by others, but Galileo rediscovered it for himself, and showed by 
further experiment that the times of vibration of different simple pendu- 
lums are proportional to tho square roots of their lengths. He also used 
the pendulum to determine the rate of beating of the pulse and recognised 
the possibility of employing it as a clock regulator. He did not publish 
his ideas on the construction of a pendulum clock, and they were only 
discovered among his papers long after his death. 

From Galileo, therefore, we derive the conception of the appropriate 
quantity to measure in the fall of bodies, the acceleration, and to him we 
owe the instrument which as a free pendulum gives us the acceleration of 
fall, and, as a clock regulator, provides us with the best means of deter- 
mining the time of fall. 

Soon after Galileo's death, Mersenne made, in 1644, the first determi* 
nation of the length of a simple pendulum beating seconds, and a little 



Digitized by Google 



THE ACCELERATION OF GRAVITY. 



9 



later he suggested as a problem the determination of the length of a 
simple pendulum equivalent to a given compound pendulum. 

Pendulum ClOCk. — But it was only with the invention of the 
pendulum clock by Huygens in 1 C57 that the second became an interval 
of time measurable with consistency and ease. At once the new clock was 
widely used. Its rate could easily be determined by star observations, and 
determinations of the length of the seconds pendulum by its a d became 
common. 

Picard'S Experiment. — In 1669 Picard determined this length at 
Paris, using a copper ball an inch in diameter suspended by an aloe fibre 
from jaws. This suspension was usual in early work, the aloe fibre being 
unaffected to any appreciable extent by moisture. Picards value was 
86 inches 8£ lines Paris measure. The Paris foot may be taken ns 
^4 or 1*065 English feet, and there are 12 lines to the inch, so that the 
length found was 89 09 English inches. Picard states that the value liad 
been found to be the Mime at London and at Lyons. 

Huyg"ens' Theory. — In 1C73 Uuygens propounded the theory of the 
cycloidal pendulum, proving its exact isochronism, and he showed how to 
construct such a pendulum by allowing the string to vibrate between 
cycloidal cheeks. He determined the length !>eating seconds at Paris, 
confirming Picard's value, and from the formula which we now put in the 

form g = n'l he found | the distance of free fall in one second, the 

quantity which was at first used, instead of the full acceleration we now 
employ. His value was 15 ft. 1 in. 1 J lines, Paris measure, which would 
give g = 8216 English feet. 

Huygens at the same time gave the theory of uniform motion in a 
circle and the theory of the conical pendulum, and above all in importance 
he founded the study of the motion of bodies of finite size by solving 
Mersenne's problem and working out the theory of the compound 
pendulum. He discovered the method of determining the centre of 
oscillation and showed its interchangeability with the centre of suspension. 

Newton's Theory and Experiments.— Newton in the Prineipia 

made great use of the theory of the pendulum. He there for the first 
time made the idea of mass definite, and by his pendulum experiments 
(Prineipia, sect, vi., Book II., Prop. 24), he proved that mass is 
proportional to weight. He used pendulums too, to investigate the 
resistance of the air to bodies moving through it, and repeated the 
pendulum experiments of Wren and others, by which the laws of impact 
had been discovered. But his great contribution to our present subject 
was the demonstration, by means of the moon's motion, that gravity is 
a particular case of gravitation and acts according to the law of inverse 
squares, the attracting body being the earth. In Book 111., Prop. 4, he 
calculates the acceleration of the moon towards the earth and shows that, 
starting from rest with this acceleration, it would fall towards the earth 
15ft. 1 in. l£ lines (Paris) in the first minute. If at the surface of the 
earth 60 times nearer the acceleration is 60' times greater the same 
distance would here be fallen through in one second, a distance almost 
exactly that obtained by Huygens' experiments. 

In a later proposition (557) he returns to this calculation, and now, 
assuming the law of inverse squares to tie cornet, he mnkes a more exact 
determination of the moon's acceleration, and ftom it deduces the value 
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of gravity at the mean radius of the earth in latitude) 45°. Then by his 
theory of the variation of gravity with latitude, of which we shall give 
some account below, he finds the value at Paris. He corrects the value 
thus found for the centrifugal force at Paris and (in Prop. 19) for the 
air displaced, which he takes as j-, of the weight of the bob used in the 
pendulum experiments, and finally arrives at 15 ft. 1 in. l£ lines (Paris), 
differing from Huygens* value by about 1 in 7T>00. 

Bouguer'S Experiments. — Though Newton was thus aware of the 
need of the correction for the buoyancy of the air, it does not apj>ear to 
have been applied again until Bouguer made his celebrated experiments 
in the Andes in 1737. These are especially interesting in regard to 
the variations of gravity, but we may here mention some important 
points to which Bouguer attended. While his predecessors probably 
altered the length of the pendulum till it swung seconds as exactly 
as could be observed, Bouguer introduced the idea of an " invariable 
pendulum," making it always of the same length and observing how long 
it took to lose so many vibrations on the seconds clock. For this purpose 
the thread of the pendulum swung in front of a scale, and he noted the 
time when the thread moved past the centre of the scalo at the same 
instant that the beat of the clock was heard. Here we have an elementary 
form of the " method of coincidences," to be described later. He used, 
not the measured length from the jaw suspension to the centre of the bob, 
which was a double truncated cone, but the length to the centre of oscilla- 
tion of the thread and bob, and he allowed for change of length of his 
measuring-rod with temperature. He also assured himself of the coinci- 
dence of the centre of figure with the centre of gravity of the bob by 
showing that the time of swing was the same when the bob was inverted. 
He determined the density of the air by finding the vertical height through 
which he must carry a barometer in order that it should fall one line, and 
he thus estimated the density of the air on the summit of Pichincha at 
TTO'Off that of the copper bob of his pendulum. Applying these correc- 
tions to his observations ho calculated the length of the seconds pendulum 
in vaetto. 

Correction for Arc. — In 1747, D. Bernouilli showed how to correct 
the observed time of vibration to that for an infinitely small arc of swing. 
The observed time is to a first approximation longer than that for an 

infinitely small arc in the ratio 1 + — where a is the amplitude of the 

angle of swing. The correction has to be modified for the decrease in 
amplitude occurring during an observation. 

Experiments of Borda and Cassini. — The next especially note* 

worthy experiments are those by Hordaand Cassini made at Paris in 179? 
in connection with the investigations to determine a new standard of 
length, when it was still doubtful whether the seconds pendulum might 
not be preferable to a unit related to the dimensions of the earth. The 
form of pendulum which they used is now named after Borda. It con- 
sisted of a platinum ball nearly H inches in diameter, hung by a fine iron 
wire about 12 Paris feet long. It had a half-period of about two seconds 
The wire was attached at its upper end to a knife edge — the advantages of 
a knife-edge suspension having been already recognised— and the knife 
edge and wire-holder were so formed that their time of swing alone was the 
same as that of the pendulum. In calculating the moment of inertia, 
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they could therefore be left out of account. At the lower end the wire 
was attached to a shallow cup with the concavity downwards, and the ball 
exactly fitted into this cup, being made to adhere to it by a little grease. 
The ball could therefore be easily and exactly reversed without altering 
the pendulum length, and any non-coincidence of centre of gravity and 
centre of figure could be eliminated by taking the time of swing for each 
position of the ball. The pendulum was hung in front of a seconds clock, 
with its bob a little below the clock bob, and on the latter was fixed a 
black paper with a white X-shaped cross on it. The vibrations were 
watched through a telescope from a short distance away, and a little in 
front of the pendulum was a black screen covering half the field. When 
the pendulums were at rest in the field the edge of this screen covered 
half the cross and half the wire. When the swings were in progress the 
times were noted at which the pendulum wire just bisected the cross at the 
instant of disappearance behind the screen. This was a " coincidence," 
and, since the clock bob made two swings to one of the pendulum, the 
interval between two successive " coincidences " was the time in which the 
clock gained or lost one complete vibration or two seconds on the wire 
pendulum. The exact second of a coincidence could not be determined 
but only estimated, as for many seconds the wire and cross appeared to 
pass the edge together. But the advantage of the method of coincidences 
was still preserved, for it lies in the fact that if the uncertainty is a 
small fraction of tho interval between two successive coincidences the 
error introduced is a very much smaller fraction of the time of vibration. 
For, suppose that the wire pendulum makes n half swings while the clock 
makes 2n + 2. If the clock beats exact seconds the time of vibration of 
the wire pendulum is 

If there is a possible error in the determination of each of two successive 
coincidences of m seconds, or at the most of 2 m in the interval of 2n + 2 
seconds, the observed time might be 

, = 2fl + JL_\ = 2 {l + 1 -fl 7 ^}^2/l + ! ? m \ 
V n±mf 1 n\ + »*/' \ n T ny 

In one case Borda and Cassini employed an interval of 2?i — 8000 seconds, 
and found an uncertainty not more than 30 seconds for the instant of 
coincidence. Thus 

30 1 

n* 1500» = 75000 

Now, as they observed for about four hours, or for five intervals in succes- 
sion, the error was reduced to J. or 3 y of the value of t. Practically 
the method of coincidences determined the time of vibration of the 
pendulum in terms of the clock time with sufficient accuracy, and the 
responsibility for error lay in the clock. The pendulum was treated as 
forming a rigid system, and the length of the equivalent ideal simple pen • 
dulum was calculated therefrom. Corrections were made for air displaced, 
for arc of swing, and for variations in length with temperature. 

The final value obtained was : Seconds pendulum at Paris = 440*5593 
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lines (Paris). As the metre - 443*290 Paris lines, this gives 993 53 mm., 
and, corrected to sea-level, it gives 993*85 mm. 

Kater'S Convertible Pendulum.— The difficulties in measuring the 
length and in calculating the moment of inertia of the wire-suspended or 
so-called simple pendulum led Prony in 1800 to propose a pendulum 
employing the principle of interclmngeability of the centres of oscillation 
and suspension. The pendulum was to have two knife edges turned 
inwards on opposite sides of the centre of gravity, so that it could be 

I swung from either, and was to be so adjusted that the time of 
swing was the same in both cases. The distance between the 
** knife edges would then be the length of the equivalent simple 
pendulum. Prony 's proposal was unheeded by his contemporaries, 
and the paper describing it was only published eighty years later.* 
In 1811, Bohnenberger made the same proposal, and again 
in 1817 Captain Kater independently hit on the idea, and for 
the first time carried it into practice, making his celebrated 
determination of g at London with the form of instrument since 
known as " Katei 's convertible pendulum." This pendulum is 
shown in Fig. 1 . On the rod are two adjustable weights, to and *. 
The larger weight w is moved about until the times of swing 
from the two knife edges k t k, are nearly equal, when it is 
screwed in po-ition. Then a is moved by means of a screw to 
make the final adjustment to equality. Kater determined the 
time of vibration by the method of coincidences, his use of it 

fs being but slightly different from that of Borda. A white circle 
on black paper was fastened on the bob of the clock pendulum ; 
the convertible pendulum was suspended in front of the clock, 
and when the two were at rest the tail-piece t of the former just 
covered the white circle on the latter as viewed by a telescoj* a 
few feet away. A slit was made in the focal plane of the 
eyepiece of the telescope just the width of the images of the 
whito patch and of the pendulum tail. A coincidence was the 
instant during an observation at which the white circle was 
quite invisible as the two pendulums swung past the lowest 
point together. A series of swings were made, first from one 
knife edge and then from the other, each series lasting over 
four or five coincidences, the coincidence interval being about 
500 seconds. The fine weight was moved after each series till 
the number of vibrations per twenty-four hours only differed by 
a small fraction of ono vibration whichever knife edge was used, 
and then the difference was less than errors of observation, for 
the time was sometimes greater from the one, sometimes greater from the 
other. The mean time observed when this stage was reached was corrected 
for amplitude, and tlien taken as the time oF the simple pendulum of 
length equal to tho distance l»etween the knife edges, this distance being 
carefully measured. A correction was made for the air di.-placed on tho 
assumption that gravity was dimini.4ied thereby in the ratio of weight of 
pendulum in air to weight of pendulum in vacuo. The value was then 
corrected to sea-level. The final value of the length of the seconds pendulum 
at sea-level in the latitude of London was determined to be 39*13929 inches.t 



Fio. l.— 
Kater'* 
Couvertibl* 
rendnlum. 



• Mcmnirtt rehttift u la Physii/ue, iv. [.. 65. 

t The experiments are described in a paper in the Phil. Trans, for 1818 
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Bessel's Experiments and his Theory of the Reversible 

Pendulum. — In 182G Bessel made experiments to determine the length 
of the seconds pendulum at Koenigsl>erg. He used a wire-suspended 
pendulum, swung first from one point and then from another point, 
exactly a "Toiseof Peru"* higher up, the bob being at the same level in 
eachcHse. Assuming that the pendulums are truly pimple, it will easily be 
teen that the difference in the squares of the times is tho tquare of the 
time for a simple pendulum of length equal to the difference in lengths, 
and therefore the actual length need not be known. Cut the practical 
pendulum departs from the ideal simple type, and so the actual lengths 
have to be known. As, however, they enter into the expression for the 
difference of the squares of the times, with a very small quantity as co- 
efficient, they need not be known with such accuracy aa their differences. 
Bessel took especial caro that this difference should be accurately equal to 
the toise. At the upper end, in place of jaws or a knife edge, he used- a hori- 
zontal cylinder on which the wire wrapped and unwrapped. He introduced 
corrections for the stiffness of the wire and for the want of rigidity of 
connection between bob and wire. The necessity for the latter correction 
was pointed out by Laplace, who showed that the two, bob and wire, could 
not move as one piece, for the bob acquires and loses angular momentum 
around its centre of gravity, which cannot be accounted for by forces 
passing through the centre, such as would alone act if the line of the wire, 
produced, always passed through the centre. In reality the bob turns 
through a slightly greater angle than the wire, so that the pull of the wire 
is now on one side and now on the other Bide of the centre of gravity. 
The correction is, however, small if the bob has a radius small in comparison 
with the length of the wire. 

If I is the length of the wire, r the distance of the centre of gravity of 
the bob from the point at which the wire is attached to it, and * the radius 
of gyration of the bob about an axis through the centre of gravity ; then, 
neglecting higher powers than *:*, the equivalent simple pendulum can be 
shown to be 

l + r + + - t ! K --^t 
l + r r(l + tf 

the last term being due to the correction under consideration. As an 
illustration, suppose the bob is a sphere of 1 inch radius and the wire 
is 88 inches long ; then the equivalent simple pendulum in inches is 
39 + -010256 + 000102, and the last term, 1/400000 of the whole length, 
need only to be taken into account in the most accurate work. 

Bessel also made a very important change in the air correction. The 
effect of the air on the motion may be separated into three parts — 

(1) The buoyancy, the weight of the pendulum being virtually 
decreased by the weight of the air which it displaces. 

(2) The flow of the air, some of the air moving with the pendulum, 
and so virtually increasing its mass. 

account of experiment* for determining th« length of the pendulum vibrating 
seconds in the latitude of London," and in a paper in the Phil. Tram, for 1819, 
" Experiments for determining the variations in the length of the pendulum 
vibrating seconds," Kater applies further corrections and gives the above value. 

• The "Toise of Peru * w<is a standard bar at the Paris Observatory, 6 Paris feet 
or about 1949 millimetres long. 
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(3) The air drag, a viscous resistance which comes into play between 
the differeut layers of air, moving at different rates, a resistance trans- 
mitted to the pendulum. 

As far back as 17 80 Du Buat had pointed out the existence of the 
second effect, and had made experiments with pendulums of the same 
length and form, but of diffeient densities, to determine the extra mass for 
various shapes. Bessel, not knowing Du Buat's work, reinvestigated the 
matter, and again by the same method determined the virtual addition to 
the mass for various shapes, and among others for the pendulum he used. 

The vircous resistance was first placed in its true relation by Stokes' 
investigations on Fluid Motion in 1847. In pendulum motion we may 
regard it as tending to decrease the amplitude alone, for the effect on the 
time of vibration is inappreciable. We may represent its effect by 
introducing a term proportional to tho volocity in the equation of motion, 
which thus becom«3 

The solution of this is0 = A«~icosjv^-^«- a J 
where A and a are constants. 

The period is T- — whore v depends on the viscosity. 

Approximately T - -l\+^L\ or the time is increased by the 

viscosity in the ratio 1 + — :1, 

or since fx = (nearly), in the ratio 1 + 1. 

To see the order of this alteration, suppose that p, p, represent two 
succeeding amplitudes on opposite sides of the contre— i.e., values for which 

6 = 0, or cos ~ 1 ~ ° ~ ° 0S .y ) = 0 ; then n> = r'J or, taking logarithms, 

~ M p 

log ' - A = 
Pi * 

Now in one of Kater's experiments tho arc of swing decreased in 
about 500 seconds from 1 11 " to 118°, or in the ratio 1-11)5: 1. 

Then f"»l- ID 5 and 5<>i>x =log f 11 95 = 0 178 

whence X - -000356 and V = , = 6 x 10* about. 

In Borda's pendulum the effect was about the same— i.e., one that is 
practically quite negligible. 
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Bessel also used the pendulum to investigate afresh the correctness of 
Newton's proof that mass is proportional to weight, carrying out a series 
of experiment* "which still remain the best on the subject. But Bessel 's 
chief contribution to gravitational research consisted of his theory of the 
"reversible pendulum." lie showed that if a pendulum were made 
symmetrical in external form about its middle point, but loath d at one 
end, to lower the centre of gravity, and provided with two knife edges, 
like Kater's pendulum, one very nearly at the centre of oscillation of the 
other, the length of the seconds pendulum could be deduced from the 
two times without regard to tho air effect*. Laplace had shown that the 
knife edges must be regarded as cylinders, and not mere lines of support. 
Bessel showed, however, that if the knife edges were exactly equal 
cylinders their effect was eliminated by the inversion, and that if they were 
different cylinders their effect was eliminated by interchanging the knife 
edges, and again determining the times from each — the " erect " and 
" inverted " times as we may conveniently term them. 

We shall consider these various points separately. 

In the first place, Bessel showed that it was unnecessary to make the 
erect and inverted times exactly equal. For if T, and T, be these times, 
if A, A, be the distances of the centre of gravity from the two knife edges, 
and if k be the radius of gyration round an axis through the centre of 
gravity, the formula for the compound pendulum gives 

JL T ' = V + ** _9_ ti„ V +_*' 

in 1 1 A, 4^ ' A, 

Multiply respectively by A,, A,, subtract and divide by A, - A, and we 
have 

9 W-A^, 
W A, -A, 

Let us put Wjil^ffi-T" 

A, ~ A, 

We shall term T the compttted time. We see that it is the time corresponding 
to a length of simple pendulum A, + A,. It may be expressed in a more 
convenient form, thus : 

Let t* = ±l+A»- an d a > = -'-^ , 

then 7,* = ^ + a 1 , T^r'-a 1 , and substituting in T* we get 

_ A,T t '-*,T,' = tS u , A^ + A, _ T.' + T,' T,»- T,' A,+A, 
A, -A, A.-A, 2 2 A, -A, 

Now A, + A, is measurable with great exactitude, but A, and A f , and 
therefore A, - A,, cannot be determined with nearly Mich accuracy. The 
method of measuring them consists in balancing the pendulum in horizontal 
position on a knife edge and measuring the di*tance of the balancing knife 
edge from each end knife edge. But the formula shows that ii is not 
necessary to know A, - h t exactly, for it only occurs in the coefficient of 
T,* - T, 1 , which is a very small fraction of T,- + T/. Knowing, then. A, + A, 
exactly and A, • A t approximately, we can compute the time corresponding to 
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A, + h 3 from the timesin theerect and inverted positions and avoid the trouble- 
some series of trials which Kater made before obtaining exact equality for 
them from each knife edge. 

Now let us cousider the air effect. Take first the erect position of the 
pendulum. We may represent the buoyancy by an upward force applied 
at the centre of gravity of the displaced air, and equal to its weight my. 
Let this centre of gravity be distant a from the centre of suspension. 

The mass of air flowing with the pendulum will have no effective weight, 
since it is buoyed up by the surrounding air. It is merely an addition to 
the mass moved and serves to increase the moment of inertia of the 
pendulum. Let us represent it by the addition of a term m'd* when the 
pendulum is erect. 

Thee we have ^.•[(V+^^.S^O+J-W/, + ~\ 
in 2 MA, - ins MA, \ MA,/ 

h* + K* ma m'cP 
Aj~ MAj MAj 



A. 



neglecting squares and products of ~ and ~, since in practice these 



m' 

M M' 
quantities are of the order 10"*. 

Now invert and swing from an axis near the centre of oscillation. 
The value of m is the same, but its centre of gravity may be at a different 
distance from the new suspension, say a'. The air moving may be different, 
so that we must now put m"tP instead of m'd*. We have then 



. • — , — "I* , _ _ , T" - - , ~ 



4w» 



h, M/i, MA, 



If 



wo 



put 



A,V 



V as an approximation in the coefficients of the 



small terms containing ^ the computed time T is given by 

M 



A T 3 - h T *\ 



A, - /., 




vis - via 
M 



(m -■ m")d? 
M(A,-AJ 



But if we make the external form of the 
pendulum symmetrical about its middle point, 
so that the two knife edges are equidistant 
from the centre of figure, then * = *' and »»' = »»" 



and 



9 rrt. 
'4n 3 



A. + A, 



Fio. 2.— Effect of cylindrical 



Form of Knife 



?vliunr 
fcdge. 



Then the air effect is eliminated in the 
computed time. It is necessary here that the 
barometer and thermometer should give the 
fame readings in each observation ; if not, 
corrections must be made ; but, as they will be 
very small, an exact knowledge of their value is 
unnecessary. 

In investigating the effect of the cylindrical 
form of the knife edges we shall for simplicity 
suppose them each to have constant curvature, 
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the radius of the erect one being p v that of the inverted one p r If C, Fig. 2, 
is the centre of curvature of the knife edge, O the point of contact, G the 
centre of gravity, then CG = A, + p, and the work done is the same as if 
G were moved in a circle of radius A, + p„ since the horizontal travel of C 
does not affect the amount of work. The instantaneous centre of motion 
is the point of contact O. The kinetic energy is therefore 

MOc' + OGOf' 

But OG' = OC + CG» - 2 OC CG cos 6 

"Pi* + (Pi + " 2 Pi(Pi + *i) (l " ^ approximately 

= (/». + ^-p,) , + f>l(p. + A.)* , 
— A,' neglecting pfi^ and smaller quantities. 

it 

Then the kinetic energy is M(A,» + . 

The work done from the lowest point is 

M ! 7(A l + Pl )(l-co8 5) = M i7 (A l + Pl )l 3 

w 

Hence the erect time is given by • 

4^ A,+p, A, \ A,/ 
the inverted time is given by 

4w»" a, \ a;; 

In the computed time wo may put «* — AjA,in the coefficient of the small 
quantities p, and p„ and therefore 



4jt* 4x* 



Now interchange the knife edges. Assuming that no alteration is 
made except in the interchange of p l and p v the computed time T* is 
given by 

^=*. + *' + ^-^ 

adding the two last equations together and dividing by 2, 

T' + T" . . 

Si-— + 

• If in simple harmonic motion the kinetic energy at any point is faff 1 and the 
work from the centre of swing is $60* then the periodic time is easily seen to be 

2wj 
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Repsold's Pendulum. — Bessel did not himself construct a peudulum 
to fulfil these conditions, but, after his death, Repsold in 18(50 devised a form 

with interchangeable knife edges and of symmetrica 1 
form now known as Repsold's Reversible Pendulum 
(Fig. 8), in which he carried out Itessel's suggestions. 
The stand for the instrument was, perhaps fortunately, 
far from sufficiently firm, for as the pendulum swung 
to and fro the stand swung with it. Attention was 
directed to the investigation of the source of error. 
Its existence was already known, but its magnitude 
was not suspected till Peirce and others showed how 
seriously it might affect the time. 

Yielding" Of the Support.— The centre of gravity 
moves as if all the forces acted on the whole mass 
collected there, so that if we find the mass acceleration 
of the centre of gravity, and subtract the weight, 
M<7, we have the force due to the support. Reversing, 
we have the force on the support. 

The acceleration of the centre of gravity is hfi 
along the arc and hfr towards the point of support. 
Resolving these horizontally and vertically, 

horizontal acceleration 

= hfi cos 6 - hj? sin 6 * h { Q approximately ; 
vertical acceleration 

-A,0sin 6 + cos B^hfiB + hft approximately ; 




Fro. 8.— Rpp«old*« Re- 
versible Pendulum. 
The Russian Pen- 
dulum use J in the 
Indian Survey. 



but 6= - 



gh { 6_ 

Thon the horizontal force on the stand is M<7 — 1 0 



Kg 



hfi 



If o is the amplitude of 0, then & 



since «.-* = hfc 



,(«'-*) 



and the vertical force upwards, on the pendulum 

Now in finding the yielding of the stand we only want the varvir.g 
part of this. Reversing it, the variation in the force on the stand 

which is of the second order in 0, and it can be shown that the effect on 
the time of swing is negligible in comparison with that of the horizontal 
yielding. 
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Let the yielding to a horizontal force be e per dyne. Let OC (Fig. 4) 
be the vertical position, AG the position when displaced through ang e 0. 



Then the yielding OA 



MA. a 



produce GA to 0', then OO' = OA/0 = c-M- A < g^d t say, 

/|| ~f* A t 

or the instantaneous centre is raised d t above O, and the 
centre of gravity is moving in a circle of radius 

A, +4, 

Let the instantaneous centre be raised d. = e-5?*A<7 



the pendulum is inverted. 
Hence the erect time is given by 




Fro. 4 — Yielding 
of (be Support. 



the inverted time by 

and the computed time by |£ = A, + A, + eMy, since V, = Mr 

We see that «Mjf is the horizontal displacement of the support due to 
the weight of ihe pendulum applied horizontally 

Defforgres' Pendulums. -Starting from this point, Commandant 
JJeflorges h is introduced a new plan to eliminato the effect of yielding 
using two convertible : pendulums of the Repsold type, of equal weight, 3 
different lengths,and with a single pair of knife edges, which can be trans- 
ferred from one to the other. The ratio of A, : A, is made the same^for 

Let the radii of curvature of the knife edges be denoted by M let 
Hi+ ir V efer / 0 t fe fir8t l* n < ,u,uni > + *W, refer to the second 

j?^i P^ ing lR the mme for eflc,, » "»c»wing the length by S. 
.Let 1 1 be their computed times, 



then 
and 
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ance J = ^ the co-efficient of p, - p l disappears, and it is not necessary 

to interchange the knife edges on the same pendulum. Hence the pen- 
dulums are convertible, and we have 

£,(r-T") = f I -J i 

The United States Coast and Geodetic Survey have recently constructed 
a pendulum in which the planes are on the pendulum and the knife edges 
on the support. The one disadvantage is the difficulty of so suspending 
the pendulum that the same part of the plane is always on the knife edge, 
but against this is to be set the probable greater accuracy of measure- 
ment of Aj + A, and the freedom from the necessity of interchange of 
knife edge. Further, should a knife edge be damaged it can be reground 
without affecting the pendulum, whereas in the ordinary construction 
regrinding really alters the pendulum, which practically becomes a 
different instrument. 



Variation of Gravity over the Surface of the Earth. 

Richer. — The earliest observation showing that gravity changes with 
change of place was made by Richer, at the request of the French 
Academy of Sciences, in 1672. He observed the length of the seconds 
pendulum at Cayenne, and returning to Paris found that the same 
pendulum must there be lengthened 1 j Paris lines, 12 to the inch. 

Newton's Theory. — This observation waited no long time for an 
explanation. Newton took up the subject in the Princijna (Book III., 
Props. 18-20) and, regarding gravity as a terrestrial example of uni- 
versal gravitation, he connected the variation with the form of the 
earth. He showed first that if the earth is taken as a homogeneous 
mutually gravitating fluid globe, its rotation will necessarily bring about a 
bulging at the Equator, for some of the weight of the equatorial portion 
will be occupied in keeping it moving in its daily circle while the polar 
part has but little of such motion. A column, therefore, from the centre 
to the surface must be longer at the Equator than at the Pole in order 
that the two columns shall produce equal pressures at the centre. Assuming 
the form to be spheroidal, the attraction will be different at equal distances 
along the polar and equatorial radii. Taking into account both the 
variation in attraction and the centrifugal action of gravity at the 
Equator), Newton calculated the ratio of the axes of the spheroid. Though 
his method is open to criticism, his result from the data used is perfectly 
correct, viz., that the axes are as 230 : 229. Taking a lately measured 
value of l u of latitude, he found thence the radii, and determined their 
difference at 17*1 miles. He then found how gravity should vary over 
such a spheroid, taking centrifugal action into account, and prepared 
a table of the lengths of 1° of latitude and of the seconds pendulum 
r or every 5° of latitude from the Equator to the Pole. From his table 
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the pendulum length at Cayenne, in latitude 4° O.V, should be 1 line 
lass than at Paris in latitude 48° 50'. He assigns part of the difference 
of this from the diminution of 1 J lines observed by Richer to expausion 
of the scale with higher temperature near the Equator. 

The Swedish and Peruvian Expeditions.— Newton's theory of 

the figure of the earth as depending on gravitation and rotation lod early 
in the eighteenth century to measurements of a degree of latitude in Peru 
and in Sweden. If the earth were truly spheroidal, and if the plumb- 
line were everywhere perpendicular to the surface, two such measurements 
would suffice to give the axes a and b, inasmuch as length of arc of 1" 

» 6^1 - 1 + 3c sin*±*^36O0 sin 1" where * - ^ ~ = the ellipticity and A V 

are the latitudes at the beginning and end of the arc. 0 

We know now that through local variations in gravity the plumb-line 
is not perpendicular to a true spheroid, but that there are humps and 
hollows in the surface, and many measurements at different parts of the 
earth are needed to eliminate the local variations and find the axes of the 
spheroid most nearly coinciding with the real surface. But the Swedi»h 
and Peruvian expeditions clearly proved the increase of length of a degree 
in northerly regions, and so proved the flattening at the Poles. These 
expeditions have another interest for us here in that pendulum observa- 
tions were made. Thus Maupertuis, in the northern expedition, found 
that a certain pendulum clock gained 59*1 seconds per day in Sweden on 
its rate in Paris, while Bouguer and La Condamine, in the Peruvian 
expedition, found that at the Equator at sea-level the seconds pendulum 
was 1*26 Paris lines shorter than at Paris. Bouguer's work, to which we 
have already referred, was especially important in that he determined the 
length of the seconds pendulum at three elevations: (1) At Quito, which 
may be regarded as a tableland, the station being 14G(J toicest above sea- 
level ; (2) on the summit of Pichincha, a mountain rising above Quito to 
a height of 2434 toises above sea-level; and (3) on the Island of Inca, on 
the river Esmeralda, not more than thirty or forty toises above sea-level. 
The Equator runs between Quito and the third station, and they are only 
a few miles from it. In space free from matter rising above sea-level gravity 
might be expected to decrease according to the inverse square law starting 
from the earth's centre, so that if A is the height above sea-level and r is 



Station. 


A bore 

Sea-level 
In Toises. 


Observed 
8ec< »iids 
Pendulum 
in Lines. 


Correction 
for Tem- 
perature. 


Correction 

tor 
Buoyancy. 


Corrected 
Seconds 
Pendulum. 


Fraction 
less than 
at Sea- 
level. 


Fraction 
Riven by 
Inverse 
Square 
Law 2 hjr. 


Pichincha . 


2431 


433 70 


-05 


+ '04 


438-69 


s4i 


tfi 


Quito . 


14G6 


438 S3 




+ •05 


438-88 






Isle of Inca 




439 07 


+ 075 


+ 06 


433-21 







• Airy, " Figure of Earth." Encye. Met., p. 192. 
f The toUe is G Paris feet, or 6 395 English feet. 
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the earth's radius, the decrease should be 2A/r of the original value. In 
the table on p. 21, Bouguer's results are given. In the last column but 
one is the decrease observed at the upper stations, and in the last column 
the decrease calculated by 2h/r. 

It will be seen that gravity decreased more slowly than by the inverse 
square law. Centrifugal force would act in a contrary way, though, as 
Bouguer showed, by a negligible amount. The excess of gravity, as 
observed, above its value in a free space must therefore be assigned to the 
attraction of the matter above the sea-level. Bouguer obtained for the 
value of gravity g k on a plateau of height A, as compared with its value at 
sea -level g. 



f. 2A a*a\ 



where 3 is the density of the plateau and A the density of the earth. 

This formula, now known as Bouguer's Rule, seems to have dropped 
out of sight till it was again obtained by Young in 181 'J, but on its 
revival it was generally employed to reduce the observed value at a station 
to the sea- level value in the samo latitude. 

Putting it in the form *JL=J> = 2 M 1 - **) 

9. r\ 4 A/ 

and using the values at Quito and sea-level, A- 3f)0 5j 

Bouguer remarked that this result sufficed to show that the density of 
the earth was greater than that of the Cordilleras, and consequently that 
the earth was neither hollow nor full of water, as some physicists had 
maintained. We now know that the value of a so obtained is far too great, 
and shall see later what is the probable explanation. 

Clairaut S Theorem.— In 1743 Clairaut published his great treatise, 
Theorie d> la Figure de la Terre, which put the investigation of the Hgureof 
tin earth on lines which have ever since been followed. In this work he 
takes the surface of the earth as a spheroid of equilibrium — such thata 
layer of water would spread all over it, aud assumes that the internal density 
varies so that lay era of equal density nre concentric co-axial spheroids. 
Denoting gravity at the Equator, Pole, and latitude X, by </„ g pt g K respec- 
tively, and putting m - centrifugal force at Equator A/, and < =ellip(icity = 
difference of equatorial and polar radii / equatorial radius, he shows (1) that 

9\ =«7,(1 +«sin , X) (1) 
where n is a constant : (2) that 



re = m. 

9, 2 

From (1) and (2) we get 



(2) 



a result known as Clairaut's Theorem. 

Laplace showed that the surfaces of equal density might have any 
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nearly spherical form, and Stokes (Math. Phys. Paper*, vol. ii. p. 104% 
going further, showed that it is unnecessary to assume any law of density 
so long as the external surface is a spheroid of equilibrium, for the theorem 
still remains true. 

From Clairaut's Theorem it follows that, if the earth is an oblate 
spheroid, its ellipticity can be determined from pendulum experiments on 
the variation of gravity without a knowledge of its absolute value, except 
in so far as it is involved in m. And if the theorem were exactly 
true, two rolative determinations at stations in widely different latitudes 
should suffice. But here again, as with arc measurements, local variations 
interfere, and many determinations must be made at widely scattered 
stations to eliminate their effect. 

Kater and Sabine. Invariable Pendulums.— During the last half 

of the eighteenth century much pendulum work was carried on, but hardly 
with sufficient accuracy to make the results of value now, and we may con- 
sider that modern research begins with Kater, who constructed a number of 
"invariable pendulums," nearly beating seconds, and in shape much like 
his convertible pendulum without the reverse knife edge. The principle 
of " invariable pendulum " work consists in using the same pendulum at 
different stations, determining its time of vibration at each, and correcting 
for temperature, air effect, and height above sea-level. The relative values 
of gravity are thus known, or the equivalent, the relative lengths of the 
seconds pendulum, without measuring the length or knowing the moment 
of inertia of the pendulum. Kater himself determined the length of the 
seconds pendulum at stations scattered over the British Islands, and 
Sabine, between 1820 and 1825, carried out observations at stations 
ranging from the West Indies to Greenland and Spitzbergen. About the 
tame time Freycinet and l)u perry made an extensive series ranging far 
into the Southern Hemisphere, and other observers contributed observa- 
tions. Now, though different pendulums were used, these series over- 
lapped and could be connected together by the observations at common 
stations ; and Airy in 18;H) (K-ncyc. Met., " Figure of the Earth ") deduced a 
value of the ellipticity of about -j^y. 

Breaking down Of Boug-uer'S Rule.— Subsequent work brought 
into ever-increasing prominence the local divergences from Clairaut's 
formula, and it gradually became evident that on continents and on high 
ground the value of gravity was always less than would be expected from 
Clairaut's formula when corrected by Bouguer's rule, while at the sea 
coast and on oceanic islands it was greater. 

Indian Survey. — Thus, in the splendid series of pendulum ex- 
periments carried out in connection with the Indian Trigonometrical 
Survey between 181J5 and 1875 (G. T. Surrey of India, vol. v.) the 
variations were very marked. In these experiments, invariable pen- 
dulums, Kater's convertible and Repsold's reversible pendulum were all 
used, and observations wero made by Basevi and Heaviside from More, on 
the Himalayas, at a height of 1 5,427 feet, down to the sea-level. The series 
was connected with others by swinging the pendulums at Kew before 
their transmission to India, and very great precautions were taken to 
correct for temperature, and the air effect was eliminated by swinging in 
a vacuum. At More the defect of gravity was very marked. 

Alry's " Hydrostatic " Theory. Faye's Rule.— Airy (Phil. Tran». % 

1855, p. 101) had already suggested that elevated masses are really 
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buoyed up by matter at their base lighter than the average ; that in fact 
they float on the liquid or more probably viscous solid interior very much 
as icebergs float on the sea. If the high ground is in equilibrium, neither 
rising nor falling, we may perhaps regard the total quantity of matter 
underneath a station as being equal to that at a station at sea-level 
in the same latitude. This hydrostatic theory has led Faye to suggest 

that the term ? — - in Bouguer's rule should be replaced by a term only 

taking into account the attraction of the excess of matter under the 
Btation above the average level of the near neighbourhood, a suggestion 
embodied in Faye's rule. 

Recent work by the American Survey (Amer. Journ. Science, March 
1896, G. R. Putnam) has shown that on the American continent Faye's 
rule gives results decidedly more consistent than those obtained from 
Bouguer's rule. 

By a consideration of the results obtained up to 1880 by the pen- 
dulum, Clarke (Geodesy, p. 850) gives as the value of the ellipticity 

' = oiTT» * valuo almost coinciding with that obtained from measure- 

ments of degrees of latitude. Helmert, in 1884, gave as the result of 

pendulum work * , and we may now be sure that the value diners very 

little from 

Helmert (Theorieen der hiiheren Geoddsie, Bd. II. p. 241) also gives 
as the value of g in any latitude X, 

Qk » 97 8 00( 1 + 0 0053 1 0 sin» X) 

and this may be taken as representing the best results up to the present. 

Von Sterneck's Half-second Pendulums.— The labour of the 

determination of minute local variations in gravity was much lessened by 
the introduction by von Sterneck, about 1880, of half-second invariable 
pendulums, and his improved methods of observation have greatly in- 
creased the accuracy of relative determinations at stations connected by 
telegraph. 

With half the time of swing the apparatus has only one-fourth the 
linear dimensions, and it can be made at once more steady and more 
portable. The size of the pendulum being thus reduced — it is about 
10 inches long — it can without much trouble be placed in a chamber which 
can ba exhausted and which can be maintained at any desired temperature. 
Each pendulum can therefore be made to give its own temperature and air 
corrections by preliminary observations. The form of the pendulum is 
&hown in Fig. 5. The chief improvements in the mode of observation 
introduced by von Sterneck consist, 1st, in the simultaneous comparison 
with the same clock of the swinging of two pendulums at two stations at 
which gravity is to be compared. For this purpose the two stations are 
connected by an electric circuit containing a half -seconds " break circuit" 
chronometer, which sends a signal through each station every half-second, 
and thus clock-rates are of little importance. And, 2nd, the method of 
observing the coincidences of the pendulum with the chronometer signals. 
In the final form this consists in attaching a small mirror on the pendulum 
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knife edge (not shown in Fig. 5, which represents an earlier form) per- 
pendicular to the plane of vibration of the pendulum, and placing a fixed 
minor close to the other and parallel to it whan the pendulum is at rest. 




Fio. 6. 

The chronometer signals work a relay, giving a horizontal 8 wrk, and this 
is reflected into a telescope from both mirrors. When the pendulum is at 
rest the image of the spark in both mirrors appears on the horizontal 
cross-wire, and when the pendulum is vibrating a coincidence occurs when 
the two images are in this position. The method admit* of exceedingly 
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accurate determination. We shall see later how vou Sterneck used the 
method in gravitation experiments. Here it is sufficient to say that he 
has used it in many local determinations of gravity, nnd that his pendulums 
have been used without the simultaneous method for determinations at 
various stations in both hemispheres. The American Geodetic Survey has 
adopted very similar apparatus and methods, and it appears probable that 
wo fhall soon have a knowledge of the variation of gravity over the surface 
of the earth of a far more detailed and accurate kind than could possibly 
be obtained by the older methods. 

Differential Gravity Meters. — Before invariable pendulums were 
brought to their present accuracy and portability, there was some hope 
that for relative determinations the pendulum might be superseded by a 
statical measurer of gravity which would do away with the need for time 
measurements. Such an instrument must essentially consist of a mass 
supported by a spring, and the variation in gravity must be shown by the 
alteration in the spring due to the alteration in the pull of the earth on 
the mass. The earlier instruments devised for the purpose need not bo 
described, for they were quite incapable of the accuracy attained by 
invariable pendulums. The first instrument which promised any real 



success was devised by von Sterneck, and is termed bj 



1111 



the 




(MitUieilangen des K. K. Militar-Geog. List., Wien, v. L&M>). 

Von Sterneck's Barymeter. 

I O — A brass plate P (Fig. 6), 'AO cm. x 
20 cm., is balanced on a knife edge, s. 
Along a diagonal is a glass tube 
terminating in bulbsOandU, 5 cm. x 
G cm., so that in the equilibrium 
position 0 is about 25 cm. above U. 
The tube and about \ of each bulb 
is filled with mercury, and above the 
mercury is nitrogen. The apparatus 
- (-! u» is adjusted so that at 0° C. and for 
a certain value of gravity the edges 
Fto. 6.— Von Stermck's r.ary meter. of the brass plate are horizontal 

and vertical, a level W showing 
when this position is attained. If now gravity were to increase, the 
weight of the mercury would be greater, and it would tend to flow from O 
and compress the g:is in U. Thus tho balance would tilt over to the left, 
and the tilting still further increasing the pressure on U, tho flow 
downwards is increased. The instrument can thus be made of any 
desired sensitiveness, and its deflections can be read by scale and measured 
in the usual way. To compensate for changes of temperature, a second 
tube terminating in smaller bulbs o and u, each about G cm. x 3 cm., is 
fixed along the other diagonal. This contains some mercury, but above 
tho mercury in u is alcohol, and only o contains nitrogen. If the 
temperature rises the mercury becomes less dense, and on this account it 
is driven from U to 0 in the larger tube, but still more is it driven in this 
direction from the fact that the increase of pressure of the gas in U is 
greater than in O. Meanwhile, tho alcohol in u expanding, drives the 
mercury in tho smaller tu!>e into o, and by suitable adjustments of volume 
the two can be made to balance sufficiently for such small temperature 
variations as will arise when the whole is placed in a box surrounded with 
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melting ice, and it is thus that the instrument is used. "With this 
instrument von Sterneck could detect the change in gravity in going from 
the cellar of a building to a height of 25 metres. 

Threlfall and Pollock's Quartz-thread Gravity Balance.— 

In the riiil. Trans., A. 103, 1800, p. 215, Threlfall and Pollock describe an 
instrument for measuring variations in gravity statically which is both 
accurate and portable. 

The essential features of the instrument are represented in Fig. 7. 

A and B are two metal rods which can slide along their common 
axis. C is a coach-spring attached to A. H I is a quartz thread 30 5 cm. 
long and 0038 cm. in diameter stretched horizontally between B 
and C. I) is a piece of gilded bnu* wire soldered to the quartz thread. 
Its weight is *018 gm., its length 5 3 cm., and its centre of gravity is 
a little to one side of the quartz thread. Its weight therefore tends 
to pull it into the vertical position and twist the quartz. But such a twist 




A 



E 



Fio. 7.-ThrelUll and Pollock's. Quirts-thread Gravity Balance 

can be put on the quartz thread by rotating the arm G, which carries a 
vernier, that D is brought into the horizontal position. For this about 
three whole turns are require*!. The end of D when in the horizontal 
|>osition is ou the cross- wire of the horizontal microscope E. The hori- 
zontal position of the brass wire is only just stable. If it be twisted a few 
degrees more the point of instability is reached and the wire tends to 
continue moving round, and would do so but for an arrester. The mode 
of using the instrument consists in determining the twist put on tho quartz 
thread by the arm G to bring it into the horizontal position. If gravity 
increases, the moment of the weight of 1) increases and a greater twist is 
required. To calibrate the instrument the change in reading of the vernier 
on G is observed in passing from one station to another, at both cf which 
g is known — the two stations selected being Sydney and Melbourne. Of 
course, temperature corrections are necessary both on account of tho change 
in length of D and the change in rigidity of the quartz. Preliminary 
determinations of these were made at one station. For the details of the 
instrument and the mode of using it we refer the reader to the original 
account. It suffices here to say that it has given very fairly consistent 
results at stations wide apart and that it promises to rival the invariable 
pendulum. 



r 
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GRAVITATION. 

Contents.*— The Uw of Gravitation— The Gravitation Constant and the Mean 

Density of the Earth. 

The full statement of Newton's Law of Gravitation is that any particle 
of mass M, attracts any other particle of mass M, distant d from it with a 
force in the line joining them proportional to M 1 M J /<i*. The evidence for 
the law may be briefly summed up as follows : 

Starting with any single planet — say the earth — and referring its 
position to a system, fixed relatively to the sun and the distant stars, direct 
astronomical observation shows that it may be described with a close 
approximation to the truth, as moving in an ellipse with the sun in one 
focus, at such speed that the line from the centre of the sun to the centre 
of the planet sweeps out equal areas in equal times. This implies, as 
Newton showed, that the acceleration of the planet is towards the sun and 
inversely as the square of its distance from that body. 

Now, comparing the different planets, observation shows that (length of 
year)7(mean distance)* is the same for each, and from this it follows that 
the constant of acceleration is the same for all, or that at the unit distance 
from the sun they would all have the same acceleration if the law holding 
for each in its own orbit held for it at all distances. 

So far this is mere time-geometry, or a description of position and rate 
of change of position, and we might have other equally true, if lass 
convenient, modes of description referred to other standards, such as the 
epic} clic geocentric mode of the ancients, or the practical mode in common 
use in which the co ordinates of a planet are measured with regard to some 
observatory, its meridian, and horizon. 

But if we regard the accelerations as indicating forces, the different 
methods of description are no longer equivalent. We must select that 
which gives a system of forces most consistent in itself and most in accord 
with our terrestrial experience. Here the heliocentric method, with the 
modification described hereafter, is immensely superior to any other, and, 
adopting it, we must suppose that the accelerations of the planets indicate 
forces towards the sun, and since the constant of acceleration is the same 
for all, that the forces on equal masses are inversely as their distances 
squared from the sun, whatever planets the masses belong to. In other 

* This chapter is lareely taken from The Mean Dtntity of the Earth, and papers 
communicated to the Royal Institution and the Birmingham Natural Uistorj and 
Philosophical Society, by J. H. Poynting. 
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words, the sun has no favourite among its attendants, but pulls on each 
pound of each according to the same rule. 

But the assumption that the accelerations indicate forces of the kind 
we experience on the earth, carries with it the supposition of equality of 
action and reaction, and so we conclude that each planet reacts on the sun 
with a force equal and opposite to that exerted by the sun on the planet. 
ITence, each acts with a force proportional to its own mare, and inversely 
as the square of its distance away. If we suppose that there is nothing 
special in the attraction of the sun beyond great magnitude corresponding 
to great mass, we must conclude that the sun also acts with a force propor- 
tional to its mass. But we have just shown that the force is proportional 
to the mass acted on. Hence, we have the force on any planet proportional 
to mass of sun x mass of planet / (distance apart) 1 . 

Now, turning to any of the smaller systems consisting of a primary 
and its satellites, the shape of orbit and the motion of the satellites agree 
with the supposition that the primary is acting with a force according to 
the inverse square law. It is important for our special problem to note 
here that in the case of the earth we must include in the term " satellite " 
any body at its surface which can be weighed or moved. 

We are theref-re led to conclude that the law is general, or that if we 
have any two bodies, of masses M, and M„ at d distance apart, the force 
on either is 

GM,M_ 

where G is a constant — the constant of gravitation. 

The acceleration of one of them, say M„ towards the other is 

If this conclusion is accepted, we can at once determine the masses of 
the various primaries in terms of that of the sun for — 

acceleration of satellite towards primary = G 2 Ma8S of P ri ^y_ 

distance of satellite* 

and acceleration of primary towards sun = G Mmw of g,m 



distance of primary* 

By division G is eliminated, and we obtain the ratio of the masses in terms 
of quantities which may be measured by observation. 

As an illu>tnilion, let us make a rough determination of the mass of 
the sun in teims of the mass of tho earth. 

We may take the acceleration of the inoon to the earth as approxi- 
mately w M 5 x d u , where w„ is the angular velocity of the moon and d M it* 
distance fitun the earth, and the acceleration of the latter to the sun as 
« E 2 x<f E where w K is the angular velocity of the earth, and d F its distance 
from the sun. Let the mass of tho sun be S and that of the earth he E. 

then Aw'leration of Moon _ w M * x d M E x </,.* 
Acceleration of Earth w E ! x dg fc> x d u 7 ' 



whmce 



is %:^ife)u lou «o-)- 800000 



so 
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A confirmation of the generality of the law ia obtained from the 
perturbations of the planets from the elliptic orbits which we have for 
simplicity supposed them to describo. 

These perturbations, in any one planet, can at least approximately be 
analysed into separate disturbances, each due to one of its fellow planets, 
acting with a force inversely as the squaro of its distance away, and if we 
assume this force proportional to the mass of the disturber we obtain 
another measure for this mass in terms of that of the sun. 

The concordance of the two methods is as complete as we could 
expect. 

The determination of the masses of the different members of our system 
in terms of that of the sun enables us to choose a still more satisfactory 
origin for our system of reference than the centre of the sun— viz., the 
centre of mass of the whole system. The change is small, but without it 
we could not account for all the motions merely by a set of inverse square 
forces in which action and reaction were equal and opposite. 

We have for simplicity considered the sun and planets as without 
appreciable dimensions as compared with their distances apart. But 
measurement shows that they are all approximately spheres, and the 
attraction on a sphere with density varying only with the distance from 
the centre— t.e.,consisting of homogeneous concentric shells, if itis considered 
as the resultant of the attractions on tho separate particles, all according 
to tho same inverse square law, is the same as that on the whole mass 
collected at the centre of the sphere. Further, if the attraction is due, not 
to the attracting body as a whole but to its separate parts, each acting, as 
it were, independently and according to the same law, then an attracting 
sphere acts as if it were all concentrated at its centre. Since the planets, 
with a close approximation, behave as if they were merely concentrated 
masses at their centres, and since the deviations from this behaviour, such 
as the earth's precession, can all be accounted for by their departure from 
sphericity, we have strong presumption that the attraction is really the 
resultant of all the attractions, each element to, of one body acting on each 
element to, of the other with force Gmpijd*. 

Astronomical observation enables us, then, to compare the masses of 
the various members of the solar system with each other, and, by taking 
into account the sizes of the planets, to make a table of specific gravities, 
choosing any one as tho standard substance. Thus, if we tike the earth 
as standard, the mean specific gravity of the sun is about 0*25, that of 
Mercury about l*2fi, that of Venus and Mars about 0 0, and so on. 

But this does not give us any idea of tho specific gravity in terms of 
known terrestrial substances or any idea of the masses in terms of the 
terrestrial standards, the kilogramme or the pound. It is true that Newton, 
with little more than the astrouomical data at his command, made a 
celebrated guess on tho specific gravity of the earth in terms of water, 
which runs thus in Motte's translation of the J'rincipia (vol. ii. p. 230, 
ed. 1721), Book III., Prop. 10) : " But that our globe of earth is of greater 
density than it would be if the whole consisted of water only, I thus make 
out. If the whole consisted of water only, whatever was of less density 
than water, because of its less specific gravity, would emerge and float 
above. And upon this account, if a globe of terrestrial matter, covered on all 
sides with water, was le^s dense than water, it would emerge somewhere: 
and the subsiding water falling back, would be gathered to the opposite 
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side. And such is the condition of our earth, which, in great measure, is 
covered with seas. The earth, if it was not for its greater density, would 
emerge from the seas, and according to its degree of levity, would be raised 
more or less above their surface, the water and the seas flowing backwards 
to the opposite side. By the same argument, the spots of the sun which 
float upon the lucid matter thereof, are lighter than that matter. And 
however the Planets liave been form'd while they were yet in fluid masses, 
all the heavier matter subsided to the centre. .Since, therefore, the common 
matter of our earth on the surface thereof, is about twice as heavy as 
water, and a little lower, in mines is found about three or four, or even five 
times more heavy ; it is probable that the quantity of the whole matter of 
the earth may be five or six timas greater than if it consisted all of water, 
especially since I have beforo showed that the earth is about four times 
more dense than Jupiter." 

It is not a little remarkable that Newton hit upon the limits between 
which the values found by subsequent researches have nearly nil lain. 

In order, then, to complete the expression of the law of gravitation we 
must connect the celestial with the terrestrial scale of densities. In fact, 
we must do for the masses of the solar system that which we do for their 
distances in the determination of the solar parallax, though we cannot 
proceed quite so directly in the former case as in the latter in connecting 
the celestial and terrestrial measures. If we could measure the accele- 
ration, say, of the moon, duo to any terrestrial body of known shape 
and density — if, for instance, we knew the form and extent of our 
tidal-wave and its full lunar effect— we could at once find the mass of 
the earth in terms of that of the wave, or its density as compared with 
sea-water. 

But at present this cannot be done with any approach to accuracy, and 
the only method of solving the problem consists in finding the attraction 
between two bodies on the earth of known masses a known distance apart, 
and comparing this with the attraction of the earth on a known mass at 
its surface instead of its attraction as a heavenly body. Since the law of 
attraction is by observation the same at the surface of the earth and at a 
distance, we can thus find the mass of the earth in terms of either of these 
known masses. 

To take an illustration from an experiment hereafter dcscrilied, let us 
suppose that a spherical mass of 20 kilos, is attracted by another spherical 
mass of 150 kilos, when the centres are J>0 cm. apart with a force equal to 
the weight of £ mgm. or ^orx-Ai^ro °f the weight of the 20 kilos, when 
the latter is on the surface of the earth and 6 x 10" cm. from its centre, 
we have : 

Mass of E arth , 150000 . , 
(« x lo-)* 1 ao* : smoTnns 

whence mass of earth = 5 x 10 I: grammes nearly. 

The volume of the earth is about 9x10* c.c, whence tho mean density 
of the earth A is about 5*5. 

Or, using the experiment to give the constant of attraction, and 
expressing the masses in grammes, the weight of \ mgm. or 

^n^_ 0x150000x20000 
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wt 't nA . n 981 x -00025 x 30* 7 , , » 

W hence, if g = 98 1 G = f — - = (nearly). 

y * 150000x20000 10 8 v Jt 

A determination of G completes the expression of the law of 
gravitation. 

This example shows that the two problems, the determination of the 
gravitation constant G and the determination of the mean density of the 
earth A, are practically one, inasmuch as our knowledge of the dimensions 
of the earth and the acceleration of gravity g at its surface at once 
enable us to determine G if we know A, or to determine A if we 
know G. 

The Methods op Experiment. 

These naturally fall into two classes. In the one class some natural 
mass is selected, either a mountain or part of the earth's crust, and 

its mass and form are more or less accurately 
determined by surveys and mineralogical 
examination. Its attraction on a plumb- 
bob at one side, or on a pendulum above or 
below it, is then compared with the attrac- 
tion of the whole earth on the same body. 

In the other, the laboratory class of 
experiment, a smaller mass, such as may 
bo easily handled, is placed so as to attract 
some small suspended body, and this attrac- 
tion is measured. Knowing the attracting 
and attracted masses, the attraction gives G. 
Or, comparing the attraction with the attrac- 
tion of the earth on the same body, we get A. 

The Experiments of Bougruer in 

Peru. — The honour of making the first 
experiments on the attraction of terrestrial 
masses is to be accorded to Bouguer. He 
Fio. S.-Bouguer-B I'lunib-line Ex- attempted both by the pendulum oxperi- 
ponmcnt on the Attraction of :u A • *u i \ u * j u 

Cliimborazo. ments described in the last chapter, and by 

plumb-line experiments, to prove the exist- 
ence of the attraction of mountain massps in the Andes, when engaged in 
the celebrated measurement of an arc of the meridian in Peru about the 
year 1740. The pendulum experiments are sufficiently described in the 
last chapter. 

In his plumb-line experiments he attempted to estimate the sideway 
attraction of Chimborazo, a mountain about 20,000 feet high, on a plumb- 
line placed at a point on its side. Fig. 8 will show the principle of the 
method. Suppose that two stations are fixed, one on the side of the 
mountain due south of the summit, and the other in the same latitude, 
but some distance westward, away from the influence of the mountain. 
Suppose that at the second station a star is observed to pass the meridian — 
we will say, for simplicity, directly overhead, then a plumb-line hung 
down will bo exactly parallel to the observing telescope. At the first 
station, if the mountain were away, it would also hang down parallel to 
the telescope when directed to the same star. But the mountain pulls the 
plumb-line towards it, and changes the overhead point so that the star 
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appears to northward instead of in the zenith. The method simply con- 
sists in determining how much the star appears to be shifted to the north. 
The angle of apparent shift is the ratio of the horizontal pull of the 
mountain on the plumb-bob to the pull of the earth. 

To carry out the experiment, Bouguer fixed the first station on the 
south slope of Chimborazo, just above the perpetual snow-line, and the 
second nearly on the same level, several miles to the westward. He 
describes (Fiyure de la Terre, 7th section) how his expedition reached the 
first station after a most toilsome journey of ten hours over rocks and 
snow, and how, when they reached it, they had all the time to fight against 
the snow, which threatened to bury their tent. Nevertheless, they 
succeeded in making the necessary observations, and a few days later they 
were able to move on to the second station. Here they hoped for better 
things, as they were now below the snow-line. But their difficulties were 
even greater than before, as now they were exposed to the full force of the 
wind, which filled their eyes with sand and was continually on the point 
of blowing away their tent. The cold was intense, and so hindered the 
working of their instruments that they had to apply fire to the levelling 
screws before they could turn them. Still they made their observations, 
and found that the plumb-line was drawn aside about 8 seconds. Had 
Chimborazo been of the density of the whole earth, Bouguer calculated, 
from the dimensions and distance of the mountain, that it would have 
drawn aside the vertical by about twelve times this, so that the earth 
appeared to be twelve times as dense as the mountain, a result undoubtedly 
very far wide of the truth. But it is little wonder that under 
such circumstances the experiment failed to give a good result, and all 
honour is due to Bouguer for the ingenuity and perseverance which enabled 
him to obtain any result at all. At least he deserves the credit of first 
showing that the attraction by mountain masses actually exists, and that 
the earth, as a whole, is denser than the surface strata. As he remarks, 
his experiments at any rate proved that the earth was not merely a hollow 
shell, as some had till then held ; nor was it a globe full of water, as others 
had maintained. He fully recognised that his experiments were mere 
trials, and hoped that they would be repeated in Europe. 

Thirty years later his hope was fulfilled. Maskelyne, then the 
English Astronomer Royal, brought the subject before the Royal Society 
in 1772, and obtained the appointment of a committee " to consider of a 
proper hill whereon to try the experiment, and to prepare everything 
necessary for carrying the design into execution." Cavendish, who was 
himself to carry out an earth-weighing experiment some twenty-five years 
later, was probably a member of the committee, and was certainly deeply 
interested in the subject, for among his papers have been found calcula- 
tions with regard to Skiddaw, one of several English hills at first con- 
sidered. Ultimately, however, the committee decided in favour of 
Schiehallion, a mountain near ii Rannoch, in Perthshire, 8547 feet high. 
Here the astronomical part of the experiment was carried out in 1774, 
and the survey of the district in that and the two following years. The 
mountain has a short east and west ridge, and slopes down steeply on the 
north and south, a shape very suitable for the purpose. 

Maskelyne, who himself undertook the astronomical work, decided to 
work in a way very like that followed by Bouguer on Chimborazo, but 
modified in a manner suggested by him. Two stations were selected, one 

0 
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on the south and the other on the north slope. A small observatory was 
erected first at the south station, and the angular distance of some stars 
from the zenith, when they were due south, was most carefully measured. 
The stars selected all passed nearly overhead, so that the angles measured 
were very small The instrument used was the zenith sector, a telescope 
rotating about a horizontal east and west axis at the object-glass end, and 
provided with a plumb-line hanging from the axis over a graduated scale at 
the eyepiece end. This showed how far the telescope was from the vertical. 

After about a month's work at this station the observatory was moved 
to the north station, aud again the same stars were observed with the 
zenith sector. Another month's work completed this part of the ex- 
periment. Fig. 9 will show how the observations gave the attraction 
due to the hill. Let us for the moment leave out of account the curvature 
of the earth, and suppose it flat. Further, let us suppose that a star is 
which would be directly overhead if no mountain existed. 

Then evidently at S. the plumb-line is 
pulled to the north, and the zenith is 
shifted to the south. The star therefore 
appears slightly to the north. At N. 
there is an opposite effect, for the moun- 
^ tain pulls the plumb-line southwards, 

] j f and shifts the zenith to the north ; and 

\\ J \ i now the star appears slightly to the 

ll\ / \ 1 m south. The total shifting of the star is 

JlVM' 8 X .. double the deflection of the plumb-line 

at either station due to the pull of the 
mountain. 

But the curvature of the earth also 
deflects the verticals at N. and 8., and 
in the same way, so that the observed 
shift of the star is partly due to the mountain and partly due to the 
curvature of the earth. A careful measure was made of the distance 
between the two stations, and this gave the curvuture deflection as about 48". 
The observed deflection was about 55", so that the effect of the mountain, 
the difference between these, was about 12". 

The next thing was to find the form of the mountain. This was before 
the days of the Ordnance Survey, so that a complete survey of the district 
was needed. When this was complete, contour maps were made, giving 
the volume and distance of every part of the mountain from each station. 
Hutton was associated with Maskelyne in this part of the work, and he 
carried out all the calculations based upon it, being much assisted by 
valuable suggestions from Cavendish. 

Now, had the mountain had the same density as the earth, it was 
calculated from its shape and distance that it should have deflected the 
plumb-lines towards each other through a total angle of 20 9", or 1 J times 
the observed amount. The earth, then, is li times as dense as the 
mountain. From pieces of the rock of which the mountain is composed, 
its density was estimated as 24 times that of water. The earth should 
have, therefore, density l*x2f or 4£. An estimate of the density of the 
mountain, based on a survey made thirty years later, brought the result 
up to 5. All subsequent work has shown that this number is not very 
far from the truth. 




Fio. 9.— Mwkolyw's riurnb-Hne 
perinient ou Scbiehallion. 
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An exactly similar experiment was made eighty years later, on the 
completion of the Ordnance Survey of the kingdom. Certain anomalies 
in the direction of the vertical at Edinburgh led Colonel James, the 
director, to repeat the Schiehallion experiment, using Arthur's Seat as 
the deflecting mountain. The value obtained for the mean density of the 
earth was about 5£. 

Repetitions have also been made of the pendulum method, tried by 
Bouguer in the Andes. 

The 6rst of these was by Carlini, in 1821. He observed the length of 
a pendulum swinging seconds at the Hospice on Mont Cenis, about 6000 
feet above sea-level, and so obtained the value of gravity there. The 
value due to mere elevation above the sea-level was easily calculated, but 
the observed value was greater than that calculated by about 1 in 5000. 
In other words, the pull of the whole earth was 5000 times greater than 
that of the mountain under the Hospice. Knowing approximately the 
shape of the mountain, and estimating its density 
from specimens of the rock, Carlini found the 
density of the earth to be about 4£ times that of 
water. 

Another experiment of the same kind was 
made by Mendenhal), in Japan, in 1880. Here 
he determined the value of gravity on the 
summit of Fujiyama, a mountain nearly 2£ miles 
high. He found it greater tluin the value 
calculated from the increased distance from the 
earth's centre by about 1 in 5000, as Carlini had 
done on Mont Cenis. Fujiyama, though the ^J^^S^SriLiiS'" - 
higher, is more pointed and less dense thau 

Mont Cenis. Mendeuhall estimated the mean density of the earth as 
5-77. 

Airy applied the pendulum to solve the problem in a somewhat different 
way, using, instead of a mountain, the crust of the earth between the top 
and the bottom of a mine. His first attempts were made in 1826, at the 
Dolcoath copper mine, in Cornwall. Here he swung a pendulum first at 
the surface and then at the bottom of the mine. At the point below we 
may consider that the weight of the pendulum was due to the pull of the 
part of the earth within the sphere with radius reaching from the earth's 
centre to the point (Fig. 10). Knowing the value of gravity below, it 
was easy to calculate what it would have been at the level of the surface 
had no outer shell existed, and had the change in value depended merely 
on the greater distance from the earth's centre. The observed value was 
greater than this through the pull of the outer shell, and it was hoped 
that the difference would be measured sufficiently accurately to show how 
much greater is the mass of the earth than that of the crust. The first 
attempt was brought to an end by a curious accident. As one of the 
pendulums used was being raised up the shaft, the box containing it took 
fire, the rope was burnt, and the pendulum fell to the bottom. Two years 
later another attempt was made, but this was brought to an end by a 
fall in the mine, which stopped the pump so that the lower station was 
flooded. 

Many years later, in 1854, the experiment was again undertaken by 
Airy, this time in the Harton coal-pit, near Sunderland. The method was 
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exactly the same, a pendulum being swung above and below the surface, 
and the diminution in gravity above carefully determined. The experiment 
was carriod out with the greatest care and in a most thorough way, two 
pendulums being swung at the same time — one above and one below — the 
two being interchanged from time to time. Several assistants were 
occupied in taking the observations, which extended continuously night 
and day for about three weeks. Now gravity at the surface was gi-oater 
than it would have been, had no outer shell existed of thickness equal to 
the depth of the pit, by about 1 in 14,000, so that the pull of the earth 
was about 14,000 times that of the shell. The density of the shell was 
determined from specimens of the rocks, and Airy found the density of 
the earth about 6 J. 

Some very interesting experiments have since been made in a similar 
way by Von Sterneck in silver mines in Saxony and Bohemia. Using the 
invariable pendulums described in the last chapter he obtained different 
results with different depths of mines, the value of the mean density 
increasing with the increasing thickness of the shell used. This shows 
very evidently that there were sources of disturbance vitiating the method. 
Von Sterneck found, on comparing his observations at the two mines, that 
the increase in gravity on descending was much more nearly proportional 
to the rise of temperature than to the depth of descent. This appears to 
indicate that whatever disturbs the regularity of gravity disturbs also the 
slope of temperature. 

All the methods so far described use natural masses to compare the 
earth with, and herein lies a fatal defect as regards exactness. We do not 
know accurately the density of these masses and what i< the condition of 
the surrounding and underlying strata. We can really only form at the 
best rough guesses. Indeed, the experiments might rather be turned the 
other way about, and assuming the value of the mean density of the earth, 
we might measure the mean density of the mountain or strata of which 
the attraction is measured. 

The Cavendish Experiment. 

We turn now to a different class of experiment, in which the attracting 
body is altogether on a smaller scale, so that it can be handled in the 
laboratory. The smallness of the attraction is compensated for by the 
accuracy with which we know the size and mass of the attracting body. 

The idea of such an experiment is due to the Rev. John Michel I, who 
completed an apparatus for the purpose but did not live to experiment 
with it. 

Michell's plan consisted in suspending in a narrow wooden case a 
horizontal rod (I feet long, with a 2-inch sphere of lead hung at each end 
by a short wire. The suspending wire for the rod was 40 inches long. 
Outside the case were two lead spheres 8 inches in diameter. These were 
to be brought up opposite the suspended spheres, one on one side, the 
other on the other, no that their attractions on those spheres should con- 
spire to turn the rod the same way round. Now moving each large sphere 
on to the other side of the case so as to pull the suspended sphere with 
equal force in the opposite direction, the rod should turn through twice the 
angle which it would describe if the spheres were taken altogether away. 
Hence half this angle would give the twist due to the attractions in one 
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position alone. Knowing the torsion couple of the suspending wire for a 
given angle of twist and the length of the rod, the attracting force would 
be calculable. To find the torsion couple, Michel] proposed to set the rod 
vibrating. From its moment of inertia and time of vibration the couple 
could be found. 

Neglecting all corrections, the mathematics of the method may be 
reduced to the following : 

Let the two suspended balls have mass m each, the two attracting balls 
moss M each. Let the rod have length 2a and with the suspended balls 
moment of inertia I ; let d be the distance apart of the centres of attracting 
and attracted balls, and let 0 be the angle through which the attraction 
twists the rod. 

If /i is the toision couple per radian twist, and G the gravitation 
constant, then 

a 2C5Mma. 



The time of vibration 
whence, eliminating p, 



N^irv'l/?. 
4**10 2UMrna. 

a 3 d 1 



Now we may obtain another equation containing G by expressing the 
acceleration of gravity in terms of the dimensions and density of the 
earth, 

where r is the radius, C the circumference, and A the density of the 
earth. Eliminating G belwetn the last two equations and putting for 
gjn 3 the length of the seconds pendulum L— a useful abbreviation— we 
find 

A 3 L Uma N 1 , 

A = - x — x x — 

4 C d? 10 

where all the terms on the right hand are known or may be 
measured. 

On Michell's death the apparatus which he had collected for his 
experiment came into the possession of Prof. Wollaston, who gave it to 
Cavendish. Cavendish determined to carry out the experiment, with 
certain modifications ; but he found it advisable to make the greater part 
of the apparatus afresh, though closely following Michell's plan and 
dimensions. 

The actual work was done in the summer of 1797 and the following 
spring of 1798* 

He selected for the experiment, according to Baily, an outhouse in his 
garden at Clapham Common, and within this he appears to have constructed 
an inner chamber to contain the apparatus, for ho states that he "resolved 
to place the apparatus in a room which should remain constantly shut, and 
to observe the motion of the arm from without by means of a telescope," 
in order that inequalities of temperature and consequent air currents within 
the case should be avoided. 

• Experiment* to determine the deosit/ of the earth. Phi'. Irai*., Uxxfiii.. 
1798. 
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The torsion rod hh (Fig. 11, reduced from the figure in Cavendish's 
paper) was of deal, G feet long, strengthened by a silver wire tying the ends 
to an upright m <j in the middle. The two attracted balls x x were lead, 
2 inches in diameter, and hung by short wires from the ends of the rod. 

The torsion wire was j inches long, of silvered copper, and at first of 
such cross section as to give a time of oscillation alwut 15m. This was 
soon changed for one with a time of oscillation about 7m. 

The position of t he rod was determined by a fixed scale on ivory divided 
to ^' 0 th inch near the end of the arm, the arm itself carrying a vernier of 
five divisions. This was lighted by a lamp outside the room, and was 
viewed through a telewcope passing through a hole in the wall. 

The torsion case was supported on four levelling screws. The attracting 




FlO. 11. — Cavendish's Apparatus, h h, torsion rod hung by wire Iff; ar at, 
attracted balls hung from its ends ; W W, attmetiug masses movable 
round axis P. T T, telescopes to view position of torsion rod. 



masses, lead spheres 12 inches in diameter, WW, hung down from a cross 
bar, being suspended by vertical copper rods. This bar could be rotated 
by ropes pissing outside the room round a pin fixed to the ceiling in the 
continuation of the torsion axis. 

The masses were stopped when £ inch from the case by pieces of wood 
fastened to the wall of the building. When the musses were against the 
stops their centres were H-HZ inches from the central line of the case. 

The method of experiment was somewhat as follows: The torsion rod 
was never at rest, and the centre of swing was taken as the position in 
which it would bo if all disturbances could bo eliminated. This centre of 
swing was determined from three succeeding extremities of vibration when 
the attracting masses WW were against the stops on one side. They were 
then swung round so as to come against the stops on the other side of the 
attracted masses, and the new centre of swing was observed. In a 
particular experiment the difference between the two centres was about 
six scale divisions. The time of vibration was observed from several suc- 
cessive passages past the centre of swing, the value obtained in the aame 
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experiment being about 427 sees., and the mosses were then moved back 
to their first position, giving a second value for the deflection. 

In computing the results various corrections had to be introduced into 
the equivalents of the simple formula) which have been given above. 
Taking the attraction formula, 

a correction had to be made, because the attracting masses were not quite 
opposite those attracted, as the suspending bar was a little too short. 
Then allowance was necessary for the attraction on the torsion rod, and a 
negative correction had to be applied for the attraction on the more 
distant ball. The copper suspending rods were also allowed for, and a 
further correction was made for the cliange in attraction with change of 
scale reading — i.e., for change of distance between attracting and attracted 
masses. This correction was proportional to the deviation from the central 
position, and may be regarded as an alteration of p. 

As to the case, it would evidently have no effect when the rod was 
central, but it was necessary to examine its attraction when the rod was 
deflected. Cavendish found that in no case did it exceed 1/1170 of the 
attraction of the masses, and therefore neglected it. 

Turning now to the vibration formula, 

N=»2w Vl/^; 

this was correct when the masses were in the " midway" position — i.e., in 
the line perpendicular to the torsion rod. But when they were in the 
positive or negative position, the variation in their attraction, as the balls 
approached or receded from them, made an appreciable alteration in the 
value of the restoring couple, and thus virtually altered /*. The time had 
therefore to be reduced by 3/185 of its observed value where 3 was the 
deflection in scale divisions due to the change of the masses from midway 
to near position. 

But it is to be observed that, if the weights were moved from one near 
position to the other, and the time of vibration was taken in either 
position, then the same correction having to be applied to /t in both 
formula 1 , it might be omitted from both. 

In all, Cavendish obtained twenty-nine results with a mean value of 

» 

D = 5448 ± 033. 

By a mistake in his addition of the results, pointed out by Baily, he 
gave as the mean 5*48. 

Repetitions by Reich, Baily and Cornu and Bailie.— His 

experiment has since been repeated several times. Reich made two 
experiments in Germany by Cavendish's method, obtaining in 1837 a 
value 5*49, aud about 1840 a value 5 58. In England it was repeated 
by Baily about 1841 and 1842. Baily 's experiment excited great attention 
at the time, and the result obtained, 5f»74, was long supposed to be very 
near indeed to the truth. But certain discrepancies in the work gradually 
impaired confidence in the final result, and in 1870 MM. Cornu and 
Bailie, in France, undertook a repetition, with various improvements and 
refinements. In planning out their own work they succeeded in detecting 
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probably the chief source of error in Baily's work. They have as yet only 
given an interim result of about 5*5, and have shown that Baily's work, 
if properly interpreted, should bring out a not very different result. Their 
final conclusion is still to be published. 

Boys'S Cavendish Experiment. — In the Philosophical Transactions 
for 1895 (vol. 186, A. p. 1) is an account of a determination of the gravita- 
tion constant carried out with the greatest care by Prof. Boys. He had 
discovered a method of drawing exceedingly fine quartz fibres and had 

found them exceedingly 

I strong and true in their 
- elastic properties. They are 

therefore pre-eminently ap- 
plicable in torsion experi- 
ments where small forces are 
to be measured. Using a 
quartz fibre as the torsion 
wire in a Cavendish appara- 
tus, he was able to reduce 
the attracted weight and 
the whole apparatus and yet 
reduce the diameter of the 
suspending fibre so far that 
the sensitiveness was as great 
as in earlier experiments. 
At the same time the small- 
ness of the apparatus allowed 
it to be kept at a much more 
uniform temperature, and 
the disturbances due to con- 
vection air currents were 
much lessened. These dis- 
turbances had much troubled 
the earlier workers. In Fig. 
12 is a diagrammatic repre- 
sentation of the apparatus. 
The attracted masses mm 
were of gold, one pair 0 2 
inch, another pair 0 25 inch 
FlO. 12.— Diagrammatic Representation of a Section of in diameter. The torsion 
Boyaa Apparatus. rod N was 0 9 inch long 

and was itself a mirror in 
which the reflection of a scale distant about 23 feet, and divided to 50ths 
of an inch, was viewed. The quartz fibre was 17 inches long. 

The attracting masses MM were lead balls \\ inches in diameter. Had 
the masses all been on one level, as in the original arrangement, with such 
a short torsion rod the attracting masses would have attracted both gold 
balls nearly equally. To avoid this, Boys had one attracting and one 
attracted mass at one level and the other two at a level six inches below. 
The balls mm were hung from the torsion rod by quartz fibres inside a 
tube about l£ inches diameter. The attracting masses MM were hung 
front the revolving lid of a concentric tubular case about 10 inches in 
diameter. These masses were arranged in the position in which they 
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exerted the maximum couple on the gold balls first in one direction and 
then in the opposite. The deflection varied from 351 to 577 divisions, 
according to the balls used and the times of vibration from 188 to 242 
seconds. The apparatus was most exactly constructed and measured, and 
the results were very concordant. 

The final value, probably the best yet obtained, was : 

0 = 6*6576 x 10"*; whence A = 5*5270 

Bratin'S Experiment (Denkschrift, der Maih. Nat. CUuse der Kate. 
Akad. Wien. 1896. Bd. lxiv.). — In 1896 Dr. firaun published an account 
of an experiment carried out by him. Ue used the torsion-rod method, 
and though his apparatus was considerably larger than that of Boys, it 
was still much smaller than that of Cavendish, Reich or Baily. The 
rod was about 24 cm. long and was suspended from a tripod by a brass 
torsion wire nearly one metre long and 0*055 mm. in diameter. The 
whole torsion arrangement was under a glass receiver, about a metre high 
and 30 cm. in diameter, resting on a flat glass plate. The receiver could be 
exhausted and in the later experiments the pressure was about 4 mm. of 
mercury and the disturbances due to air currents were very greatly 
reduced. The attracted masses at the end of the rod were gilded brass 
spheres each weighing about 54 gms. Round the upper part of the 
receiver, and outside it, was a graduated metal ring which could be 
revolved about the axes of the torsion wire; from this were suspended, 
about 42 cm. apart, the two attracting masses. Two pairs were used, one 
a pair of brass spheres about five kgms. each, the other a pair of iron 
spheres filled with mercury and weighing about nine kgms. each. 

Special arrangements had to be used to determine the position of the 
rod by means of a mirror fixed on its centre, the beam being reflected 
down through the bottom of the plate. The time of vibration was about 
1275 sees. The result obtained was very near to that of Boys, vix. : 

G = 665786 x10 s ; A -552725 

A result very nearly the same has recently been obtained by von 
Eotvos(irwd. Ann. 59, 1896, p. 354), but he has not yet completed the 
work. 

Wilsingf's Experiment.— About 1886, Dr. Wilsing, of Potsdam, 
devised a modified form of Cavendish's experiment, in which a sort of 
double pendulum is used — i.e., one with a ball below and another at a 
nearly equal distance above the suspension. The pendulum is then in a 
very sensitive state, and a very small horizontal force pulls it through a 
large angle. 

It is then just like a torsion balance, but with a vertical instead of a 
horizontal rod. If weights are brought up, one to pull the upper ball to 
one side and the other to pull the lower ball to the other side, the 
pendulum twists round slightly. From the observed twist and the time 
of swing the attraction can be measured and compared with the pull ol 
the earth. Wilsing found that the earth had a mean density of 5*579. 

Experiments with the Common Balance. 

Von Jolly's Experiment.— In 1878 and in 1881 Professor von Jolly 
described a method which he had devised, lie had a balance fixed at the 
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top of a tower in Munich, and from the scale-pans hung wires supporting 
two other scale- pans at the bottom of the tower (21 metres below). 
ImHgine that two weights are balanced against each other at the top of 
the tower. If one is now brought down and put in the lower scale-pan on 
the same side it is nearer the centre of the earth, and, therefore, heavier. 
Von J oily found a gain of about 32 milligrammes in 5 kilogrammes. He now 
built up a large lead sphere under the lower pan, a yard in diameter, so that 
its attraction was added to that of the earth. The gain on transferring 
the weight from the upper to the lower pan now came out to about half a 
milligramme more, so that the attraction of the sphere was this half milli- 
gramme. The earth's attraction was about 1 0,000,000 times that of the 
sphere, and its density was calculated to be 0 G9. 




Fio. 13. -Richer* and KrIg«r-McD»l , g Experiment. 

Experiment of RIeharz and Krig-ar-Menzel.— An experiment 

very much like that of Von Jolly in principle has been carried out by 
Prs. Richarz and Krigar Menzel at Spandau, near Berlin (Abhand. der 
Konigl. Preuss Akad. Berlin, 1898). A balance with a beam 23 cm. 
long was supported at a height above the floor, and from each end 
were suspended two pans, one near the beam the other near the floor, 
more than two metres lower, Fig. 13. In principle the method was as 
follows : Spherical gilded or platinised copper weights were used, and to 
begin with these were placed, say, one in the right-hand top pan, the other 
in the left-hand bottom pan. Suppose that in this position they exactly 
balanced. The weights were then moved, the right-hand one into the 
right lower pan, when it gained weight through the increase of gravity 
with a descent of over two metres ; the left-hand one into the left upper 
pan, when it lost weight through the ascent of the same amount. The 
result after corrections was that the right-band pan appeared heavier by 
1-2453 mgm., half this being due to the change in position of a single 
kilogramme. 
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A lead paralleloplped was now built up of separate blocks, between the 
upper and lower pans, 2 metres high and 2 1 metres square, horizontally, 
with passages for the wires suspending the lower pans. The weighing 
of the kilogrammes was now repeated, but the attraction of the lead, 
which was reversed when a weight was moved from bottom to top, was 
more than enough to make up for the decrease in gravity, and the right- 
hand now appeared lighter on going through the same operation by 
0*1211 mgm. ; whence the attraction of the lead alone made a difference 
of 1*3664 mgm. This is four times the attraction of the lead on a singlo 
kilogramme. Knowing thus the pull of a block of lead of known form and 
density on the kilogramme at a known distance, and knowing too the pull 
of tho earth on the same kilogramme, viz., 10' mgm., the mean density of 
the earth could be found. 

The final result was : 

O-Cfi85xl0-» 
A = 5-505 

Poynting'S Experiment.— The method of using the balance in this 
experiment will be gathered from Fig. 14. A B are two lead weights 
about 50 lb. each, hanging down from the ends of a very large and strong 
balance inside a protecting wood case. M is a large lead sphere, weighing 
about 850 lb., on a turn-table, so that it can move round from under A till 
it comes under B. The distance between the centres of M and A or M 
and B is about one foot. When under A, M pulls A, and so increases its 
weight. When moved so as to come under B the increase is taken from 
A and put on to B. The balance is free to move all the time, so that it 
tilts over to the B side an amount due to double the attraction of M 
on either, m was a balance weight half the mass of M, but at double the 
distance. Before this was used it was found that the movement of M 
tilted the floor, and the balance, which was a very sensitive level, was 
affected by the tilt. 

To observe the deflection duo to the alteration in weight, a mirror was 
connected with the balance pointer by the 44 double suspension " method, 
due to Lord Kelvin, and shown in Fig. 15. 

With the suspension the mirror turned through an angle 150 times as 
great as that turned through by the kalance beam. In the room above 
was a telescope, which viewed the reflection of a scale in the mirror, and 
as the mirror turned round tho scale moved across the field of view. The 
tilt observed meant that the beam turned through rather more than 1", 
and that the weight moved nearer to tho mass by about ^ 0 * 0ff of an inch. 
The weight in milligrammes producing this tilt had to be iound. This was 
done virtually (though not exactly in detail) by moving a centigramme 
rider about 1 inch along the beam, which was equivalent to adding to one 
side a weight of about y ff milligramme. The tilt due to the transfer was 
observed, and was found to be very nearly the same as that due to the 
attraction, so that the effect of moving M round from A to B was 
equivalent to increasing B by T * ff milligramme, or yo ooYnxro °f its previous 
■weight. The pull on either is half this. In other words, the earth pulled 
either about 100,000,000 times as much as the mass M, and the earth, 
■which is 20,000,000 times as far away, would at the same distance have 
exerted 400,000,000,000,000 times 100,000,000 times the pull, and is, 
therefore, so many times heavier. Thus we find that the earth weighs 
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about T25 x 10 s lb. In obtaining the attraction of M on A or B, the 
attraction on the b?am had to be eliminated. This was done by moving 
the masses A B into the positions A' B' one foot higher, and finding 




FlO. 14.— Poynting'tt Experiment. A B, weights, each about 60 lb., hanging from 
the two anna of balance. M, attracting mua on turn-table, movable so as to 
come under either A or B. m, balancing mass. A' B', aecond positions for A 
and B. In this position the attiactinn of M on the beam and suspending wfrva 
ia the same u before, so that the difference of attraction on A and B in the 
two positions is due to the difference in distance of A and B only, and thus the 
attraction on the beam, Ac, is eliminated. 

the attraction in this position. The difference was due to the change 
in A and B alone, for the attraction on the beam remained the same 
throughout. 

The final result was— 

G = CG084x 10 * 
A = 54934 
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Experiments on the Qualities of Gravitation. 

The Range Of Gravitation. — The first question which arises in, 
whether the Jaw of gravitation holds down to the minutest masses and 
distances which we can deal with. All our observations and experiments 
go to show that it holds throughout the long range from interplanetary 




Varus working 
<#i dashpot 

PlO. 15 —Double Soipenson Minor (half mw\ 



distances down to the distances between the attracting bodies in the 
laboratory experiments described above. 

The first step in the descent from celestial spaces is justified by the fact 
that the acceleration of gravity at the earth's surface agrees with its value 
on the moon, as attracted by the earth. The further step downward 
appears to be justified by the fair ngreement of the results obtained by the 
various forms of Caven»li«h, balance, and pendulum experiments on the 
mean density — experiments which have been conducted at distances vaiying 
from feet down to inches. Where the law ceases to hold is yet a matter for 
experiment to determine. When bodies come into what we term " contact," 
the adhesion may possibly still be due to gravitation, according to the inverse 
square law, though the varying nature of the adhesion in different cases 
seems to point to a change in the law at such minute distances. 
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Gravitation not Selective. — It might be possible that some matter 
is attracted more than in proportion to its mass and some less. The agree- 
ment of astronomical observations with deductions from the general law ia 
not perfectly decisive as to this possibility, for there might be such a 
mixture of diil'erent kinds of matter in all the planets that tho general 
average attract ion was in accordance with the law though not the attraction 
on each individual kind. A supposition somewhat of this description is 
required in an explanation which has been given of the formation of 
comets' tails, some matter in the comet being supposed to be acted on by 
the sun, not by the ordinary law but by a repulsion. This explanation is, 
however, now generally abandoned, an electrical origin of the tails being 
regarded as more probable. 

Hut, with regard to ordinary terrestrial matter, Newton's follow 
pendulum experiments (Principia, Book III., Prop. C) repeated with more 
detail and precision by Bessel (Versuche iiber die Kraft, mil welcher die 
Erde Kiirj)er von verschiednier Besclutjfenhtit anzeiht, Abhand. der Herl. 
Ak. 1830, p. 41 ; or Memoirea relatifa a la Phyaique, tome v. pp. 71- 
18;$) prove that the earth as a whole is not selective. Still, the results 




Fio. 16.— l'tranrnguetic Sphere placed Fio. 17.— DtaMgneHfl Sphere placed 

in a previously Straight Field. in a previously Straight Field. 

might just conceivably be due to an average of equal excesses and defects. 
But again we may quote the various mean density experiments, and especially 
those made by Haily, in which a number of different attracting and attracted 
substances have been used with nearly the same results. 

Gravitation not Affected by" the Medium.— Wh en we compare 
gravitation with other known forces (and those which have been most 
closely studied are electric and magnetic forces) we are at once led to 
inquire whether the lines of gravitative force are always straight lines 
radiating from or to the mass round which they centre, or whether, like 
electric and magnetic lines of force, they have a preference for some media 
and a distaste for others. We know, for example, that if a magnetic 
sphere of iron, cobalt or manganese is placed in a previously straight field, 
its permeability is greater than tho air it replaces, and the lines of force 
crowd into it. as in Fig. 10. Tho magnetic action is then stronger in the 
presence of tho sphere near the ends of a diameter parallel to the original 
course of the lines of force, aud the lines are deflected. If tho sphere be 
diamagnetic, of water, copper, or bismuth, the permeability being less 
than that of air, there is pa opposite effect, as in Fig. 17, and the field ia 
weakened at the ends of a diameter parallel to the lines of force, and again 
the lines aie deflected. Similarly, a dielectric body placed in an electric 
field gatheis in the lines of force, and makes the field where the lines enter 
and leave stronger than <t was before 
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If we enclose a magnet in a hollow box of soft iron placed in a 
magnetic field, the lines of force are gathered into the iron and largely 
cleared away from the inside cavity, so that the magnet is screened from 
external action. 

Astronomical observations are not conclusive against any such effect of 
the medium on gravitation, for the med ium intervening between the sun 
and planets approaches a vacuum,where so far we have no evidence for 
variation in quality, even for electric and magnetic induction. In the case 
of the earth, too, its spherical form might render observation inconclusive, 
for just as a sphere composed of concentric dielectric shells, each with its 
surface uniformly electrified, would have the same external field in air, 
whatever the dielectric constant, if the quantity of electrification within 
were the same, so the earth might have the same field in air whatever the 
varying quality of the underlying strata as regards the transmission of the 
action across them, if they were only suitably arranged. 

But common experience 8 
might lead us at once to -^ 0 ^' 
say that there is no very ■■■■''l^^^-'j^-'''*^ 

considerable effect of the ^^-^T^-^^iL^ 

kind with gravitation. The --^ ^^^^^ ^c^"^^^^^^" 

evidence of ordinary weigh- a ^gg ^^v ; "• ~ , ^ pf- -j£ 

ings may, perhaps, be re- ^ 

jected, inasmuch as both ^"^^r^^^ — — • 

sides will be equally af- *^^>>^^ — — 
fected as the balance is 

commonly used But a Pi0 18 _ Effect of lnterposition of more 

spring balance should show Medium in radiating Field of Force. 

if there is any large effect 

when used in different positions above different media, or in different 
enclosures. And the ordinary balance is used in certain experiments in 
which one weight is suspended beneath the balance case, and surrounded, 
perhaps, by a metal case, or, perhaps, by a water-bath. Yet no appreciable 
variation of weight on that account has yet been noted. Nor does the 
direction of the vertical change rapidly from place to place, as it would 
with varying permeability of the ground below. But perhaps the agreement 
of pendulum results, whatever the block on which the pendulum is placed, 
and whatever the case in which it is contained, gives the best evidence 
that there is no great gathering in, or opening out of the lines of the 
earth's force by different media. 

Still, a direct experiment on the attraction between two masses with 
different media interposed was well worthy (if trial, aud such an experiment 
has been carried out by Messrs. Austin and Thwing.* The effect to be 
looked for will be understood from Fig. 18. If a medium more permeable 
to gravitation is interposed between two bodies, the lines of force will 
move into it from each side, and the gtavitative pull on a body, near the 
interposed medium on the side away from the attracting body, will be 
increased. 

The apparatus they used was a modified kind of Boys's apparatus 
(Fig. 19). Two small gold masses in tho form of short vertical wires, each 
•4 gm. in weight, were arranged at different levels at the ends virtunlly of 
at torsion rod 8 mm. long. They are represented in the figure by the two 

• Phyiical RtrUie, v. 1897, p 294. 



Digitized by Google 



48 



PROPERTIES OF MATTER. 



thickenings on the suspending fibre. The attracting masses M ,M, were lead, 
each about 1 kgm. These were first in the positions shown by black lines in 
the figure, and were then moved into the positions shown by dotted lines. 
The attraction was measured first when merely the air and the case of the 
instrument intervened, and then when various slabs, each 3 cm. thick, 10 
cm. wide and 29 cm. high, were interposed. With screens of lead, zinc, 
mercury, water, alcohol or glycerine, the change in attraction was at the 
most about 1 in 500, and this did not exceed the errors of experiment. 
That is, they found no evidence of a change in pull with change of medium. 
If such change exists, it is not of the order of the change of electric pull 

with change of medium, 
but something far smaller. 
It still remains just pos- 
sible, however, that there 
are variations of gravita- 
tional permeability compar- 
able with the variations of 
magnetic permeability in 
media such as water and 
alcohol. 

Gravitation not Di- 
rective. — Yet another 
kind of effect might be sus- 
pected. In most crystalline 
substances the physical pro- 
perties are different along 
different directions in a 
crystal. They expand dif- 
ferently, they conduct heat 
differently, and they trans- 
mit light at different speeds 
in different directions. We 
might then imagine that 
the lines of gravitative force 
spread out from, say, a crys- 
tal sphere unequally in dif- 
ferent directions. Some 
years ago Dr. Mackenzie* made an experiment in America, in which he 
sought for direct evidence of such unequal distribution of the lines of 
force. He used a form of apparatus like that of Professor Boys (Fig. 12), 
the attracting masses being calc spar spheres about 2 inches in diameter. 
The attracted masses in one experiment were small lead spheres about 
h gm. each, and he measured the attraction between the crystals and the 
lead when the axes of the crystals were set in various positions. But the 
variation in the attraction was merely of the order of error of experiment. 
In another experiment the attracted masses were small calc spar crystal 
cylinders weighing a little more than £ gm. each. But again there was no 
evidence of variation in the attraction with variation of axial direction. 

Practically the same problem was attacked in a different way by 
Poyuting and Gray.t They tried to find whether a quartz crystal sphere 

• Phytieal Review, ii. 1895, p. 821. 
f Phil. Tram, 192, 1899, A. p. 245. 




Fio. 19.— Experiment on G mutative 
(Austin and Thwfng). 
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had any directive action on another quartz crystal sphere close to it, whethtr 
they tended to set with their axes parallel or crossed. 

It may easily be seen that this is the same problem by considering 
what must happen if there is any difference in the attraction between two 
such spheres when their axes are parallel and when tbey are crossed. 
Suppose, for example, that the attraction is always grenter when their axes 
are parallel, and this seems a reasonable supposition, inasmuch as in 
straightforward cry stall isntiou successive parts of the crystal are added to the 
existing crystal, all with their axes parallel. Begin, then, with two quartz 
crystal spheres near each other with their axes in the same plane, but 
perpendicular to each other. Remove one to a very great distance, doing 
work against their mutual attractions. Then, when it is quite out of range of 
appreciable action, turn it round till its axis is parallel to that of the fixed 
crystal. This absorbs no work if done slowly. Then let it return. The 
force on the return journey at every point is greater than the force on the 
outgoing journey, and more work will be got out than was put in. When 
the sphere is in its first position, turn it round till the axes are again at 
right angles. Then work must be done on turning it through this right 
angle to supply the difference between the outgoing and incoming works. 
For if no work were done in the turning, we could go through cycle after 
cyclo, always getting a balance of energy over, and this would appear to 
imply either a cooling of the crystals or a diminution in their weight, neither 
supposition being admissible. We are led then to say that if the attraction 
with parallel axes exceeds that with crossed axes, there must be a directive 
action resisting the turn from the crossed to the parallel positions. And 
conversely, a directive action implies axial variation in gravitation. 

The straightforward mode of testing the existence of this directive 
action would consist in hanging up one sphere by a wire or thread, and 
turning the other round into various positions, and observing whether the 
hanging sphere tended to twist out of position. But the action, if it exists, 
is so minute, and the disturbances due to air currents are so great, that it 
would be extremely difficult to observe its effect directly. But the prin- 
ciple of forced oscillations may be used to magnify the action by turning 
one sphere round and round at a constant rate, so that the couple would 
act first in one direction and then in the other alternately, and so set the 
hanging sphei-e vibrating to and fro. The nearer the complete time of 
vibration of the applied couple to the natural time of vibration of the 
hanging sphere, the greater would be the vibration set up. This is well 
illustrated by moving the point of suspension of a pendulum to and fro in 
gradually decreasing periods, when the swing gets longer and longer till 
the period is that of the pendulum, and then decreases again. Or by the 
experiment of varying the length of a jar resounding to a given fork, when 
the sound suddenly swells out as the length becomes that which would 
naturally give the same note as the fork. Now, in looking for the couple 
between the crystals, there aro two possible cases. The most likely is that 
in which the couple acts in one way while the turning sphere is moving 
from parallel to crossed, and in the opposite way during the next quarter 
turn from crossed to parallel. That is, the couple vanishes four times 
during the revolution, and this we may term a quadrantal couplo. But it 
is just possible that a quartz crystal has two ends like a magnet, and that 
like poles tend to like directions. Then the couple will vanish only twice 
»n a revolution, and may be termed a semicircular couple. Both were 

D 
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looked for, but it is enough now to consider the possibility of the quadrantal 
couple only. 

The mode of working will be seen from Fig. 20. The hanging sphere, 
•9 cm. in diameter and 1 gm. in weight, was placed in a light aluminium 
wire cage with a mirror on it, and suspended by a lone quartz fibre in a 
brass case with a window in it opposite the mirror, and surrounded by a 
double-walled tinfoiled wood case. The position of the sphere was read in 




Flo. 20. — Experiment on diroctivo Action of ono Qiurfz Crystal on another. 



the usual way by scale and telescope. The time of swing of this little 
sphere was 1 20 seconds. 

A larger quartz sphere, 6 6 cm. diameter and weighing 400 gros., was 
fixed at the lower end of an axis which could be turned at any desired rate 
by a regulated motor. The centres of the spheres were on the same level 
and ;V9 cm. apart. On tho top of the axis was a wheel with 20 equidistant 
marks on its rim, one passing a fixed point every 11 '5 seconds. 

It might be expeeted that the couple, if it existed, would have the 
greatest effect if its period exactly coincided with the 120-second period of 
the hanging sphere — 1.«., if the larger sphere revolved in 240 seconds. But 
in the conditions of the experiment the vibrations of the small sphere were 
very much damped, and the forced oscillations did not mount up as they 
would in a freer swing. The disturbances, which were mostly of an im- 
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pulsive kind, continually set the hanging sphere into large vibration, and 
these might easily be taken as due to the revolving sphere. In fact, 
looking for the couple with exactly coincident periods would be something 




Pkrwd, 125 

Fio. 21.— Upper Curve a regular Vibration. Lower Curve a 
Disturbance dying away. 

like trying to find if a fork set the air in a resonating jar vibrating when 
a brass band was playing all round it. It was necessary to make the 
couple period, then, a little different from the natural 120-second period, 
and accordingly the large sphere was revolved once in 280 seconds, when 
the supposed quadrantal couple would have a 
period of 115 seconds. 

Figs. 21 and 22 may help to show how 
this tended to eliminate the disturbances. 
Let the ordi nates of the curves in Fig. 21 
represent vibrations set out to a horizontal 
time scale. The upper curve is a regular 
vibration of range ± 3, the lower a disturbance 
beginning with range ±10. The first has 
period 1 , the second period 1*2"». Now, cutting 
the curves into lengths equal to the period of 
the shorter time of vibration, and arranging 
the lengths one under the other, as in Fig. 22, 
it will be seen that the maxima and the 
minima of the regular vibration always fall at 
the same points, so that, taking 7 periods, and 
adding up the ordi nates, we get 7 times the 
range, viz., ±21. But in the disturbance the 
maxima and minima fall at different points, 
and even with 7 periods only the range is 
from + 16 to - 13, or less than the range due Fl °- Jlewln of SnperimHi. 
to the addition of the much smaller regular J™ jj .^J'Jj & PeriS ot 
vibration. the regular one. 

In the experiment the couple, if it existed, 
would very soon establish its vibration, which would always be there, and 
would go through all its values in 115 seconds. An observer, watching 
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the wheel at the top of the revolving axis, pave the time signals every 11*5 
seconds, regulating the speed if necessary, and an observer at the telescope 
gave the scale reading at every signal, that is, 10 times during the period. 
The values were arranged in 10 columns, each horizontal lino giving the 
readings of a period. Tho experiment was carried on for about 2J hour* 
at a time, covering, say, 80 periods. On adding up the columns, the 
maxima and minima of the couple effect would always fall in the same two 
columns, and so the addition would give 80 times the swing, while the 
maxima and minima of the natural swings due to disturbances would fall 
in different columns, and so, in the long run, neutralise each other. The 
results of different days' work might, of course, be added together. 

There always was a small outstanding effect such as would be produced 
by a quadrantal couple, but its effect was not always in tho same columns, 
and the net result of observations over about 350 periods was that there was 
no 1 15 second vibration of more than 1 second of arc, while the disturbances 
were sometimes 50 times as great. The semicircular couple required the 
turning sphere to revolve in 1 1 5 seconds. Here, want of symmetry in the 
apparatus would come iu with the same effect as the couple sought, and 
the outstanding result was, accordingly, a little larger. But in neither case 
could the experiments be taken as showing a real couple. They only showed 
that, if it existed, it was incapable of producing an effect greater than that 
observed. Perhaps tho best way to put the result of the work is this: Imagine 
the small sphere set with its axis at 45° to that of the other. Then the 
couple is not greater than one which would take J5| hours to turn it 
through that 45° to the parallel position, and it would oscillate about that 
position in not less than 21 hours. 

The semicircular couple is not greater than one which would turn from 
crossed to parallel }>osition in 4| hours, and it would oscillate about that 
position in not less than 17 hours. 

Or, if the gravitation is less in the crossed than in the parallel position, 
and in a constant ratio, tho difference is less than 1 in 16,000 in the one 
case and less than 1 in 2800 in the other. 

We may compare with these numbers the difference of rate of travel 
of yellow light through a quartz crystal along the axis and perpendicular 
to it. That difference is of quite another order, being about 1 in 170. 

Other possible Qualities Of Gravitation.— Quito indecisive ex- 
periments have been made to discover a possible alteration of mass on 
chemical combination.* Alterations have appeared, but they are too small 
and too irregular to enable any conclusion to be drawn as yet. 

So far, too, there is no reason to suppose that temperature affects 
gravitation. Indeed, as to temperature effect, the agreement of weight 
methods and volumo methods of measuring expansion is good, as far as it 
goe> in showing that weight is independent of temperature. 

No research yet made has succeeded in showing that gravitation is 
related to anything but tho masses of the attracting and the attracted 
bodies and their distance apart. It appears to have no relation to physical 
or chemical conditions of the acting masses or to the intervening medium. 

• Landol'. Prru**. Ah. Wits. Jicrli/t, Sit:. Her., viii. 1906, p. 266. or Chumiral 
Ant <, xciii. I'.'im), p. 271, has given an account of experiments which perhaps give 
evidence of loss of inass in the vessel containing the combining bubMances in 
certain cases. Tho results are very inconsistent. The losa, if proved to exist, may 
t»e due to escape through the glass, and nut to alteration of maw or combination. 
1/indoU's paper contains refeiences to oilier work. 
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ELASTICITY. 

Contents.— Limits of Elasticity— Elastic aficr effect— Viscosity of Metal* and 
Elastic Fatigue — Anomalous Effects of liist Lending a Wire— Bicakn g Stress. 

In this chapter we shall consider changes in the conformation of solid 
bodies and the connection between the*e changes and the forces which 
produce them. 

Many of the points with which we shall have to deil aro well 
illustrated by the simple case of a vertical metal wire the upper end of 
which is fixed while the lower end carries a scale-pan. If we measuro 
the increments of elongation of the wire when diflbrent weights are 
placed in the scale-pan and plot our results as a curve in which the 
abscissa} are the elongations of the wire — i e., the extension of the wire 
divided by its unstretched length, and the ordinates the stretching weight 
(inclusive of the weight of the scale-pan) divided by the area of cross 
section of the unstretched wire, we obtain results similar to those shown 
in Fig. 23 (from A History of the Theory of Elasticity and of the Strength 
of Material*), which represents the results of experiments made by Professor 
Kennedy on a bar of soft, steel. 

The first part of the curve — when the stretching force per unit area is 
less than a certain value, is a straight line — i.e., up to a certain point the 
elongation is proportional to the load per unit area of cross section,* and 
up to this point we find that when we remove the weight from the scale- 
pan the stretched wire shortens until its length is the same as it was 
before the weights were put on (the elongations in this stage aro so 
small that on the scale of Fig. 23 this part of the curve is hardly dist inguish- 
able from the axis AB). When, however, we get beyond a certain 
point B on the curve — i.e., when the stretching force per unit area is 
greater than the value represented by AB, the curve becomes bent, and 
we find on removing the weights that the wire does not return to its 
original length, but is permanently lengthened, and is said to have 
acquired permanent set. 

The range of elongations over which the wirf\ when unloaded, recovers 
its original length, is called the range of perfect elasticity; when we 
go beyond this range we aro said to exceed the elastic limit. 

* Thia neera* to be only approximately true for cert un kinds of iron. (A IlLlory 
of the Theory of ELitticity and of the Strength of Material*. Todhunter and n earson. 
Vol. i. p. 893. 
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After passing the point represented by B a stage is reached where the 
extension becomes very large. The scale- pan runs rapidly down and the 
wire looks as if it wero about to break. By far the greater part of this 
extension is permanent, and the wire, after passing the state represented 
by C, is not able to sustain as great a pull as before without suffering 
further elongation ; this is shown by the bending back of the curve. The 
place C where this great extenMon begins is called the yield- point; it 
seems to be always further along the curve than the elastic limit B. 




Fio. 23.— Elongation of a Sti etched Wire. 



The part of the increment of elongation which disappears on tho 
removal of the stretching weight, between the elastic limit and the yield- 
point, is proportional to the stretching weight, and the ratio of this 
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movement to the stretching weight per unit area is, according to the 
experiments of Professor Kennedy, the same as that within the limits of 
perfect elasticity (see Todhunter and Pearson's History of Elasticity. 
p. 880). J J J 

After passing the yield point the elongation increases very rapidly 
with the load, and at this stage the wire is plastic, the elongation 
depending upon the time the stretching force acts. The extension rapidly 
increases and the area rapidly contracts until the breaking- point E is 
reached. The apparent maximum for the load per unit area shown in 
Fig. 23 is due to the contraction of the area, so that the pull per unit area 
of tho stretched wire is no longer represented even approximately by the 
ordinate^. About the point D the wire begins to thin down or flow 
locally, so that its cross section is no longer uniform, some parts being now 
smaller than the rest. 

The portion GHG' of the curve represents the effect of unloading 
and reloading at a point G past the yield point. We see, from the shape 
of this portion of the curve, that the limit of perfect elasticity for this 
permanently stretched wire has been extended beyond the yield-point of 
the wire before it was permanently stretched. The range between the 
limit of perfect elasticity and the breaking-point is very different for 
different substances ; for ductile substances, such as lead, it is considerable, 
while for brittle ones, such as glass, it is evanescent. 

We are thus from our study of the loaded wire led to divide the 
phenomena shown by substances acted upon by forces into two divisions — 
one division in which the solid recovers its original form after the 
removal of the forces which deformed it, the other division in which a 
permanent change is produced by the application of the force. Even, 
within the limits of perfect elasticity different bodies show distinct 
differences in their behaviour. Some recover their form immediately 
after the removal of the force, while others, though they recover it 
ultimately, take considerable time to do so. Thus a thread of quartz fibre 
will recover its shape immediately after the removal of the tensional 
and torsional forces acting upon it, while a glass fibre may, if the forces 
have been applied for a considerable time, be several hours before it 
regains its original condition. This delay in recovering the original 
condition of the substance is called the elastic after-effect ; it may be 
conveniently studied in the case of the torsion of glass fibres. 

Take a long glass fibre and fasten to it a mirror from which a spot of 
light is reflected on to a scale, twist the fibre about its axis and keep it 
twisted for a considerable time. Then remove the twisting couple : the 
spot of light will at once come back a considerable distance towards its old 
position, but will not reach it, and the rest of the journey will be a slow 
creep towards the old position, and several hours may elapse before the 
journey is completed. The larger the initial twist and the longer the 
time for which it was Applied the greater is the temporary deflection of 
the spot of light from its original position. 

The general shape of the curve which represents the relation between 
the displacement if the zero— i.e., the displacement of the position of the 
fpot of light^and the time which has elapsed since the removal of the 
twist, is shown in Fig. L'l. In this curve the ordi nates represent the 
displacement and the a Use is.- a: the time since the removal of the twist. 
The altitude PN, when the abscissa ON is given, depends upon the 
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magnitude of the initial twist and the time for which it was applied ; the 
curve is steep at first but gets flatter and flatter as the time increases. 
The longer the initial twist is applied the more slowly does the zero 
approach its original position. Very complicated movements of the zero 
may occur if the fibre has been twisted first in one direction and then 
in the opposite for a considerable number of times. The general features 
of this phenomenon will be illustrated by the following simple case. Suppose 
that immediately after the removal of the first twist, whose after-eflect, 
if it were alone, would be represented by the curve (I), Fig. 24, a second 
twist in the opposite direction is applied for a time represented by ON and 
then removed. Suppose that the deflection of the zero due to this twist 
alone is represented by the dotted curve (II) (as the twist is in the opposite 



V 




* m 










• 

• 

• 

p 

\ \ 
\ * 






X t 
^•s. % 






* 


* 



JV K 
Fio. 24.— Carre showing the Elastic After-effect in a Twistod Glass Tbr^d. 

direction, the ordinates represent negative deflections). Then if we can 
superpose the effects, the displacement of the zero at a time NK after the 
removal of the second twist will be represented by the differences between 
the ordinates Kit, KS of the two curves. The ordinate of the second curve 
may be above that of the first nt the time the second twist is removed, and 
yet, as the curve is very steep just after the removal of the twist, 
curve (II) may drop down so quickly as to cut the first, as shown in the 
figure. Thus in this case we should have the following effects: immediately 
after the removal of the second twist there would be a displacement of 
the zero in the direction of the last applied twist, the spot of light would 
then creep back to the zero but would not stay there, but pass through 
the zero and attain a maximum deflection on the other side ; it would then 
creep back to the zero and would not again pass through it. In this 
way, by superposing twists of different signs, we can get very complicated 
movements of the zero, which are a souree of trouble in many instruments 
which depend upon the torsion of fibres. With quartz fibres the residual 
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effect is exceedingly small, and this is one of the chief causes which make 
their use so valuable. The residual after-effect in glass is a cause of 
trouble in thermometry, each change of temperature causing a temporary 
change in the zero. 

The magnitude of the elastic after-effect seems to increase very greatly 
when there is a want of homogeneity in the 
constitution of the body. In the ma>t homo- 
geneous bodies we know, crystals, it is exceedingly 
small, if it exists at all, while it is very large m 
glass which is of composite character, being a 
mixture of different silicates; it exists in metals, 
although not nearly to the same extent as in 
glass. A similar dependence upon want of 
uniformity seems to characterise another similar 
effect — the residual charge of dielectrics (ece 
volume on Electricity and Magnetism), the laws 
of which are closely analogous to those of the 
elastic after-effect. 

The phenomenon of elastic after-effect may 
be illustrated by a mechanical model similar to 
that shown in Fig. 25. 

A is a spring, from the end, B, of which 
snother spiing 0 is suspended, curying a 
damper D, which moves in a very viscous 
liquid. If B is moved to a position B' and kept 
there for only a short time, so short that D has 
not time to move appieciably from its original 
position, then when B is let go it will return at 
once to its original zero, for D has not moved, to 
that the conditions are the same as they were 
before B was displaced. If, however, B is kept 
in the position B' for a long time, I) will slowly move off to a position D', 
such that D' is as much below B' as 1) was below B. If now B' is let go 
it will not at once return to B, for in this position the spring between B 
and D is extended, B will slowly move back towards its old zero, and will 
only reach it when the slow moving D' h«s returned to D. 

Viscosity of Metals and Elastic Fatigue.— If two vertical wires, 

one made of steel and the other of t v 

zinc, are of the same length and A _ 0 ° ° B 

diameter, and carry vibration bars Fio. 26. 

of the same diameter, then if 

these bars are set vibrating the vibrations die away, but at very different 
rates: the steel wire will go on vibrating for a long time, but the zinc 
wire will come to rest after making only a small number of vibrations. 
This decay in the vibrations of tho wire is not wholly nor even mainly 
due to the resistance of the air, for this is the same for both wires ; it is 
due to a dissipation of energy taking place when the parts of a metal wire 
are in relative motion, and may, from analogy with the case of liquids 
and gases, be said to be due to the viscosity of the metal. We can 
see that elastic after-effect would cause a decay in the vibrations of 
the wire. For suppose O, Fig. IM, represents the original zero— i.e., the 
place where the force acting on the system vanishes, then if the wiie w 
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fl is placed to A and then let go the new zero will be nt 0', n point between 
A and Oj thus the force will tend to stop the vibration as soon as the 
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1 ig. 27. 
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wire passes O' — sconer, that is, than it would do if there were no after- 
effect. Again, when the wire is on the other side of O, the zero will be 
displaced by the elastic after-effect to 0", a point between 0 and B, and 
thus again the force tending to stop the vibration will begin to act sooner 

thnn it would if there were no 
elastic after-effects We can see the 
same thing from the study of the 
model in Fig. 2;*», for some of the 
kinetic energy will be converted into 
heat by the friction between the 
visCous fluid and the damper D. 

Lord Kelvin discovered a remark- 
able property of the viscosity of 
metals which be called elastic faliyu*. 
He found that if a wire were kept 
vibrating almost continuously the 
rate at which the vibrations died 
away got greater and greater; in 
fact, the wire behaved as if it got 
tired and could only with difficulty 
keep on vibrating. If the wire 
were given a rest for a time it 
recovered itself, and the vibrations 
for a short time after the rest did 
not die away nearly so rapidly as 
they had gone just before the rest 
began. Muir (/'roc. Hoy. Soc., Ixiv. 
p. tt:57) found that a metal wire 
recovered from its fatigue if it were warmed up to a temperature above 
100° C. 

Anomalous Effects on first Loading: a Wire.— The extension pro- 
duced by a given load placed on a wire for the tirst time is not in general 
quite the same as that produced by subsequent loading ; the wire requires, 
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to be loaded and unloaded several times bofore it gets into a steady state. 
The first load after a rest also gives, in general, an irregular result. It 
seems as if straining a wire produced a change in its structure from which 
it did not recover for some time. 

Great light will probably be thrown on this and the other effects wa 
have been considering by the examina- 
tion by the microscope of sections of 
the metals. When examined in this 
way it is found that metals pas.se? s a 
structure coarse enough to be easily 
rendered visible. Figs. 27, 2*, 2'J 
show the appearance under the micro- 
scope of certain metals. It will be 
seen from these figures that in these 
metals we have aggregates of crystals 
of very great complexity — the linear 
dimension of thej-e aggregates is some- 
times a considerable fraction of a 
nv'llimetre. These large aggregates 
arc certainly altered by large strains. 
Thus Ewing and Rosenhaiu (/'rue. 
Roy. Soc., xJv. p. 8f>) have made tbe 

very interesting discovery that when a metal is strained past its yield- 
point there is a slipping of the crystals, which build up the aggregates 
along their planes of cleavage. The appearance of a piece of iron after 
straining past the yield-point is shown in Fig. ilO ; the markings in 
the figure are due to the steplike structure of the aggregates 




Fio 90. 



TtJTTTTTTTTTPTn^ 



Before .'■training. 




After straining. 
Fio. 81. 

by the slipping past each other during the strain of the crystals in 
the aggregates, as in Fig. 81. Plasticity may thus be regarded as the 
yielding, or rather slipping past each other of the crystals of the large 
aggregates which the microscope shows exist in metals. 

In harmony with this view is the observation of McConnel and Kidd 
(Proc. Roy. Soc, xliv. p. that ice in mass is plastic when consisting of 
crystals irregularly arranged. In later expeiiments (/'roc. R< y, Sue., xlix. 
p. 323), McConnel found that a single crystal of ice is not plastic under 
pressure applied along the optic axis, but that it does yield under pressure 



Digitized by Google 



60 



1'KOPERTIES OF MATTER 



inclined to the axis, as if there were slipping of the planes perpendicular 
to the axis. 

If there is a general change in these aggregates under largo strains it 
is possible that there are some aggregates which are unstable enough to 
be broken up by smaller strains, and that the first application is accom- 
panied by a breaking up of some of the more unstable groups, so that the 
structure of the metal is slightly changed ; we can then understand the 
irregularities observed when a wire is first loaded and also the existence 
of the elastic after-effect. Indeed, it would seem almost inevitable that 
any strain among such irregular shaped bodies as those shown in Fig. 28 
would result in some of them getting jammed, and thus becoming exposed 
to very great pressures, pressures which might be sufficient to break up 
some of the weaker aggregates, and thus give relief to the system. The 
existence of such a structure as that shown in Fig. 28 causes us to 
wonder whether, if a succession of very accurate observations of the 
elastic properties of a metal were made, the results would not differ 

from each other by more than could be accounted 
for by the errors of experiment. 

The term viscosity is often used in another 
sense besides that on p. 57. We call a substance 
viscous if it cannot resist the application of a 
small force acting for a long time. Thus we call 
pitch viscous because, if given a sufficiently long 
time, it will flow like water; and yet pitch can 
sustain and recover from a considerable force if 
this acts only for a short time. Fig. 82 shows 
the way in which some very hard pitch has 
flowed through a vertical funnel in which it has 
been kept in the Cavendish Laboratory for nine 
years. In an experiment, due to Lord Kelvin, 
pieces of lead placed uj>on a plate of pitch found 
in course of timo their way through the plate. 
Many substances, however, show no trace of 
viscosity of this kind, for the existence of sharp 
impressions on old coins, the preservation of 
bronze statues and the like, show that metals can 
sustain indefinitely (or at any rate so nearly 
indefinitely that no appreciable change can be detected after thousands of 
years) their shape even under the application of small forces. 

Breaking* of Wires and Bars by Tension.— The following table, 

due to Wertheim, gives the load in kilogrammes per square millimetre 
necessary to break wires of different substances: 




Fro. 82. 



Lead . 
Tin . 
Gold . 
Silver . 
Zinc . 



21 

25 
27 
29 
12-8 



Copper . 
Platinum . 
Iron . 
Stoel Wire . 



408 
811 
Gl 
70 



The process of drawing into wire seems to strengthen the material, 
and the finer the wire the greater is the pull, estimated per unit area of 
cross section, required to break it. This is shown in the following table 
given by Baumeister (Wiedemann, Annalen, xviii. p. 607) : 
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Material. 
Swedish Iron 



»» 



Brass 
»» 



» 
»» 
»> 



Diameter of wire 
in in ui. 

•72 
•50 
■80 
•25 
15 
10 
•75 
•25 
•10 



Pull in kilogrammes 
per s«|. mm. required 
to break the wire. 

04 
83 
90 
04 
98 
123 
70 
98 
98 



The effect of temperature on the pull required to break a wire is com- 
plex. Iron wire shows sevex'al maxima and minima between 15° C. 
and 400° C. (Pisati, Rend. Acc. Liiicei. 1870, 70); the strength of copper, 
on the other hand, steadily diminishes as the temperature increases. 

The strength of a material is sometimes very seriously affected by the 
addition of only a small quantity of another substance. Thus Sir William 
Roberta- Austen found that gold, to which 2 per cent, of potassium had 
been added, could only sustain 1/12 of the weight required to break 
pure gold. In the case of steel, the addition of small quantities of carbon 
to the iron increases the strength. The microscopical examination of the 
structure of metals, such as is shown in Figs. 27-30, may be expected to 
throw a good deal of light on effects of this kind. In this way it has been 
shown that the foreign substance is sometimes collected between the 
aggregates of the crystals of the original metals forming a weak kind of 
mortar, and thus greatly reducing the strength of the metal. In other 
cases, such as steel, a carbide is formed, and the appearance of a section 
of the steel under the microscope shows that the structure is much 
finer than in pure iron. It would seem from Sir William Roberts-Austeu's 
experiments that the addition to gold of a metal of greater atomic volume 
than the gold diminishes, while * metal of smaller atomic volume inci eases 
the strength. 
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Contents. — Homogeneous Strain — Principal Axes of Strain — Pure Strain — 
Elongation— Dilation or Compression— Contraction— Shear— Angle of Shear. 

When a body changes in shape or size it is said to be strained, and the 
deformation of the body is called strain. 

Homogeneous Strain. -We shall restrict ourselves to the roost simple 
class of strain to which bodies can be subjected ; this is when any two lines 
which are equal and parallel before straining remain equal and parallel 
after straining. This kind of strain is called homogeneous strain. 

Thus by a homogencoun strain a parallelogram is strained into auother 
parallelogram, though its area and the angle between its sides may be 
altered by straining; parallel planes strain into parallel planes, and 



parallelopipeds into parallelopipeds. Figures which are similar before 
straining remain similar after the strain. 

It follows from the definition of homogeneous strain that the ratio of 
the length of two parallel lines will be unaltered by the strain. Let AB 
and C I) ( Tig. -Vo) be two parallel lines. Let the ratio of AB to CD be m : n. 
Then, if m and n be commensurable, we can divide AB and CD respectively 
into N»a and Nji, equal parts each equal ton. Then, as before straining all 
these parts are equal and parallel, they will remain so after a homogeneous 
strain. Thus A H, after straining, will consist of Nm and CD of Nn parts, 
each equal to <t ; and the ratio of the strained lengths is m : n, the same 
as that of the unstrained lengths. If m and n are not commensurable we 
can deduce the .same result in the usual way by the method of limits. 

From this result we can at once prove that a sphere is strained into an 
ellipsoid, and that three mutually perpendicular diameters of the sphere 




A 



Pio. 33. 
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ftrain into three conjugate diameters of the ellipsoid. As some of our 
readers may not be familiar with solid geometry, we sliall confine our 
attention to strains in one pi ine and prove that a circle is strained into 
an ellipse; the reader who is acquainted with solid geometry will not 
have any difficulty in extending the method to the case of the sphere. 
Let ABA'B' (Fig. 34) be a circle, centre C, which strains into uha'b' % 
corresponding points on the two figures being denoted by corresponding 
letters. Let P be a point on the circle, PL and PM parallel to CA 





Fio. 84. 

and CB respectively; let these lines on tho strained figure bo denoted 
by pi, pm. 

Thus, since the ratio of parallel linos is not altered by the strain 

VL = P l 
CA ca 

PM pm 
CB ' cb 

But since P, A, B are on a circle whose centre is 0 

PL 3 PM- 



hence 



UA' J+ CB 9 1 



f*4.P m, =. 1 
ca' c/r ' 



or p is on an ellipse of which ca and cb arc conjugate diameters. Thus 
a circle is strained into an ellipse, and two diameters nt right angles to 
each other in the circle strain into two conjugate diameters of the ellipse. 
Now there are two. and only two, conjugate diameters of an ellipse 
(unless the ellipse degenerates into a circle) which are at right angles to 
each other. Hence there are two, arid only two, diameters at right angles 
to each other before straining which remain at right angles after the strain. 
Now, though in general those diameters will not have the same direction 
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after straining as they had before, yet we shall not be introducing any 
real limitation on the strain in so far as it affects the forces called into play 
by elasticity if we supposo they retain the same direction after straining 
as before. For, suppose OA, OB (Fig. 3f>), are the unstrained directions, 
Oa, 06, the strained ones, we can make 0<i, 06 coincide with OA, OB by 
rotating the strained system as a rigid body through the angle AOa. 
This rotation as a rigid body will not involve any relative motion of the 
parts of the system, and so will not call into play any forces depending 
upon the elasticity of the system ; if, then, as is at present the case, our 
object is to investigate the connection between these forces and the strains, 
we may leave the rotation out of account. 

The three directions at right angles to each other which remain at right 
angles to each other after straining are called the principal axes of strain. 
If these axes have the same direction after straining as before, the strain 

is said to be a pure strain ; 
if it requires a rotation to 
make the principal axes 
after straining coincide 
*> with their position before 
the strain, tho strain is 
said to consist of a pure 
strain and a rotation. 

Thus the most general 
homogeneous strain may 
be resolved into extensions 
(regarding a compression 
O } ; as a negative extension) 

Fio. 35. along throe directions at 

right angles to each other, 
fake these directions as tlie axes of ar, y, * respectively, then if a line of 
unit length parallel to the axis of x has, after the strain, a length 1 +<•; 
one parallel to the axis of y a length 1 +/; and one parallel to the axis of z 
a length c, /, g are called the principal elongations. If e^/=g, 

then a sphere strains into a sphere, or any figure into a similar figure, 
the strained figure being an enlarged or diminished copy of the unstrained 
one. These cases, which are called uniform dilatation or compression, 
involve changes in size but not in shape. 

A cube whose sides were parallel to the axes before straining and one 
unit in length becomes after straining a rectangular pnrallelopiprd, whose 
edges are 1 +e, 1 +/ 1 + g respectively, and whose volume is (I + e) (1 +f) 
(1 If, as we shall suppose all through this chapter, the elongations 

«,/ g are such small fractions that the products of two of them can be 
neglected in comparison with c,/, or g, the volume of the parallelopiped 
is 1 + e +f+g. 

Hence the increase of unit volume due to the strain is e+f+g. This 
is called the cubical dilatation. We shall denote it by h, and we have 

If the strain is a uniform dilatation e=f=g, and therefore 

a = 3« 

«o that in this case the cubical expansion is three times the linear elongation. 





Digitized by Google 



STRAIN. 



65 



Resolution of a Homogeneous Strain into Two Strains, one of 
which changes the Size but not the Shape, while the other 
changes the Shape but not the Size. 

Let us consider the ease of a strain in one plane. Let OA, OB (Fig. HG) 
be the principal axes of strain. Let P be the initial position of a point, P* its 
position after the strain. Then if e, f are the elongations parallel to OA and 
OB, I and 17 the displacements of P parallel to OA and OB respectively, 

i = e i >N - l{e + /)ON + *(« -/)ON, 
v =yOM = h(e + /)OM - i(« -f)OM. 

From these expressions wo see that we may regard the strain e, f 
as made up of a uniform a 
dilatation equal to ^ («+/"), 
together with an elongation 
i(e - f) along OA, and a con- 
traction \(e-f) along OB. 
Thus the strain superposed 
on the uniform dilatation con- 
sists of an expansion along 
one of the principal axes and 
an equal contraction along 
the other. This kind of strain 
does not alter the size of the 
body ; for if a is the elonga- 
tion along OA and the con- 
traction along OB, then a 
square whose sides are one unit in length and parallel to the principal 
axes becomes a rectangle whose side s are 1 + «r, and 1 - a respectively ; the 
area of this rectangle is 1 - it 3 , or since we neglect the square of a the area 
is unity, and thus is not altered by the strain. A strain which does not 
alter the size is called a shear. Thus any strain in one plane can be 
resolved into a uniform dilatation and a shear. 

We have considered a shear as an extension in one direction and an 
equal compression in a direction at right angles to this; there is, however, 
another and more usual way of considering a shear, which may be deduced 
as follows : 

Let OA, OB (Fig. 37) bo the axes along which the extension and 
contraction take place. Let OA ==OB = OA'-OB' = 1, so that before 
straining A BA'B' is a square ; let this square after straining be represented 
by ulxib', which will be a pamllelogium. 




'B 



Fio. 86. 



Since 



Oa = l +» 

Ob « 1 - o 

= 2 



as we suppose that 9 is so small that its square may be neglected. Thug 
ab = A B. Hence we can move aba'b' as a rigid body and place it so that ab 
coincides with A B, as in Fig. 88. Then, since the area of aba'b' is equal to 
that of ABA'B', when the figures are placed to as to have one side in common 
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they will lie between the same parallels. Thus, if a"b" be the position of aW 
when ab is made to coincide with AB, ab" (Fig. 38) will lia along A K ; 
hence, except with regard to the rotation, the expansion along AO and the 
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Flu. 37. 



contraction along OB is equivalent to the strain which would bring ABA'B' 
into the position ABa"6"\ But we see that this could be done by 

keeping AB fixed and sliding 
every point in the body par- 
allel to AB through a distance 
proportional to its distance 
from AB. We can illustrate 
this kind of strain by a pack 
of cards lying on the table, 
with their ends in vertical 
planes ; now slide the cards 
forward, keeping the lowest 
one at rest in such a way 
that the ends are still flat 
although the planes are no 
longer vertical; each card 
wi 1 1 have been moved forwards 
through a distance propor- 
tional to its distance from the 
Fio. 38. lowest card. The angle A'Ba" 

through which a Hue is dis- 
placed which to begin with is perpendicular to A B is called the angle of 
shear. The plane of the shear is a plane parallel to the direction of 
motion and at right angles to the fixed plane. 

The relation between 0 — the ciicular measure of the angle of shear — and 
the elongation a along OA, and the contraction a along OB can bo found as 
follows. Before the rotation making ab coincide with AB, 6a' makes 
with BA' the angle Bqb ; to make ab coincide with AB (Fig. 87) the system 
has to be rotated through the angle Bpb, so that after the rotation ba' will 
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make with BA' the angle Bqb + Bpb. Now by the figure, Bqb = Bpb, hence 
the angle of shear is 2 l By6 = 2 i-apk. If Aw is perpendicular to ap ( Fig. 37), 
then, since the angle apk is by hypothesis small, its circular measure 

Aw_ Art sin 45 Aa_ 
~Ap~ "AO"*' 

hence 0, the circular measure of the angle of shear, = 2 ff . 

If « and / are the extensions along two principal axes in the general 
case of homogeneous strain ,n two dimensions, we see from p. 65 that this 
strain is equivalent to a uniform dilatation k (e+f) and to a shear the 
circular measure of whose angle is 0 -/. ' 
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STRESSES. RELATION BETWEEN STRESSES AND STRAINS. 



Costknts. — General Considerations — Hooke's Law — Work required to 

Strain— Rectangular Bar acted upon at Right Angles to it* Faces. 



any 



Is order that a body may be strained forces must act upon it. Consider a 
small cube in tbe middle of a strained solid, and suppose for a moment that 
the external forces are confined to the surface of this solid. Then the forces 
which strain this cube must be due to the action exerted upon it by the 
surrounding matter. These forces, which are due to the action of the 
molecules outside the cube on those inside, will only be appreciable at 
molecular distances from the surface of the cube, and may therefore 
without appreciable error be supposed to be confined to the surface. The 

most general force which can 
act on a face A BCD of the 
cube may be resolved into 
three component*!, one at right 
angles to A BCD, the other 
two components in the plane 
of A BCD, one parallel to AB, 
the other to BC: similarly 
over the other faces of the 
cube we may suppose similar 
forces to act. These forces 
are called stresses; the com- 
ponent at right angles to a 
face is called a normal stress, 
the component parallel to the 
face a tangential stress. The 
intensity of any component of 
the stress is the amount of the component over the face divided by tbe 
area of the face. We shall for brevity leave out the word " intensity " 
and speak of it simply as the stress. The dimensions of a stivss are those 
of a force divided by an area or M/LT 3 . It is measured in dynes per 
s<piare centimetre; on the COS. system of units the pressure of the 
atmosphere is about 10* units of stress. 

When we know the stresses over three planes meeting at a point 0 
(Fig. 10) we can determine the stresses on any other plane through O. For 
let OA BC be a very small tetrahedron, AOB, BOO, COA being the pianos 
over which we know the stresses, and ABC being parallel to the plane across 
which we wish to determine the stress. Then as this tetrahedron is in 
equilibrium under the action of forces acting on its four faces, and as we 
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know the forces over three of the faces, OAB, OBC, OCA, we can 
determine the force, and hence the stress, on the fourth. We need not 
take into account any external forces which are proportional to the volunio 
on which they act, for the forces due to the stresses are proportionul to the 
area of the faces, that is, to the square of the linear dimensions of the 
tetrahedron, while the external forces are proportional to the cube of the 
linear dimensions, and by making the linear dimensions of the tetrahedron 
exceedingly small we can make the effect of the volume forces vanish in 
comparison with that of the surface forces. 

The stresses in a strained solid constitute a system of forces which are 
in equilibrium at each part of the solid with the external forces acting on 
the solid. If we call the external forces the load, then if a load W pro- 
duces a system of stresses P, 
and a load W a system of 
stresses F, then when W and 
W act together the stresses 
will be P + F if the deforma- 
tion produced by either load 
is small. 

Hooke's Law.— The fun- 
damental law on which all 
applications of mathematics 
to elasticity are based is due 
to Hooke, and was stated by 
him in the form ut lensio sic 
vie, or, in modern phraseology, 
that the strains are propor- 
tional to the loads. The truth 
of this law, when the strains 
do not exceed the elastic Urn it 
(tee p. 53), has been verified 
by very careful experiments 
on most materials in common 
use. Another way of stating " Fio. 40. 

Hooke's Law is that if a load 

W produces a strain S, and a load W a strain S', then a load W-f W will 
produce a strain S + S'. Hence, it follows from the last article that if a 
system of stresses P correspond to a system of strains S, and a system of 
stresses F to a system of strains S\ then a syrstem of stresses P + F will 
correspond to a system of strains S + S\ Hence, if we know the stress 
corresponding to unit strain, we can find the stress corresponding to a 
strain of any magnitude of the same type. Thus, as long as Hooke's law 
holds good, the stress and strain will be connected by a relation of the 
form 

Stress = e x strain 

where e is a quantity which does not depend either upon the stress or the 
strain. It is called a modulus of elasticity. Thus, if the strain corresponds 
to a change in size but not in shape, then the stress is a uniform pressure, 
and the strain the diminution in volume of unit volume of the unstrained 
suhstance; in this case c is called the modulus of elasticity of bulk, or 
more frequently the bulk modulus. Again, if the strain is a shear which 
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alters the shape but not the size, the strain is measured by the angle of 
thear and the stress by the tangential force per unit area, which must be 
applied to produce this shear. In this cage c is called the modulus of 
rigidity. If we stretch a wire by a weight, the stress is the weight divided 
by the arwa of cross section of the wire, the strain is the increase of length 
in unit length of the wire, and in this oa.se e is called Young s modulus. 
Since we can reduce the most general sy.-tem of homogeneous strain to 
a uniform expansion or contraction and a system of shears (see p. 65) it 
follows tliat if we know the behaviour of the body (1) when its size but not 
its fchape is changed, and (2) when its shape but not its size is changed, we 
can determine it* behaviour under any homogeneous strain. This is true 
when, and only when, the properties of the substance are the same in all 
so that a uniform hydrostatic pressure produces no change in 




L M N 
Fio. 41. 

shape, and the tangential stress required to produce a given angle of shear 
is independent of the plane of the shear. This statement is equivalent to 
saying that it only requires two moduli — i.e., the bulk modulus and the 
modulus of rigidity, to fix the elastic behaviour of tho substance, so that all 
other moduli, such as Young's modulus, must be expressible in terms of 
these two. 

Work required to produce any Strain.— The result for the most 

general case, ami the method by which it can be obtained, may be illus- 
trated by considering the work required to stretch a wire. Let us suppose 
that the load is added so gradually that the scale-pan in which the weight* 
are placed never acquires an appreciable velocity, so that none of the work 
done is converted into kinetic, energy, but all is spent in stretching the 
wire. When this is the case, tho weight in the scale pan when in any 
position never exceeds by more than an infinitesimal amount the weight 
required to stretch the wire to that position. 

Let the straight line AB, Fig. 41, represent the relation between 
the weight in the scale-pan and the extension of the wire, the 
weight being the ordinate and the extension the abscissa ; let OA repre- 
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tent the unstretched length of the wire. Consider the work done 
in stretching the wire from L to M, where L and M are two points very 
near together. The force will be approximately equal to PL; thus 
the work done in stretching from L to M will be PL x LM — i.e., the 
area PLMQ' ; similarly, the work done in stretching the wire from M to N 
will be represented by the area QMNR', and thus the work spent in 
stretching the wire from OA to OC will be represented by the sum of the 
little rectangular areas ; but when these rectangular areas are very small, 
their sum is equal to the area ABC, and this equals £BC x AC — i.tf., one- 
half the final weight in the scale pan x extension of the wire. Let a be 
the area of cross section of the wire and I the length, then BC«=a x stress 
and AC*»/x strain. Thus the work done in stretching the wire is equal 
to al x A strain x stress. Now al is the volume of the wire, hence the 
energy in each unit volume of the wire is \ strain x stress. Though we 
have considered a special case, it will be seen that the method is of general 
application, and that the result will hold whenever Hooke's law is true. 

We have considered two ways of regarding a shear : one where the 
particles of the body were pushed forward by a tangential force as is 
represented in Fig. 38. In this case the work done on unit volume, which 
is the energy possessed by the sheared body, is 

where T is the tangential force per unit area and $ the angle of shear. 

The other way of regarding a shear is to consider it as an extension in 
one direction combined with an equal contraction in a direction at right 
angles to the extension. Let e be the magnitude of the extension or 
contraction, P the pull per unit area producing the extension ; this is equal 
to the push per unit area producing the contraction. Considering unit 
volume of the strained body, the work done by the pull is J P«, and that 
by the push is also £ P<?; hence the energy per unit volume is } P« + £ Pe = Pa, 
but this energy is also equal to £ T0, hence 

p«-iTa. 

But we know (p. 67) that 0- 2e, hence 

P=T. 

Hence the pull or push per unit area in the one way of considering a 
shear is equal to the tangential stress per unit area which occurs in the 
other way. 

If n is the coefficient of rigidity, then by the definition of n given on 
p. 70, 

honce P = 2n« 

Rectangular Bar acted on by Forces at Right Angles to its 

Faces.— Let ABCDEFGH, Fig. 42, be a rectangular bar Let the 
faces CDEF, ABGH be acted on by normal pulls equal to P per unit area, 
the faces A BCD, EFHG by normal pulls equal to Q per unit area, and the 
faces DEGB, CFHA by normal pulls equal to £ per unit area. We shall 
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proceed to find the deformation of the bar. Considering the bar ns made 
up of rectangular parallelepipeds, with their faces parallel to the bar, we see 
that these will all be in equilibrium, whether they are in the interior of the 
bar or whether some of their faces are on the surface of the bar, if the 
normal stresses parallel to AC, CD, DE are respectively equal to P, Q, R, 
and if there are no tangential stresses. Each of those parallelopipeds will be 
subject to the same stresses, and will therefore be strained in the same 
way. Let e,/,gbe the extensions parallel to P, Q, It respectively. Con- 
sider for a moment what the strains 
would be if the stress P acted alone : P 
would produce an extension proportional 
to P in the direction of P; let us call 
this XP; it would also produce contraction 
proportional to P in any direction at 
right angles to P ; and if the properties 
of the strained substances were the same 
in all directions, thrn the contractions 
would be the same in all directions at 
right angles to P; let these contractions 
_> ^be jiP. Then when P acta alone the 
extensions parallel to P, Q, R respectively 
are XP, — «P, -/iP; similarly when Q 
acts alone the extensions in these directions 
are -i*Q, XQ, -/iQ, and when R acta 
u alone the extensions are - /uR, - /iR, XR ; 
consequently when these stresses act simul- 
taneously we have 




e= XP-^Q-^ll) 
./^-/xP + AQ-^R' 
y= -yuP-ZiQ + XR] 



0) 



Fio. 42. 



Now we have seen (p. 70) that the 
elastic properties of the substance are 
completely deBned if we know the bulk 
modulus, which we shall denote by k, and 
the modulus of rigidity which we shall 
denote by n. Hence we must be able to express X and a in terms of n 
and k. We proceed to do this. If we apply a uniform tension to each 
side of the bar equal to P the dilatation of unit volume is equal to PJk, 
by the definition of k ,• but in this case the dilatation is uniform in all 
directions, and the linear dilatation is one -third of the volume dilatation 
— i.e., it is equal to Tj'Sk. 

P 



Hence, when P = Q = R, e=f =g = 

hence, from equations (!) J. ^ \ - 

Let us now shear the body in the plane of PQ _{.<>., put Q=» - P 
R = 0. In this «tse « » -/= P/2h (see p. 71); hence by equations ( 1 ) 

X + ,1. 



and 



1 
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Uc + n 



Young' s Modulus.— A very important caso is that of a bar acted on 
by a pull parallel to its length, while no forces act at right angles to the 
tangth. In this case Q = R = 0, and we have 

c = XP,/- -^P, g= -/iP. 

But in this case the stress, divided by the longitudinal strain, is called 
Young's modulus ; hence, if we denote Young s modulus by q, we have, 

-d 1 folk 

P = <7«, or } = .o . 

' 1 X '6k + n 

This equation gives Youngs modulus in terms of the bulk modulus and 
the rigidity. 

Poisson's Ratio. — Poisson's ratio is defined to be the ratio of the 
lateral contraction to the longitudinal extension for a bar acted on by a 
stress parallel to its length. If we denote it by <r, then by this definition 

o= when Q = R = 0. 

Thus.-*-»*-?i. 

X 2{l\k + n) 

Since n is a positive quantity, we see from this expression that o must 
be less than 1 /2. According to a molecular theory worked out by Cauchy 
and Poisson, <r, for all non-crystalline substances, is equal to 1/4. The 
determinations of o given in the table of elastic constants on p. 102 do 
not lend much support to this view. 

Bar stretched longitudinally, with its Sides fixed.— Tho 

equations (1) may be written 

«=^(p-<KQ + R)) 
f-j(Q— (P + R)) 

If the bar is prevented from contracting laterally, 

hence Q=R = ^L, 

1 - a 

2<r» 

so that 



■?(-".) 
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Hence the elongation is less than if the sides of the bar were free in 
to 1. In the case of a steel bar for which <r = 26€ 



the ratio of 1 



2g» 
1 -a 



the elongation if the sides were fixed would be about 4/5 of the elonga- 
tion when the sides are free. 

Determination of Young's Modulus.— A simple way of measuring 

Young's modulus for a wire of which a considerable length is 
available is the following : Fix as long a length of the wire 
AB, Fig. 4:'», as is available firmly to a support. Another 
wire, CD, which noed not be of the same material, hangs from 
the same support down by the side of the first wire. CD 
carries a millimetre scalo, the length of the scale being parallel 
to the wire ; a weight is attached to the end of this wire to 
keep it straight. A vernier is attached to the wire AB and 
moves against the scale fixed to the wire CD. The wire AB 
carries a scale-pan into which various weights can be placed. 
By reading the vernier when different weights are on the 
scale-pin we get the vertical depression of a fixed point on the 
vernier, that is of a known point on the wire, produced by a 
given weight. Let this depression be c, when the weight in 
the scale-pan is increased by W. Measure the length of the 
wire between the fixed support and the point of attachment to 
the vernier ; let this be /, then the elongation per unit length 
is tjl. If 6i is the cross section of wire, then the stress which 
produces this elongation is W/u>, so that, as Young's modulus 
is stress divided by strain, it is equal to 



To determine the cross section, the most accurate way is to 
weigh a known length of the wire, first in air and then in 
water. The difference of the weighings in grammes will be 
the volume of the wire in cubic centimetres, and if we divide 
the volume by the length we get the cross section. Preliminary 
measurements should have been taken with a screw gauge to 
se« that the wire was uniform in section. It is advisable to 
load and unload the wire several times before making the final 
measurements. This serves to straighten the wire, and avoids 
the anomalous results which, apart from straightening, are 
obtained when a wire is loaded for the first time after a rest. 

We owe the following improvements of this method to Mr. 
G. F. 0. Seni le. Two brass frames, CD, CD', Fig. 44, hang from 
the lower ends of the wires and support the two ends of a sensitive level L. 
One end of tho level is pivoted to tho frame CD by the pivots H, the 
other end of the level rests upon the end of a vertical screw S working in 
a nut attached to the frame CD'. The two links, K, K', preveut the 
frames from twisting relatively to each other about a vertical axis, but freely 
allow vertical relative motion. When these links are horizontal the two 
wires are parallel to each other. A mass M and a pan P hang from the 
lower ends of the frames, and tho weights M and P are sufficient to 
straighten the wires. The connections between the wires and the frames 
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are made by the swivels F, into which the ends of the wires are soldered. 
The swivels prevent the torsion of the wire. The head of the screw is 
divided, say, into 100 parts, while the pitch of the screw may be i) mm. ; 
thus each division on the hmd corresponds to 1/200 mm. The 
measurement* are made in the following way : Adjust the screw so that 
one end of the bubble is at zero ; if a weight be placed in the pan F the 




Fio. 44. 



wire A' is stretched, and the bubble moves towards H ; bring the bubble 
back to zero by turning the screw ; the distance through which the screw 
is moved is equal to the extension of the wire. 

When the substance for which Young's modulus is to be determined 
is a bar and not a wire, the extensions obtained by any practicable weight 
would be too small to be measured in the wiy just described. In tin's cjixe 
Ewing's extensometer may be used. This instrument is represented in 
Fig. 45. A is the rod whose extension is to bo measured, B and C 
are pieces attached to A by set screws about the axes of which they 
revolve; the arm B' fixed to B ends in a rounded point P, which tits 
into a V-shaped slot cut transversely across the end of the piece C. 
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Thus, when the rod A is stretched, the point P acts as a fulcrum, and 
Q, the opposite end of C, moves down through a distance proportional 
to the extension between the axes of the set screws. The displacement of 
Q is PQ/OP times the extension of the bar. This displacement is observed 
by a microscope which is attached to the bar B, and sights an object 
at Q. The displacement is measured by means of a micrometer scale en- 
graved on glass in the eye-piece of the microscope; extensions of 1/20,000 
of a centimetre are readily measured in this way. There is a fine screw, 
with a divided head between B* and the point P. This serves to bring Q 
into a convenient position for sighting, and also to determine what is 




Fio. 46. 

the absolute amount of extension corresponding to a division of the 
eye-piece scale ; for if we know the pitch of the screw we know the dis- 
placement of Q when the screw-bead is turned through one revolution : 
if we find how many divisions of the micrometer scale this corresponds 
to we can at once standardise the scale. The pull is applied to the bar 
by means of a small testing machine. 

Optical Measurement of Young's Modulus.— Michelson's method 

of interference fringes, produced by the aid of semi-transparent mirrors, 
gives a very delicate way of measuring small extensions. 

The principle of the method is shown in Fig. 46. A and B are plane 
plates of very carefully worked glass of the same thickness. One surface of 
A is coated with a thin film of metal, preferably platinum. The platinum 
may be deposited on the glass by placing the glass near a platinum 
cathode in an exhausted tube, and sending a current from an induction 
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coil through the tube. The platinum sputters from the terminal and is 
deposited on the glass. This film is so thin as to be semi-transparent ; it 
allows part of the light to pass through it. Suppose a beam of light, 
starting from S, falls on the plate A, some of it is reflected from the 
upper surface of the plate, and after being reflected from the mirror C 
returns and passes out of the plate A and enters the eye at E ; another 
part of the beam passes through the plate A, is reflected at D, returns to 
the plate A, where it is reflected to E. Even when the difference of path 
is great, if A and B are very truly plane and of the same thickness the first 
part of the beam from Swill interfere with the second part and produce inter- 
ference bands. If the distance between one of the min ors and the plate A is 




Fio. 46, 

altered, the bands are shifted ; an alteration of the distance through 1 /4 of 
a wave-length will make the dark bands and light bands interchange 
their position ; by observing the position of the bands we can measure 
movements of the mirror amounting to 1 /50 of the wave-length of sodium 
light, or say a millionth of a centimetre. To apply this method to the 
determination of Young's modulus we keep one of the mirrors fixed while 
the other is curried by the wire whose extension we wish to measure. 
Since we can measure accurately in this way very small extensions we are 
able to use comparatively short wires, and so have all the conditions of 
the experiment under much better control than when a long wire is 
used. This method has been used by Mr. Shakespear at the Cavendish 
laboratory. He has also used the method described on p. 43 for multi- 
plying the small movements of the pointer of a balance, to multiply the 
movement due to the extension of a wire. 

Other methods of determining q will be given in the chapter on the 
Bending of Rods. 
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Coktents. — Torsion of Circular Tubes and Rods— De St. Venant's Researches — 
Statical and Dyuaniical Methods of Measuring Rigidity. 

Torsion of a thin Cylindrical Tube of Circular Section.— The 

case of a thin cylindrical tube of circular section fixed at one end and 
twisted by a couple whose axis is the axis of the tube, admits of a very 
simple solution. We can prove that each cross-section of the tube made 
by a plane at right angles to the axis is twisted as a rigid body in its own 
plane through an angle proportioned to its distance from the fixed end, 
and that there in no displacement of any point in the tube either radially 
or longitudinally. The last result follows at once from the symmetry of 
the tube about its axis ; for from the symmetry, if the radial displace- 
ment is outwards at one part of the section it will be outwards at every 

point, so that there would 
be a swelling of the tube ; 
reversing the couple ap- 
plied to the tube would, 
however, reverse the dis- 
placement (since we sup- 
pose Hooke'a Law to 
hold) ; hence a couple in 
one direction would cause 
the tube to swell, while 
one in the opposite direc- 
tion would cause it to 
contract; it is evident, 
however, that whether 
the tube swells or con- 
tracts under a twist about its axis cannot depend upon the direction of the 
twist, hence we conclude that there is no radial displacement. Similar 
reasoning will show that the longitudinal displacement must also vanish. 

We shall now show that the tube will be in equilibrium when each 
cross section is twisted as a rigid body through an angle proportional to 
the distance of the section from the fixed end. 

For suppose ABCDEFGH is a rectangular parallelopipod cut out 
of the tube before the twist was applied, suppose the distance between 
the planes A HOD, EFGH is </, and let k be the distance of the plane 
EFGH from the fixed end of the tube. Then, since the angle through 
which each section is twisted is proportional to its distance from the fixed 
end, if <f> be the angle through which the section at unit distance from the 
fixed end is twisted, the rotation of EFGH is *</>, and that of ABCD 
is (k + d) <ft. If a is the radius of the tube, and if t, its thickness, is small 
compared with a, each point in EFGH will be moved through a distance 
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ak<f>, and each point of ABOD through a distance a (k + d) hence 
After the twist the shape of the parallelopiped ABCDEFGH will be 
similar to EFGHA'B'CD\ where A A' = BB' = CO* = DD' = adf. Hence 
the deformation of the elements will be a shear of which the angle 
of shear = A A'/AE = cuf>. The tangential stress T will therefore be na<p. 
Hence the stresses on the elements will be as shown in Fig. 47, 
horizontal tangential stresses equal to T on the faces ABCD, EFGII, and 
vertical tangential stresses equal to T on the faces ABEF, CDHG. As 0 
is uniform for all parts of the tube these stresses are constant throughout 
the tube, and therefore each portion of the interior will be in 
equilibrium under these stresses. To find the condition for equilibrium 
under the external couple, consider a portion ABCD, Fig. 48, cut from 
the tube ; this portion is in equilibrium under the action of the tangential 
stress T on its cross section, and the external 
couple whose moment we shall suppose is C. For 
equilibrium the moment of the tangential stresses 
round the axis must equal C. The moment of the 
tangential stresses is, however, Txarea of cross- 
section of tube x radius of tube, which is equal to 

hence we have C ■» ruf>2jra 3 t (1) 

which gives the rate of twist ^ when the external 
couple is known. 

Case of a Solid Rod of Circular Section.— 

We can regard the rod as made up of a series of 
tubes, and hence from the preceding investigation 
we see that each cross-section of the rod will be 
twisted as a rigid body through an angle proportional 
to its distance from the fixed extremity.* The 
couple 0 required to twist the rod will be the sum of the couples required 
to twist the tubes of which it is built up, or in the notation of the 
integral calculus, 




r'dr 



if a is the radius of the solid cylinder. If # is the angle through which 
the lower extremity of the rod is twisted and / the length of the rod, then 



* A 



Thiw the couple required to twist the lower end of the bar through a 
given angle varies directly as the fourth power of the radius and inversely 

If instead of a bar we have a thick tube whose 



as the length of the bat 



• For if the cross-sections of the different tube* were twicted through different 
angle*, so as to shear one tube past the next, there would be twisting couples acting 
on the inner parts of the tube, and, since the outside of the rod is free, nothing to 
balance these on the outside. 
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inner radius is b and outer radius a, the couple U required to twist its 
lower extremity through an angle 4> is given by the equation 

The work required to twist the cylinder through an angle * can be shown 

by a method exactly similar to 
r.uat given on p. 71 to be equal 
to AtNfr; hence in the case of a 
sol ill rod the energy is 

The volume of the rod is /jr« ! , 
hence the mean energy stored up 
in unit volume of the rod is \ mr<p*. 

When the cross-section of the 
bar is not a circle the problem 
becomes much more difficult- It 
has, however, been solved by St 
Venantfor a considerable number 
of sections of different shapes, 
including the ellipse, the equilateral triangle and the square with rounded 
corners. In every aise except the circle a cross section made by a plane 
at right angles to the axis does not remain a plane after twisting but is 
buckled, part of the section being convex and part concave. In these 
cases there is a longitudinal displacement of the particles, 
some moving up and others down. The longitudinal 
movement is the same for all particles that were originally 
in a straight line parallel to the axis of the cylinder. We 
can see in the following way that there must be longitudinal 
displacements of the particles and find the direction of the 
displacement. Let us take the case when the section is 
an ellipse; then, if each section were rotated round the 
axis without any longitudinal displacement, the stress in 
each section at any point P would be at right angles to 
the line joining O to that point. Thus, if Fig. 49 
represent the section of an elliptic cylinder, twisted in the 
direction represent by the arrow, the fixed end of the cylinder being 
below the piano of the paper and the twist applied to the end above the 
paper, the stress in the section, if there were only rotation, would be at 
right angles to OP; now, if P is a point on the ellipse, the tangent to the 
ellipse will not be at right angles to OP except at the extremities of the 
axes; hence in general the stress would have a component along the 
normal to the cylinder. Since, however, the sides of the cylinder are 
supposed to be free and not acted upon by forces, there cannot be 
equilibrium unless the stress along the normal to the cylinder vanishes; 
hence there must be some other displacements which will produce a stress 
to balance the normal component of the stress at right angles to OP. 
This component is directed outwards in the quadrants AB, A'B', inwards 
in the quadrants BA', B'A ; hence the additional stress must be directed 
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inwards in the quadrants AD, A'B', atid outwards in tho quadrants BA', 
B'A. Now suppose PQRSTUVW, Fig. 50, represents a parallelopiped 
cut from the quadrant AB, the faces PQRS, TUVW being at right angles 
to the axis of the cylinder and the latter nearer to the fixed end, the faces 
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PQTU, RSVW being at right angles to OP ; then there must be a stress 
in the plane PQRS directed from R to Q ; but if there is a stress in this 
direction there must be a stress in RSVW parallel to RV, otherwise the 
parallelopiped would be set in rotation and could not be in equilibrium. 
Now the stress in RW parallel to RV implies either that the longitudinal 
displacement in the direction RV is greater than that in the 
direction in the face PQTU — i.e., that 
the longitudinal displacement increases 
as we recede from the axis or else that 
the longitudinal displacement in the 
opposite direction VR is less than that 
in the face TPQU— i.e., that tho longi- 
tudinal displacement diminishes as we 
recede from the axis. But as the 
longitudinal displacement vanishes at 
the axis itself, it seems clear that it 
must increase as we recede from the 
axis; hence we conclude that the 
longitudinal displacement is in the 
direction RV — i.e., towards the fixed 
end of the cylinder. In the quadrant 
B'A' the tangential stress at right 
angles to OP has a component along 
the outward normal, hence the longi- 
tudinal displacement is again towards the fixed end of the cylinder. In 
the other quadrants BA', B'A tho tangential stress has a component along 
the inward normal, and in this case the longitudinal displacement will be 
in the opposite direction — i.e., away from the fixed end of the cylinder. 
Along the axis of the ellipse there is no longitudinal displacement. In 
Figs. 51, 52, 53, taken from De St. Venant's paper, the lines of equal 
longitudinal displacement are given in Fig. 51, when the cross section of 
the cylinder is an ellipse, in Fig. 52, when it is an equilateral triangle, 
and in Fig. 53, when it is a square. Tho dotted lines represent 
displacements towards the fixed end of the cylinder, the full lines 
displacements away from it. The direction of twist is indicated by the 
arrows. It will be seen that in all cases the displacement is towards the 
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fixed end or away from it, according as the component of tho tangential 
stress at right angles to OP along the noinial to the boundary is directed 
to the outside or inside of tho cylinder. The reason for this we saw 
when we considered the elliptic cylinder. 

The appearance of cylinders under considerable twist is shown in 
Fig. i>4 ; this case can he realised by twisting a rubber spring of elliptic orreet- 
angular section and observing the distortion of lines drawn on the spring. 

In the case of the elliptic cylinder, De St. Venant showed that the 
longitudinal displacement xo reckoned positive when towards the fixed end 
of the cylinder at a point whose co-ordinates referred to the principal 
axes of the ellipse are x, y is given by the equation 



w = <}> 



-b 1 



where a and 6 are the semi-axes of the ellir.se, and <p the rate of twist. 
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Thus the lines of equal longitudinal displacement are rectangular hyper- 
bolas with the axes of the ellipse for asymptotes. 

The couple 0 required to produce a rate of twist <f» was shown by 
De St. Venant to bo given by the equation 



C = »07T 



a 3 b* 
a' + b 1 



In the case of a thin strip of elliptic section where b is small com pare*! 
with a this equation is approximately 

wjtTrab* 

Let us compare this with the couple C required to produce the same 
rate of twist in a wire of circular section, the area of the cross-section 
being the fame ns that of the strip. If r is the radius of tho crois-sectioi, 
then (i^ec p. 70) * 



so that 



lab" 
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Now, as the areas of the cross-sections are tho samo 

nr = irab 



hence 



0 = 26 
C a 



ft 

mm 



thus, as 6 is very small compared with a, 0 is small compared with C. 
Thus, if we use the torsion to measure small 
couples, the strip will be very much more 
sensitive than the circular wire. Strips of 
thin metal are employed in some delicate 
torsion balances. 

The greatest strain was shown by De St. 
Venant to be in the parts of the boundary 
nearest the axis — i.e., the extremities of the 
minor axis in the case of the elliptic cylinder 
and the middle points of the sides in the case 
of the triangular cylinder. 

The stress vanishes at a projecting corner, 
as, for example, at angles of the triangle and 
square. On the other hand, it becomes 
infinite at an internal angle, such as is shown 
in Fig. 55. These should, therefore, be 
avoided in shafts subject to torsion, or if they 
have to be used the angle should be rounded 
oft*. 

Determination of the Rigidity by 

Twisting".— The coefficient of rigidity n is 
frequently determined by means of equation, 
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(see p. 79) which gives the relation between 
the couple C required to twist a circular rod 
of radius a and length I and the angle ♦ 
through which the rod is twisted by the 
couple. The ratio of the couple to the angle 
may be determined (1) statically; (2) dyna- 
mically. 

In the statical method a known couple is 
applied to the wire or rod by an arrangement 
such as that shown in Fig. 50, and the angle 

through which a pointer or mirror attached to the wire is deflected is 
measured. This gives C and #, and if we measure a and /, the preceding 
equation gives n. 

In the dynamical method for determining the rigidity, the wire whose 
rigidity is to be determined hangs vertically, and carries a vibration bar 
of known moment of inertia. If this bar is displaced from its position 
of equilibrium it vibrates Lsochronously, and the time of its vibration 
can be determined with great accuracy. The torsional couple tending 
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to bring tho bar back to its position of equilibrium when it is displaced 
through an angle * is equal to 



hence, if MK 1 is the moment of inertia of the bar, the time T of a complete 
vibration is given by 



This experiment is easily made and T can be measured very accurately. 
The values of n found by this method are, as a rule, higher than those 
found by the statical method. Both methods are open to the objection 
that, as a occurs to the fourth power, if we make an error of 1 per cent, 
in the determination of a the use of the formula will lead to an error of 
4 per cent, in the determination of n. Again, the use of wire in the 
determination of elastic constants is objectionable, as the process of wire- 
drawing seems to destroy tho homogeneity of the metal, the outer layers 
differing from the inner. Unless the material is homogeneous it is not 
justifiable to use the equation of page 79, and any abnormality in the 
outer layers would seriously affect the torsion, as it is in these layers that 
tho strain is greatest. Tho values of n for all metals are found to decrease 
as the temperature increases. (Horton, Proe. Roy. Soc. 73, p. 334.) 
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BENDING OF RODS. 

Contents. — Bar bent into a Circular Arc — Enerey in Bar— Bar Loaded atone End — 
Depression of End— Bar Loaded in Middle. Ends fne— Bar Loaded in Middle. 
Ends clamped — Vibration of Loaded Bars — Elastic Curves— Stability of Leaded 
Pillar — Young's Modulus determined by Flexure — Table of Moduli of Elasticity. 

Br a rod in this chapter we mean a bar of uniform material and cross* 
section whose length is great compared with its transverse dimensions. 
We shall suppose that such a bar is acted on by two couples, equal and 
opposite, applied at the two ends of the rod, the plane of the couples 
pacing through the centres of gravity of all the cross- sections of the rod, 
and intersecting the cros*-sections in a line which is an axis of symmetry 
of the cross-section. Let the couples act so that the upper patt of the bar 
is extended while the lower part is compressed. There will, therefore, be 
a part of the bar between the top and tho bottom which is neither 
extended nor compressed. This part of the bar is called the neutral 
surface, and the section of it by the plane of the couple is called the 
neutral axis. Let us suppose the bar divided into thin filaments parallel 




Fio. 67. 

to its length. We shall now proceed to show that the bar will bo in 
equilibrium if each filament above the neutral surface is oxtended, each 
filament below that surface compressed, the extension or compression 
being proportional to the distance of the filament from the neutral 
surface, the filaments being extended or compressed as they would be if 
the sides of the filament were free from stress ; so that if P is the tension 
and e the elongation, Y^qe where q is Young's modulus. 

First consider the equilibrium of any filament ; the strain is a uni- 
form extension or contraction, according as the filament is above or below 
the neutral surface. Tho strain will, therefore, be a uniform longitudinal 
tension or compression, there will be no shearing stresses and no stresses 
at right angles to the length of the bar; all these statements hold whether 
the filament abuts on tho surface or not. As the only forces acting on 
the filament are at right angles to its ends, and are equal and opposite, 
the filament will be in equilibrium. Thus each internal portion of tho 
bar is in equilibrium, and the bar as a whole will be in equilibrium if the 
stresses due to the strain are in equilibrium with the external forces. 

Suppose that the bar is cut at (J, and that EFGH (Fig. 58) represents a 
cross-section of the bar, 0 being the centre of gravity of the section ; then the 
forces acting on the portion CA (Fig. 57) of the bar are the external couple, 
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whose moment we shall take to be C and the stresses acting across the 
cross section. Thus the condition for equilibrium is that the stresses across 
this section should be equivalent to a couple in the plane of bending whose 
moment is C. Now the tension acting on the cross-section of a filament 
at P is equal per unit area to qe where e is the elongation of the filament. 
Now e is proportional to PN if ON is perpendicular to the plane of 
bending and PN perpendicular to ON ; let e = aPN. Thus the force acting 
on the filament parallel to the length of the rod is f.a.PNw where « is 
the cross-section of the filament, and the forces on all the filaments into 
which the bar may be supposed to be divided must be together equivalent 
to a couple of moment C in the plane of bending. The conditions for this 
are (1) that the resultant force should vanish ; (2) that the moment of the 
forces aliout OM, which is perpendicular to ON, should be zero ; and (8) 

that the moment of the forces about 
ON = C. All these conditions can be 
fulfilled if OM, ON are the principal 
axes of the cross-section. 

For the resultant force is itya.PN.w 
where i^aPN.w denotes the sum of 
the product ^a.PN.u for all the fila- 
ments ; this vanishes since SPNw — 0, 
0 being the centre of gravity of the cross- 
section. The moment of these forces 
about OM is equal to SyaPN.PM*; 
this vanishes since ZPN.PM = 0, as 
OM, ON are principal axes. The mo- 
ment of the tension about ON is 
£?aPN 9 * ; this is equal to qaAV if A& 
is the moment of inertia of the cross- 
section about ON. Hence the tensions 
will be in equilibrium with the external 
forces if gaAJc 7 = C. 
To find a, let us consider the deformation of a rectangle ABCD (Fig. f>9) 
in the plane of bending, AB being a portion of the neutral axis. Let 
A'B'CD' be the strained configuration of this rectangle ; then, since there 
is no shear, the angles at A' and B' will be right angles, and C'A', D'B* 
will be normals to the curve into which the neutral axis is bent; if these 
normals intersect in 0, then O is the centre of curvature of the neutral 
axis. "We have from the figure 

C'D'_C0 
AB' AO 

But A'B' = AB, since the neutral axis is not altered in length by the 
bending, and AB - CD ; 

CD'-CD _ A'C 
CD AO 

CD' - CD 
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hence 



But if « is the elongation along CD, e = 



CD 



A'C" 
A'O 



A'C AC 



approximately, 
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where p is the radius of curvature of the neutral axis at A. But with 

1 

the previous notation e«a.AC, so that a = - • 

Ak 2 AP 
Since <ya A^' — C, we havo q = C; or, p = q—£. 

Thus the radius of curvature of the neutral axis is constant, so that the 
neutral axis is a circle. 

The fact thatathin bat- 
or lath is bent into a circle 
by the application of two 
couples is often utilised 
forthepurposeof drawing 
circles of large radius. 

The bending of the 
bar will be accompanied 
by a change in the shape j 
of the cross section. The 
elongation of the upper 
filaments will be accom- 
panied by a lateral con- 
traction equal to a times 
the elongation where a is 
Poisson's ratio (see p. 7-5), 
while the shortening of 
the lower filaments will 
be accompanied by a lateral Fio. 59. 

expansion. Thus the 

shape of the cross-section supposed to be originally a rectangle will after 
the bending be as represented in PQLM (Fig. GO). 

Suppose LM is the line whore the neutral surface cuts the cross 
section, then the lateral contraction of PQ is equal to 

LM - PQ 
LM 

and the longitudinal extension is equal to 

hence J-M-l'Q . QM ' 
he C LM ~7~ 

but if LP, MQ intersect in 0', then ^ ^B. = ^ 

LM LI) 

But I/O' is equal to the radius of curvature of the neutral surface in 
the plane at right angles to the length of the rod. If this is denoted by 
p we have 




Thus the ratio of the two curvatures is equal to Poisson's ratio. 



Digitized by Google 



88 



PROPERTIES OF MATTER. 



Energy in the Bar. — Consider one of the filaments into which the 
bar was supposed (p. 85) to be divided. ThuH, if « is the elongation in 
this filament, / the length of the filament (which is equal to the length of 
the bar), <•> the area of its cross- section, the energy in the filament is by 
p. 71, 

But « = a.PN; 



hence the energy in the filament is ^a'PNW. 

The energy in the bar is the sum of the 
/ \ energies in the filaments, and is thus 

/ \ hqa-lZYWw ; but 2PN S « = A*", 

/ \ and a = 1 fp where p is the radius of curva- 

/ \ ture of the natural axis, and thus the 

/ \ energy is equal to ^A&^/p*. 

/ \ Again, faAF^C, where C is the couple 

/ \ applied to the bar, 



hence the energy ^ £ C- 



half the product of 
/ \ the angle bciwcen the 

Fio. CO. 



the couplo and 
tangents at the 
extremity of the bar. This result could 
be deduced at once by the method already 
given. 

Bod bent by a Weight applied at one End.— In the case just 




Pro. 61. 

considered the stresses in the bar were entirely normal ; in this case, how- 
ever, we see that for equilibrium the normal stresses must be accompanied 
by tangential ones. For, suppose ACB, Fig. 61, represents the bar, the 
weight being applied at B while A is fixed ; consider a section through C 
made by a plane at right angles to the length of tho bar. Then the 
portion CB of the bar must be in equilibrium under the action of the 
stresses across the section at C and the weight W at the end of the bar ; 
thus the stresses across C must be equivalent to a vertically upward force 
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W and a couple whose moment is W. BC : there must be, therefore, tangential 
stresses acting across the section whose resultant is a force W acting 
upwards. We shall show, however, that if the lateral dimensions of the 
bar are very small, then, except quite close to the end B, the tangential 
stresses will be very small compared with the normal stresses. For let 
EFGII represent a section of the bar, O the centre of the section, and ON 
an axis at right angles to the plane of beuding. Then, if A is the area of 
the cross-section, T the average tangential stress over the area 

TA = W 

Let N represont the normal stress at a point P, dw a small area round P, 
then since these normal 
stresses are equivalent to a ^ 
couple whose moment round 
ON is W.BC, we have 

J N.PN</« = W.BC. 

Thus the average normal 0 
stress must be of tho order 
of magnitude 

W.liC 

Ad 





ir 
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where d is a quantity comparable with the depth of the bar. Hence, 

W^ 

since — = T, the magnitude of N is comparable with T x BC/d, so that if the 

distance of the section from the end is large compared with the lateral 
dimensions of the bar, the normal stresses will be very large compared 
with the tangential ones. In the subsequent work we shall confine our 
attention to the eflect of the normal stresses, but this must be regarded as 
an approximation only applicable to very thin rods. Let Fig. 62 
represent a small rectangular parallelopiped cut out of the bar, the faces 
EFGH, E'F'G'H' being at right angles to the length of the bar, while the 
faces FFH'H, EE'GG' are parallel to the plane of bonding, then the 
actual state of stress may be thus described. The normal stresses are 
confined to the faces EFGH, E'F'G'H', there being no normal stresses 
over the other faces ; there are tangential stresses on tho faces FFHH', 
EE'GG', and also on the faces GG'UH' and EE'FF, but there are no 
tangential stresses over the faces EFGH, E'F'G'H'. 

We may proceed to find the bonding of the rod produced by the 
weight at its end in the following way. Suppose PQRS (Fig. 62a) represents 
a portion of a rod bent as on p. *;">, by couples of moment 0 acting at its 
ends, then the stresses in the bar are such as to cause a couple with 
moment C to act across l'Q and a couplo whose moment is C to act across 
the section KS. Tho .stresses which produce these couples, as we have 
seen on p. 87, correspond to a state of strain such that the central axis of 
the portion of tho bar is bent into a circle whose radius p is givon by the 
equation 

AP n 
7 — =0. 

P 



/ 
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Now suppose that PQRS, instead of being a portion of a bar acted on 
by a couple, is a portion of one acted on by a force at the end A : then 
neglecting, for the reasons given above, the tangential stresses across the 
section, the stresses are equivalent to a couple W.AN across the section PQ 
and a couple W.AM across the section ItS, and as AN and AM differ but 

little from AL where L is 

p n 

U 



A' 



M- 



Q s 
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the middle point of MN, 
we may regard the ends 
of PQRS as being acted 
on by equal and opposite 
couples whose moment is 
W. AL. Hence, by what we have just seen, the central axis of PQRS will be 
bent into the aic of a circlo whose radius p is given by the equation 

P 

hence, when the bar is acted on by a weight applied at one end, the neutral 
axis of the bar is bent into a curve such that tho radius of curvature at a 
point varies inversely aa tho distance of the point from the end to which 
the weight is applied. 

Depression of the Bar; Angle between Tangents at two 

Points on the neutral Axis.— Suppose Fig. 6b" represents the curved 

< 
i 
i 
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position of the neutral axis.* Suppose RS are two points near together 
on the neutral axis, then the angle between tho tangents at 11 and S is 
equal to RS f , \vh 0 ,e is the radius of curvature of RS ; but l/« is equal 
to W.AR.ty.A* 1 , hence Ac the angle between the tangents at R and S is 
equal to 



R.RS 




Though this figure shows for clearness' sake considerable curvature, yet it must 
be remembered that in all the.se investigations we are only dealing with cages in 
which the bending is very blight and the neutral axis consequent!* nearly straight 
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or, in the notation of the differential calculus, if a- AH, we have 

hence c, the angle between the tangents at A and P, is given by the 
equation 

AI' 



\v 

-i \ V . AP 

7. AA- 

Suppose the tangent at P cuts the vertical through A in the point T, 
we shall proceed to find an expression for AT. Let the tangents at P»,S 
cut the vertical line through A in the points M,N, then, remembering that 
these tangents are very nearly horizontal, we have approximately, if Ac is 
the angle between the tangents at K and S. 

MX-AK.a4^*> by(l) 

A f 

If the end B of the bar is clamped so that the tangent is horizontal, 
then the distance between A and the point where the vertical through A 
cuts this tangent will lm the vertical depression of A produced by the 
weight W; hence, if d be this depression, we have by (3) 

AB 1 (4) 

•»7 AA* 

Thus the vertical depression of the end is proportional to the weight, 
to the cube of the length, and inversely proportional to the moment of 
inertia of the cross section al out an axis through its centre at right angles 
to the plane of bending ; it is also inversely proportional to the value of 
Young's modulus for the material of which the bar is made. 

Since the depression is j roportional to the weight, the energy stored 
in the bar ia equal AW</, and this by equation (4) is equal to 

I W " AB 1 

7. A A- 

Wo shall now proceed to find the depression PM (Fig. G4) of any point 
P on the bar below the horizontal tangent at B. Let the tangent to the 
central axis at P cut the vertical line through A in the point T, and let the 
horizontal line through Pent this line at O; then the vertical depression 
of P w 

PM = AN - AT - TO 

Now TO = PO x angle the tangent at P makes with the tangent at 
B, and since PO is approximately equal to AP, and the tangent at A 
makes with the tangents at P and B angles whose circular measures are 
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respectively W.AP/2 2 Ai~ and W. A 13*/ 2? A* 1 (by equation (2)), we 
have 

AP W 

T0 = r ^JL^ ( A B> - AP-) 



By equation (3) we have 



2 ? A^ V 



Thus 



AN 
AT* 



W 

w 

: 3?A* S 



AB* 

AP' 




Hence 



PfO. 64. 

PM - — ( ABa ~ Api _ AP(AB' -AF) \ 
gAkC 3 2 / 

W BP/3AP + 2BP\ 



(5) 
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Let us now find what would be the depression of A if the weight W 
were applied at P. In this case AP would be straight, and if AN. 
Fig. 65, is the depression of A, 

AN = PM + AP x angle which tangent at P makes with the horizontal 
Now by (4) 

PM= W BP 

fyAifc- 1 

and by (2) the anglo the tangent at P makes with tho horizontal it 
equal to 



VV 
2yA£ 



BP' 
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hence 



AN 



W 



> J la 2 J 



„_W Bpv /a A P + 2BP l 
yA# I G J (°) 

Comparing equations (5) and (C) we see that the depression at P when the 
load is applied at A is the same as the depression at A when the load is 
applied at P. In the case we have just been considering one of tho points 
is at the end of tho rod. The theorem, however, is a general one and 
holds wherever the points A and P may be. 

The relation between the depression and the weight given by equa- 
tion (4) gives us a means of determining q by measuring the flexure of 
a beam. In experiments made with this object, however, it has been 
more usual to use the system considered in tho next paragraph, that of a 
1 " supported at the ends and loaded in the middle. 
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Beam Supported at the Ends and Loaded in the Middle. — The 

ends of the beam (Fig. GO) are supposed to rest on knife edges in the same 
horizontal line. The tangent at C, tho middle point, is evidently hori- 
zontal, and the pressure on each of the supports is W/2. Considering now 
the portion AC of the rod, it has the tangent at C horizontal, and it is acted 
upon by a vertical force equal to W/2 at A. The conditions are the same 
as for a rod of length AC clamped at C and acted on by a vertical force 
W/2, the case just treated ; hence by equation (4) d, the vertical distance 
between A and C, is given by the equation 

j W AC 



2?Ajfc» a 



w 



A B 1 



Rod Clamped at both Ends and Loaded in the Middle.— 

Suppose AB is a rod loaded at C, its middle point, and clamped at the 
ends A and B, which are supposed to be in the same horizontal line. 
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The action of the supports A, B on the ro»l will be equivalent to a vertical 
force and a couple. The magnitude of the vertical forco is evidently W/2 if 
\V is the weight at C. We can find tlio value of ihn couple r as follows. 
By the action of the force W/2 alone the tangent to the neutral 
axis at A would make, with the tangent at C, an angle whose circular 
measure is 

_W AC' 

2? A A - 2 

But since the tangent at A is parallel to the tangent at C, the couplo 
must bend the lvar s > that if it acted alone the tangent at A would make with 
that at C an anglu equal and opposito to that just found. Through a couple 
r applied to the bar tho tangents at A and 0 would make with each other 
an angle whose circular measure is 

'I A /. ' 

. W AO" r A n 

^ * u Air 2 = vAP A ° 

or r = JW.AC. 

To find the depression of the middle point, we consider the effect of the 
fore" W/2, and the couple r separately. In consequence of the action 
of the force W 2, the middle point, 0 would by equation (4) be depressed 
below tho lino AB by 

W AC 3 
2.,Ak- V 

The couple r would bend the bar into a circle whose radius p is qAk 1 / r . 
This would raise tho point C above A by 

rAC _ W AC» 

2f t Ak- '2qAh- 4 

The depression of (J when both the force and the couple act is therefore 

W AO 5 W AC* 
2 7 A> ; :i 2 7 Aa? 1 

- W AC 1 WAIr 



i.e., by 



2-lqAkr l^AJr 

The depression of the middle point of the har when the ends are fixed ia 
thus only 1/1 of the depression of the same bar when the ends are free. 

Vibration Of Loaded Bars.— Since the deflection of the bar is in all 
cases proportional to the deflecting weight, a liar when loaded will execute 
isochronous vibrations, the time of a complete vibration being equal to 

2* V /M>, 

where M is the mass of the loml and /< the force required to produce unit 
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depression. From the preceding investigations we see that p<=p.qAlr/P 
where I is the length of the b;ir and p i\ numerical factor, which is equal 
to 3 when the weight is applied at the end of tho bar, to 18 when the 
weight is applied at the middle point of a bar with its ends free, and to 
192 when the load is applied to the middle point of a bar with its enda 
clamped. 

To take a numerical example. Let us suppose we have a steel liar 
30 cm. long, 2 cm. broad, and 2 cm. deep, loaded at the end with a mass 
of 100 grammes. Then since for steel q = 2ltWx 10'\ and in this case 
M = 1 00, p = 3, / = 30, A = 4, k- = \ ( !)■ = 0033, we find by substituting 
in the formula that the time of vibration is about £ of a second. 

To take another case, suppose a man weighing 70 kilogrammes stands 
on the middle of a wooden plank 4 metres long, 30 cm. wide, and 4 deep, 
supported at its ends, what will be the time of swing? For wood we may 
take y=10"; putting />=48, M~7xl0\ / = 4xl0 I , A = 120, # = $(2)* 
= 1-38, we find that the time of swing is about 5 seconds. 



C 
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Elastic Curve. — Let us now consider a case like that of a bow 
where the force is parallel to the line joining tho ends of the Iwr. Con- 
sider the equilibrium of the portion CB (Fig. C»S) under the stresses at C, 
and the tension T in the string at B. 

Thus the stresses across C must be equivalent to a couple T.CN and a 
force T, CN being the perpendicular from C on the line of action of the 
force. Confining our attention to tho couple, we see that if p is the radius 
of curvatures at C of the neutral axis of the rod, 

7-^. T.CN 
P 

where q is Young's modulus for the rod, A£*, the moment of inertia of 
the cross-section of the rod about an axis through its centre at right 
angles to the plane of bending. From equation (7) we see that 1 jp is propor- 
tional to CN; hence the curve into which the central axis is bent is such 




Fig. M. 
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that th« reciprocal of the radius of curvature at any poit-t \s proportioLal 
to the distance of the point from a straight line. Curves having this 
property are called elastic curves or elasticas ; curves such as those shown 
in Fig. 69 are included in this family ; they may be producod by taking 
a flexible metal ribbon, such as a watch-spring, and pushing the ends 
together. One of these curves is of especial importance — viz., the one 
where the distance of any point on the bent rod from tho line of action of 
the force is very small. We shall show that this curve is the path of a 
point near the centre of a circle when the circle rolls on a straight line. 
To prove this it is only necessary to show that the reciprocal of the radius 
of curvature of this path is proportional to the distance from the straight 
line which is the path of the centre of the circle. Let us suppose that the 
circle rolls with uniform angular velocity w along the straight line. Let 
C be the centre of the circle, P any position of the moving point, G the 
point of contact of the circle with the line along which it rolls, PN the 
perpendicular on GO. Then if v be the velocity of the point, p the radius 
of curvature of the path, 

tr 

— = acceleration of P along tho normal to its path (8) 
P 

Now since the circle rolls on the line without slipping the velocity of G is 

zero. Hence the system is turning about 
G, no that the velocity at P is at right 
angles to PG and equal to wPG ; 
hence PG is tho normal to the path 
and 

» = w.PG. 




Now the acceleration of P is equal to 
the acceleration of C plus the accelera- 
tion of P relative to C ; since 0 moves 
uniformly along a straight line tho 
"acceleration of 0 is zero, and since P 
describes a circle round 0, the accelera- 
tion of P relative to C is equal to wKJP 
and is along PC. Thus the acceleration of P along the normal to its path 
is equal to 

w»CPcos CPG 

and we have therefore by (8) 

iii^orCPcosGTG 
P 

1 CP cos CPG 

Since the angle PGC is very small, the angle CPG is very nearly equal to 
the angle PCN, and PG is very nearly equal to a, the radius of the rolling 
circle ; hence approximately 

1_ CP cos P CN CX 
p o»" a' 
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Thus \fp is proportional to the distance of P from the straight line 
described by C. 
From the equation 

ft 

we see that a* = 2^— 

The shape of the curve is shown in Fig. 71. The distance between 




two points of inflection, that is, between two points, such as A and B, 
where 1/p vanishes, is equal to 

Stability Of a loaded Pillar. — The preceding result at once gives 
us the condition that a vertical pillar with one end fixed vertically in the 
ground should not bend when loaded with a weight W — i.e., the condition 
that the pillar should be stable. For, suppose the pillar bends slightly, 
assuming the position AB, Fig. 72, then AB is an elnsticaand B must be a 
point of inflection, while, since A is fixed vertically in the ground, the tangent 
at A is parallel to the line of action of the force. The distance — measured 
parallel to the base-lines — between a point of inflec- 
tion and the point where the tangent is parallel to 
the base-line is half the distance between two points 
of inflection, and is, therefote, equal to |xa, or, sub- 
stituting the value of a, to 



W 

where W is the weight ; hence, in order that the 
pillar should be able to bend, /, the length of the 
pillar, must not be less than 

2 V w 



or, in order to avoid bending, 

4> 



W< - - 



(9) 




If the cross-section of the pillar is a circle of 
radius 6, then A£ J = $jr&\ Thus the weight which a 
vertical pillar can support without becoming unstable 
is proportional to the fourth power of the radius and 
inversely proportional to the square of the length of the pillar. To take 
a special case, let us consider a steel knitting-needle, 20 cm. long and 
•1 cm. in radius and take 7 = 2 14 x 10". We tir.d W less than 104 x 10 4 
— - i.e , less than about 1056 grammes. 

|f the rod, instead of being fixed at one end, is pressed between two 

o 



Digitized by Google 



98 



PROPERTIES OF MATTER, 



supports so that the ends are free to bend in any direction, Fig. 73, the 
ends must be points of inflection, the distance between which is ra or 

hence J-ir^/ 7 ^- 

in the limiting case when the pillar can bend. Hence for stability 



w<1 rVAtf 



(10) 



In the 



where both ends are fixed (as in Fig. 74), the tangents at 
B B 



A 

Fio. .8. 




Flo. 74. 



the ends must be parallel to the line of action of the force, and there must 
be two points of inflection at, b and c; hence the distance between the ends 
is twice the distance between two points of inflection, so that 



l=2*a 



Hence for stability 



(ii) 



Comparing (9) and (11), we see that a rod with both ends fixed will, 
without buckling, support a weight sixteen times greater than if one end 
were free. 

Since a pillar can only support without buckling a finite weight, and as 
this weight diminishes as the length of the pillar increases, it follows that 
a pole of given crass-section would, if high enough, begin to bend under its 
own weight, so that there is a limit to the height of a vertical pillar or 
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troe of given cross-section. Suppose W is the weight of the pillar, and 
suppose as an approximation that the problem is the »«mo as if the weight 
were applied at the middle point of the pillar, then if I is the length of 
the pillar we see from (9) that 



A more accurate investigation, which requires the aid of higher 
mathematics, shows that the accurate relation is 



J<2-8 



V VT 



Let us take the case of a pine tree of uniform circular section from top to 
bottom, let the diameter of the tree be 15 cm. For deal y — 10", and 
taking tho specific gravity of deal as G, we have 

7 84 x 10" x 15* 
we get F< — - - - — — 

/<27x 1C* cm. 
Ih is the height of the tree cannot exceed about 27 metres. 

Determination of Young's Modulus by Flexure.— Young's 

modulus is often determined by measuring the deflection of a beam supported 
at both ends and loaded in the middle. If d is the depression of the middle 
of the bar, then (see p. 93) 

d = W - AB* 

where W is the load, AB the length of the bar, q Young's modulus, Ak* 
the moment of inertia of the cross-section of the bar about an axis through 
the centre of gravity of the section at right angles to the plane of bending. 

The value of d can be determined by fixing a needle point to the middle 
of the bar, and observing through a microscope provided with a micrometer 
eyepiece the depression of the beam when loaded in the middle with various 
weights. Another method of measuring d is by means of a very carefully 
made screw, the end of which is brought into contact with the bar; by 
measuring the fraction of a turn through which the head of the screw 
must be turned to renew the contact after the bar has been loaded we can 
determine the value of d corresponding to given loads. The most accurate 
method, however, would be an optical one, in which, by Michelson's method, 
interference fringes are produced by the interference of light reflected 
from two mirrors, one of which is fixed while tho other is attached to the 
middle point of the bar. By measuring the displacement of the fringes 
when the load is put on we could determine d, and the method is so 
delicate that the displacement* corresponding to very small loads could be 
measured. 
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Another method, due to Konig, consists io measuring the angle through 
which the free ends of the bar are l ent. The method is represented in 
Fig. 75. AB is the rod resting on two steel knife edges 8,, S f . The mirrors 
P,, P ? , which are almost ut right angles to the rods, are rigidly attached to 
it. The vertical scale S is reflected first from the mirror P r then from 
tho mirror P,, and then read through the telescope F. The weight is 
applied to the knife edge r, which is exactly midway between the knife 
edges S,, S,. On looking through the tele&cope we find one of the divisions 
of the scale coinciding with the cross wires; on loading the beam another 
division of the scale will come on the cross wire, and by mensuring the 
distance between these divisions we can determine the angle $ through 
which each free extremity of the bar has been bent. For, let us follow 



"AS 



[— ^ - , , 3 

Fig. 75. 

the ray backward from the telescope; when tho mirror P, is twisted 
through an angle <f>, the point where the reflected ray strikes the mirror 
P, is shifted through a distance 2<ty, where d is the distance between the 
mirrors; thus, if the light reflected from P, were parallel to its original 
direction, the scale reading would be altered by 2rfy, but the light reflected 
from P, is turned through an angle 4<f>; this alters the ficale reading by 
4D^ where D is the distance of the scale S from the mirror P |f hence v, the 
total alteration in the scale reading, is given by 

ThU8 9 = 2dTW 

but (see p. 91) W P 

9 2.qAk> 8 
where I is the distance between the knife-edges. 

Thus knowing v we can determine q. The advantage of this method is 
that v, the alteration in the scale reading, may be made very much greater 
than the depression of the middle of the bar. 
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The following convenient method for determining both n and q for a 
wire was given by G. F. 0. Searle in the Philosophical Magazine, Feb. 1900. 
AB, CD (Fig. 76) are two equal brass bars of square section, the wire 
under observation is firmly secured by passing through horizontal holes 
drilled through the centres G, G' of the bars. The system can be suspended 
by two parallel torsionless strings 
by means of hooks attached to the 
bars. If now the ends B and D 
are made to approach each other 
through equal distances and are 
then set free the bars will vibrate 
in a horizontal plane. To a first 
approximation the centres G and G' 
remain at rest, so that the action 
of the wire on the bar, and therefore 
of the bar on the wire, is a pure 
couple ; the wire will, therefore, be 
bent into a horizontal circle and 
the couple will be qAk'/p. Here 
q is Young's modulus, Kl? the 
moment of inertia of the cross- 
section of the wire about an axis 
through the centre of gravity at 

right angles to the plane of bending, Pl0 ^ 

p the radius of curvature of the 

wire, which is equal to //2<£ if I is the length of the wire and <p the angle 
through which each bar is twisted. Hence, is K if the moment of inertia 
of CD about a vertical axis through G, we have 




j-(Pf 7Ajfc*_ 2? 



hence, if T, is the time of vibration, 



qAk> 



(12) 



The bars are now unhooked from the strings and one clamped to a shelf, 
so that the wire is vertical ; if we make the wire execute torsional vibra 
tions, and T, is the time of vibration, 



(13) 



(see p. 84), n being the coefficient of rigidity and a the radius of the wire 
As the wire is of circular section, 



hence by (12) and (13) we have 
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TABLE OF MODULI OF ELASTICITY. 

The values of the moduli of elasticity vary so much with the treatment a metal 
has received in wire-drawing, rolling, annealing, and so on, that whenever they 
are required for a given specimen it is necessary to determine them, if any degree 
of accuracy is required. The following table contains the limits within which 
determinations of the moduli of different metals lie. They are taken from the 
results of experiments by Wertheim, Kiewiet, Lord Kelvin, Pisati, Battmei&ter, 
Mallock, Corou, Everett, and Katzenelsohn. The values are given in C.G.S. units, 
n is the rigidity, q Young's modulus, k the bulk modulus, and a Poissou's ratio. 









4/10" 


w 


Aluminium . 


2-3S— 3-36 


7 4 




•13 


Brass . 


3 44— 4 03 


9 4S— 1075 


102-10-.H5 


•226— -469 


Copper . 


3 5— 4 5 


10-3—12-8 


17 


•25 — "35 


Delta-Metal . 


3 6 


9-1 


10 




Glass . 


1 -2-2-4 


5-4-7-8 


8-4-4-2 


•20- -26 


Gold . 


39-4-2 


^ 5 48 (drawn) 1 
V 8 (rolled) J 




•17 


Iron (cast) . 


3-5 .V3 


98 — 16 


9-7-147 


•23-31 


Iron (wrought) 


6tJ — 77 


17—20 






Lead . 


•18 


•5—1-8 


37 


•375 


Phosphor Bronze . 


30 


9-8 






Platinum 


6-6-7-4 


15—17 




•16 


Silver . 


2-5—2-6 


7-0-7-5 




•37 


Steel . 


77— y-s 


18—29 


147—19 


•25— 33 


Tin 


1-5 


4-2 






Zinc 


3-3 


87 




•20 



* 
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SPIRAL SPRINGS. 

Contents.— Flat Springs— Inclined Springs— Angular deflexion of Free End 
on Loading— Vibrations of Loaded Spring. 

The theories of bending and twisting have very important applications 
to the case of spiral springs. By a spiral spring we mean a uniform wire 
or ribbon wound round a circular cylinder in such a way that the axis of 
the wire makes a constant angle with the generating lines of tho cylinder. 

The first case we shall consider is that of a spiral spring 
made of uniform wire of circular cross-section, and wound 
round the cylinder so that the plane of the wire is everywhere 
approximately perpendicular to the axis of the cylinder — i.e., a 
"Hat" spring. Let us suppose that such a spring is hung 
with its axis vertical, and that a weight \V, acting along the -J ^ 
axis of the cylinder, is applied to an arm attached to the g 
lower end of the spring. > 

Considering tho equilibrium of the portion CP of the ^-S > 
spring, the stresses over tho cross section P must be in equili- g 
brium with the force W at C, and hence these stresses must ~ 
be equivalent to a tangential force W acting upwards, and a 
couple whose moment is Wo and whose axis coincides with the i ' t 
axis of the wire at P, a being the radius of the cylinder on 
which the axis of the wire lies. If the diameter of the wire is ^^^l 
very small compared with a wo may, by the principles ex- 3SE3; 
plained on p. 81), n?glect tho effects of the tangential force in ~~<; 
comparison with that of the couple and consider the couple ■ j 
alone. This couple is a torsional couple and is constant all 5 1 p 
along the wire ; it will produce, therefore, a uniform rato of 
twist ; if <f> is tho rato of twist, 6 the radius of the wire, and s|B 
n its coefficient of rigidity, then we have (see p. 71)), 

Now suppose that we have a series of arms of length a 
attached to the wire at right angles, the free ends of these 
arms all being in the axis of the cylinder. Then, if P, Q aro ^ ** 
two points near together, the effect of the twiVting is to Fxo. 77. 
increase the vertical distance between the ends of the arms 
attached to P, Q respectively by PQ x af, and since a and <f> are constants 
this result will hold whatever the distance between P and Q. Suppose Q is at 
the fixed and P at the free end of the spring, then the increase in the 
vertical distance between the arm attached to P and Q will be the vertical 
depression of the weight W ; in this case PQ = J, the length of wire in the 
spring ; hence, if J is the depression of W, 
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d = lx a x f 

Thus d varies directly as the area of the cross-section of the cylinder 
and inversely as the square of the area of the cross-section of the wire. We 
see that the depression of the weight is the same as the displacement of 
the extremity of a horizontal arm of length a attached to the end of the 
same length of wire when pulled out straight and hung vertically, the end 
of the horizontal arm being acted on by a horizontal force equal to \V at 
right angles to the arm. 

To take a numerical example : suppose we have a steel spring 300 cm. 
long wound on a cylinder 8 cm. in diameter, the diameter of the wire 
being *2 cm. 

n = 8xl0 u , a- 1-5, 

If this spring is loaded with a kilogramme so that W = 981 x 10", the 
depression d will be given by 

, = fiOOx 981xl0'x (1-5)' 
xx8x 10" xl0-« 

= . r > cm. approximately. 

Energy In the Spring".— Q, the energy stored in the spring, is 

(see p. 80) given by the equation 

♦4S 



thus Q = 



irnb* 



This result illustrates the theorem proved on p. 71. 

Springs inclined at a finite Angle to the horizontal Plane.— 

Tho flat spring, as we have just seen, acts entirely by torsion ; in inclined 
springs however, bending as well as torsion comes into play. Let the axis of 
tho spring make a constant angle o with the horizontal. Let the spring 
(Fig. 78) l>e stretched by a weight W acting along the axis of the cylinder 
on which the spring is wound. Then, considering the equilibrium of the 
portion AP of the spring, and neglecting as before the tangential stresses 
at P, we nee that the stresses at P must be equivalent to a couple whose 
moment is Wa, and whose axis is PT, the horizontal tangent to the 
cylinder at P. This couple may be resolved into two: — one with the 
moment Wacosa and axis along the wire PQ, tending to twist the spring ; 
the second, having the moment Wosina and its axis PN at right angles to 
the plane of the spring at P tending only to bend the spring. Now the 
twisting couple Wacosa will produce a rato of twist 0 given by 

Wacosa 
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where C is a quantity depending on the shape and size of the cross- 
section of the spring. When the spring is a circular wire of radius b, we 
have seen that C = nb*j2. The couple Wosino will bend the spring and 
will alter the inclination of the tangents at two neighbouring points PQ by 



Wosina . PQ 
q.D 



where D-A£*, the moment of inertia of the 
of the wire of the spring about an axis through 
its centre of gravity at right angles to the plane 
of bending. 

Lot us now consider the effect of these 
changes on the radial arms which we imagine 
fixed to the spring. Let us first consider the 
vertical displacements of the ends of the arms at 
two neighbouring points PQ. Taking first the 
torsion, the relative motion of the ends is PQ^a, 
but in consequence of the inclination of the 
spring this relative motion is inclined at an 
angle a with the vertical so that the relative 
vertical motion is 

PQ.WaWa 
PQ«*eosa ^ 

Thus, if I be the length of the wire in the 
spring, the vertical displacement of the end of 
the spring due to torsion is 

nU 

Now consider the effect of the bending on the 
vertical motion of the ends of the rods at PQ. 
In consequence of the bending, the relative 
motion is in a plane making an angle a with the 
horizontal plane and is equal to 



area of the cross-section 



Wosina 



PQa 




To get the vertical component of this we must multiply by sin«, and 
we see that the vertical displacement due to bending is 



PQ 



AY 



//■.-Mitt 



or for the whole spring 



9 D 
iWa'rin'o 



Thus the total vertical displacement is 

I. «U qD ) 
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In addition to the vertical displacement there will bo an angular dis- 
placement of the pointer at the end of the bar which we may calculate as 
follows. First take the torsion. The arm at P is twisted relatively to the 

arm at Q through an angle in a plane making an angle --a with the 

horizontal plane equal to PQ x ^ ; the angular motion in the horhrontal 
plane is, therefore, 

PQ x <j> x cos - aj 

or ^Wasimiooea 

PQ iS3 

And the direction is such that as we proceed along the spring the arms are 
rotated in the direction in which the spring is wound, so that this angular 
movement due to the torsion is such as to tend to coil up the spring. 
The angular deflection due to torsion for the whole spring is, therefore, 

^Wo-sinacofo 
nU 

Let us now consider the angular deflection due to bonding. The arm at 
P is bent relatively to that at Q through an angle 

pn Wosina 

in a plane making an angle a with the horizontal plane ; projecting this 
angle on the horizontal plane the relative angular motion in this plane of 
the two arms is 

■p^Wa.-inaeosa 

thus the angular deflection due to bending for the whole length of the 
spring is 

AVasin«coso 

The deflection in this case is in the opposite direction to that due to the 
torsion, and is such as to tend to uncoil the spring. The total angular 
deflection is thus 

AVasinucosa f y~ — \ \ 

in the direction tending to coil up the spring. The angular deflection is 
thus proportional to sin u cos a and is greatest when a « jt/4. The deflection 
tends to coil up the spring or uncoil it according as 

i_>JL. 

if the spring is very *tiff to resist bending in its own plane, it will coil up 
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dimension in the plane of bending, is very weak to resist bending, and so 
tends to uncoil when stretched, while the second, which is also made of a 
strip of metal, but with the long side in the plane of bending, is very stift' 
to resist bending, and ho tends to 
coil up when stretched. In the 
case of a circular wire of radius 6 



C 
D = 



so that 



= H 4 



nV qD wb*\n q) 

For metals q is greater than 2n, so 
that 

n(J qD 

is positive, and thus a spring made 
of circular wiro tends to coil up 
when extended. 

Vibrations of a Loaded 

Spring. — We can use the up and 
down oscillations of a flat sphal 
spring to determine the coefficient 
of rigidity of tho substance of which 
the spring is made. Let us take 
the case of a flat spiral spring made 
of wire of circular cross-section ; 
then, if the spring is extended a 
distance x from its position of equi- 
librium, the potential energy in the 
spring is (see p. 104) equal to 




nub' 



(0 



ll I': 




F:o. 



where wis the coefficient of rigidity, 
b the radius of cross-section of the 
wire, a the radius of the cylinder 
on which the spring is wound, and 
I tho length of the spring. If the end of the spring is loaded with a mass 
M, the kinotic energy of this mass is equal to 



AM 



It) 



The spring itself is moving up and down, so that there will bo some kinetic 
energy due to the motion of the spring. To a first approximation the 
vertical motion of a point on the spring is proportional to its distance from 
the fixed eud, so that the velocity at a distance s from the fixed end will be 



/ dt 
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If p is the mass of unit length of tho spring, tho mass of an element of 
length ds is pds and its kinetic energy is 



Integrating this expression from « = o to « = /, wo Cnd that the kinetic 
energy of the spring is 

or if m he the mass of the spring 

* :\dt) 

hence the total kinetic energy is equal to 

*\ S)\tU) 
Since the sum of the kinetic and potential energy is constant 

is constant, hence diflferentiating with reppect to I we have 



This equation represents a periodic motion, the time T of a complete 
vibration being given by the equation 



T-2^a/-- + ^ 



When T has been determined n can be found by this equation. 

Angular Oscillations.*— Wo can prove in a similar way that T, 
tho time of vibration of a suspended bar about the vertical axis, is given 
by the equation 

v ,7674 

where Mfc* is the moment of inertia of the bar about the vertical axis and 
q Young's modulus for tho wire, by measuring T, we can determine q. 

• Avrton and Terry. Proc. US., vol. xxxvi., p. 311; Wilberforce, Phil. Mag., 
Oct. 1894. 
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Contents. — Co-efficient of Restitution — Newton's Experiments — Hodgkinson 's 
Experiments— Example of Collision of Kail way Carriages— Hertz's Investiga- 
tions—Table of Co-efliclcnts. 



Co-efficient Of Restitution. — An interesting class of phenomena 
depending on the elasticity of matter is that of collision between elastic 
bodies. The laws governing these collisions were investigated by Newton 
and his contemporaries, who used the following method. Tie colliding 
bodies were spherical balls suspended by strings in the way shown in 
Fig. 81 ; the balls, after falling from given heights, struck against 
each other at the lowest point, and after rebounding again reached a 
certain height. By measuring these heights (and allowing, as Newton 
did, for the resistance of the air) the velocities of the balls before and 
after collision can be determined. New- 
ton in this way showed that when the 
collision was direct — i.e., when the rela- 
tive velocities of the two bodies at the 
instant of collision was along the common 
normal at the point of impact— the 
relative velocity after impact bore a 
constant ratio to the relative velocity 
before impact — the relative velocity 
being, of course, reversed in direction. 
Thus, if it, v are the velocities of the 
bodies before impact, u being the velocity 
of the more slowly moving body, while 
U, V are the velocities after impact, i 
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then 



U - V = e (v - u) 



0) 




Flo. 81. 



where e is a quantity called the co- 
efficient of restitution, and Newton's experiments showed that e depended 
only on the materials of which the balls were made, and not on the masses 
or relative velocities. A series of experiments were made by Hodgkinson, 
the results of which were in general agreement with Newton's. Hodgkinson 
found, howover (Jleport of British Association, 18:34), that when the initial 
relative velocity was very large e was smaller than it was with moderate 
velocity. 

Vincent* has shown that the coefficient of restitution is given by the 
equation e = e 0 - bu, where u is the velocity of approach and e 0 and 6 are 
constants. 

Equation (1) and the equation 

wtir + M? omU + MV (2) 
• Vineent, Proceeding Cambridge Philotophical Society, vol. x p. 332. 
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which expresses that the momentum of the system of two bodies is not 
altered by the impact, m and M being the masses of the bodies, are sufficient 
to determine U, V ; solving equations (1) and (2) we find 

7/1 + M m + M ' 



mu + Mr m , » 



Ilence we have 



§mU» + AM V - W + JM* - i(l - " »)' (3) 

Thus the kinetic energy after impact is less than the kinetic energy 
before impact by 

Thus, if c is unity there is no loss of kinetic energy. In all other eases 
there is a finite loss of kinetic energy, some of it being transformed during 
the collision into heat; a small part only of it may in some cases be spent 
in throwing the balls into vibration about their figures of equilibrium. 

Collision Of Railway Carriag-es.— To get a clearer idea of what 
goes on when two elastic balls impinge against each other, let us take the 
case of a collision between two railway carriages running on frictionlesa 
rails, each carriage being provided with a buffer spring. When the 
carriages come into collision, the first effect is to compress the springs, the 
pressuro which one spring exerts on another is transmitted to the carriages, 
and the momentum of the carriage that was overtaken increases, while 
that of the other diminishes; this goes on until the two carriages are 
moving with the same velocity, wtien tho springs have their maximum 
compression and the pressuro between them is a maximum. The kinetic 
energy of the carriages is now less than it was before impact by 

, Mm / 

Jut ( w tt ) 

and this energy is stored in the springs. The springs having reached 
their maximum compression begin to expand, increasing ill further 
the momentum of the front carriage and diminishing that of the carriage 
in the rear. This goes on until the springs have regained their origin; 1 
length, when the pressure between them vanishes and the carriages 
separate. There is now no strain energy in the springs, and tho kinetic 
energy in the carriages after the collision has ceased is the same as it 
was before it began. 

The reader who is acquainted with the elements of the differential 
calculus will find it advantageous to consider the analytical solution of 
the problem, which is very simple. Let x, y be the co ordi nates of the 
centres of gravity of the first and second carriages respectively, ft, ft the 
strength of the springs attached to these carnages (by the strength of 
a spring we mean the force required to produce unit extension of the 
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spring), £, 9 the compressions of those springs, and P the pressure between 
them; then we have 

ePx_ p Mrf».y p 

Hi-Y, ,/„ = P 
x - y - constant - (£ + ij) 
The solution of these equations is 

Mm 



where w - V /^VL. ; w and « are the initial velocities of the 

carriages, and t is measured from the instant when the collision began. 



= J^{mu + Mr} + J^L(» - u)cos w < 



Thus the springs have their maximum compression when ^ = '^|, »'•*•» 

when w< = «-/2, or < = — ; at this instant the energy stored in the first 
siting 

F w x , «' Mm 



ft ft + // M + n% 

while the energy in the second spring is equal to 

JP, 



At the instant of greater compression the amounts of rnergy stored 
in the two springs are inversely as the strengths of the springs. 

The springs regain their original length and the collision ceatcs 
when P = 0 — i.e., when W=-ir, or 



U V M + t» uu! 



this is the time the collision lasts. We see that it increases as the masses 
of the carriages increase and diminishes as the strengths of the springs 
increase. It is independent of the relative velocity of the cairiages 
before impact. 

In the case of the collision between elastic bodies the elasticity of the 
material serves instead of the springs in the preceding example. The 
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bodies when they come into collision flatten at the point of contact so 
that the bodies have a finite area in common. In the neighbourhood of 
this area each body is compressed ; the compression attains a maximum, 
then diminishes and vanishes when the bodies separate. The theory of 
the collision between elastic bodies has been worked out from this point 
of view by Hertz (see Collected Papers, English Translation, p. 146), who 
finds expressions for the area of the surface in contact between the 
colliding bodies, the duration of the contact and the maximum pressure. 
The duration of contact of two equal spheres was proved by Hertz to 
be equal to 

where R is the radius of either of the spheres, * the density of the 
sphere, q and «r respectively Young's modulus and Poisson's ratio for 
the substance of which the spheres are made. Hamburgel has measured 
the time two spheres are in contact by making the spheres close an 
electric circuit whilst they are in contact and measuring the time the 
current is flowing. The results of his experiments are given in the 
following table. They relate to the collision of brass spheres 13 cm. 
in radius: 



Relative Velocity In cm. per Bee. 


7 37 


12-29 


1D-21 


205 


Duration of collision (calculated) 
n (observed) . 


•000185 
•000 19« 


•000167 
•000173 


•000153 
000157 


000140 
•000148 



The duration of the impact is several times the gravest time of vibra- 
tion of the body. In order to start such vibrations with any vigour 
the time of collision would have to be small compared with the time 
of vibration. We conclude that only a small part of the energy is spent 
in setting the spheres in vibration. 

As an example of the order of magnitude of the quantities involved 
in the collision of spheres we quote the results given by Hertz for two 
steel spheres 2 5 cm. in radius meeting with a relative velocity of 1 cm. 
per second. The radius of the surface of contact is 013 cm. The time 
of contact is '0003$ seconds. The maximum total pressure is 2*47 
kilogrammes and the maximum pressure per unit area is 7300 kilogrammes 
per square centimetre. 

In this theory and in the example of the carriages with springs we 
have supposed that the work dene on the springs is all stored up as 
available potential energy and is ultimately reconverted into kinetic 
energy, so that the total kinetic energy at the end of the impact is the 
same as at the beginning. This is the case of the impact of what are 
called perfectly elastic bodies, for which the co-efficient of restitution is 
equal to unity. In othor cases wo see by equation (3) that, instead of the 
whole work done on the springs being reconverted into kinetic energy, 
only the constant fraction e 1 of it is so reconverted, the rest being ulti- 
mately converted into heat. Now our study of the elastic properties of 
bodies has shown many examples in which it is impossible to convert the 
energy due to strain into kinetic energy and the kinetic energy back 
again into energy due to strain without dissipation. We may mention 
the phenomena of elastic fatigue or viscosity of metals (see page 07), 
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as exemplified by tho torsional vibrations of a metal wire, where the 
successive transformations of tho energy were accompanied by a con- 
tinued loss of available energy. Again, the elastic after-effect would 

Prevent a total conversion of strain energy into mechanical energy, 
or example, if we load a wire up to a certain point, and moa*uro 
the extension corresponding to any load, then gradually unload the 
wire, if the straining has gone beyond the elastic limit the extensions 
during unloading will not be the same as during loading; and in this case 
there will in any complete cycle be a loss of mechanical energy proportional 
to the area included between tho curves for loading and unloading. The per- 
centage loss in this case would depend upon the intensity of the maximum 
stress; if this did not strain tho body beyond its elastic limit thero would 
be no loss from this cause, while if tho maximum strain exceeded this limit 
the loss might be considerable. This may be the reason why tho valuo 
of 0 diminishes as the relative velocity at the moment of collision increases, 
for Hertz has shown that the maximum pressure increases with the 
relative velocity being proportional to the 2/5ths power of the velocity, 
while it is independent of the size of the balls. Thus the greater the 
relative velocity the more will the maximum pressure exceed the elastic 
limit and the larger the amount of heat produced. In addition to 
the loss of energy by the viscosity of metals and hysteresis there is 
in many cases of collision permanent deformation of the surface in 
the neighbourhood of the surface of contact. This is very evident 
in the case of lead and brass. The harder the body the greater the value 
of e. We can see the reason for this if we remember that the hardness 
of a body is measured by tho maximum stress it can suffer without 
being strained beyond the elastic limit, while any strain beyond the 
elastic limit would increase the amount of heat produced and so diminish 
the value of e. 

When we consider the various ways in which imperfections in the 
elastic property can prevent tho complete transformation of the energy duo 
to strain into kinetic energy and vice rersA, it is somewhat surprising that 
tho laws of the collision of imperfectly elastic bodies are as simple as 
Newton's and Hodgk in son's experiments show them to be, for these laws 
express the fact that in the collision a constant fraction, e J , of the initial 
kinetic energy is converted into heat, and that this fraction is independent 
of tho size of the spheres and only varies very slowly with the relative 
velocity at impact. For example, Hodgkinson's experiments show that 
when the relative velocity at impact was increased threefold tho value of 0 
in the case of the collision between cast-iron spheres only diminished from 
•69 to 59. A series of experiments on the impact of bodies meeting with 
very small relative velocities would be very interesting, for with small 
velocities the stresses would diminish, and if these did not exceed those 
corresponding to elastic limits some of the causes of the dissipation of 
energy would be eliminated, and it is possible that tho value of e might 
be considerably increased. 

We find, too, from experiment that bodies require time to recover even 
from small strain, so that, if the rise and fall of the stress is very rapid, 
there may be dissipation of energy in cases where tho elastic limit for 
slowly varying forces is not overstepped. 

Hodgk inson gives the following formula for the value of « AB , when two 
different bodies A and B collide, in terms of the values of e AA for tho 

u 
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collision between two bodies each of material A and « BB , the value for the 
collision between two bodies each of material B. 



-A A 



«A1K 



n A ^ no 

2a Zi 

— -I- — 

9i 9s 



and he finds this formula agrees well with his experiments. 

The following considerations would lead to a formula giving e A9 in 
terms of 

e AA an( l *bb» Hertz has shown that the displacements of the 
bodies A and B in the direction of the common normal to the two surfaces 
over which the bodies touch are proportional to 



Land 



9s 



where o v a t are the values of Poisson's ratio for the bodies A and B and 
y,, q t the values of Youngs modulus. Now the stresses are equal, so that, 
assuming that the quantities of work done on the two bodies ate in the 
ratio of the displacement.*, then, if E is the whole work done, 



1-,,' 



E 



1 - 



1 - a 



I and 




will be the amounts done on the two bodies. Now the first body converts 
1 - e* AA and the second 1 - «* M of this work into heat ; hence the energy 
converted into heat will be 



(1-«*aa)! 



3jl 



+ tW„) I"'*' 

1i 



and this must equal 



9i 



9s 



(1-*ab)E 



, AA 1 7 I, + « , »B 

9i 



1 -, 



' + 



1 -, 



9s__ 



7, 9s 

* 

The following table of the values of e is taken from Hodgkinson's 
Report to the British Astocialion, 18.H : 



Cast-iron balls . . . . -66 
Cast-iron-lead . . . .13 
Cast-iron— boulder stone . .71 
Boulder stone— brass . . . '62 
Boulder stone— lead . . . '17 
Boulder stone— elm . . . 56 

Elm balls '60 

Soft brass (16 pt. Cu.ar.d 1 pt. tin) -36 
Bell metal (16 pt.Cu. and 1 pt. tin) -59 

Lead -'20 

Lead— elm '41 

Elm— soft brass .... '52 



Clay . 

Clay— soft brass 
Glass . 

Cork . . . 
Ivory . 
Lead — glass 
Soft brass— glass 
Bell metal — glass 
Cast-iron— glass 
Lead - ivory 
Soft brass— ivory 
Boll metal— ivory 



17 
16 

•94 
•65 
•81 
-25 
•78 
•87 
•91 
•44 
•78 
•77 
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The case where a permanent deformation is produced has recently been 
investigated by Vincent (Proceedings Cambridge Philosophical Society, 
vol. x. p. 832). The case taken is that of the indentation produced in lead 
or pamffin by the impart of a steel sphere. He finds that the volume of 
the dent is pioporti<mal to the energy <-f the sphere just before impact; 
that during the impact (i.e., while the lead is flowing) the pressure bt twern 
the sphere and the lead is constant and varies from G x 10* to 13 x lOMyni h 
per square centimetre for different specimens of lead; for paraffin" tl.e 
a rre^ponding jrersure is about 10* dynes per square centimetre. 
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CH A IT tilt XI. 
COMPRESSIBILITY OF LIQUIDS. 

CONTENTS.— Change* in Volume of a Tube under Internal and External Prcsiure — 
Measurements of Compressibility of Liquids by methods of Jamin, Regnaulr, 
Buchanan and Tait, Amajrat— CoroprcsMbility of Water— Effects of Temperature 
and Pressure— Compressibility of Mercury and other Liquids— Tensile Strength 
of Liquids. 

TriE fact that water is compressible under pressure was established in 1762 
by Canton, and since then measurements of the changes of volumo of 
liquids under pressure have been made by many physicists. 

The problem is one beset with experimental difficulties, some of which 
may be illustrated by considering the case of a liquid inclosed in a vessel 
such as a thermometer; when pressure is applied to the liquid, the 
depression of the liquid in the stem will be due partly to the contraction 
of the liquid under pressure and partly to the expansion of the bulb of the 
thermometer. In order, then, to be able to determine from tho depression 
of the liquid tho compressibility of water we must be able to estimate the 
alteration in volume of the tube under pressure. We shall therefore 
consider in some detail the alteration in volume of a vessel subject to 
internal and external pressure. We shall take the case of a long cylindrical 
tube with flat ends exposed to an external pressure p x and an internal 
pressure p r The strain in such a cylinder has been shown by Lame 
to be (1) a radial displacement p given by the equation 

r 

where r is the distance of the point under consideration from the axis of 
the cylinder and A and B constants, and (2) an extension parallel to the 
axis of the cylinder. 

The radial displacement p involves an elongation along the radius equal 
to dpjdr and an elongation at right angles to p in the pLme at right angles 
to the axis of tho cylinder equal to p/r. Let tho elongations along the 
radius, at right angles to it and to the axis of the cylinder, and along the 
axis be denoted by «, /, g respectively, and let P, Q, II be the normal 
stresses in these directions ; then by equation (I), p. 72, we can easily prove 



where * is the bulk modulus and n the coefficient of rigidity. 



(0 



* 
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Since « = ^an(l/-=e 

dr r 

we have c=A-?. /"=A + ? 

i* r 1 

Thus the radial stress is equal to 

« a+ t( a -?) + (*-t> 

If a and 6 are respectively the internal and external radii of the tube, 
then when r = a the radial stress is equal to —p 0 and when r = 6 the radial 
stress is equal to —p v hence we have 

The whole force parallel to the axis tending to stretch the cylinder is 

na?p 0 - itb , p l 

hence the stress in this direction is equal to 

narpo - irb 1 p t 
-*(6» - a') ' 

The stress parallel to the axis is, however, equal to 
hence we have 

%^'=Kt> + (*--;) 2a «> 

From (2), (3) and (4) we get 

and B-^^tft-ft) 

Since the radial displacement is Ar+-, the internal volume of the 
tube when strained is n(a + Act + j|^7(l +?) 

where ? is the length of the tube ; hence, retaining only the first powers 
of the small quantities A, B and g, we have, if cv t is the change in the 
internal volume, 



\(6 a -a») * 4»-a» n J 
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and if iv t is the change in the external volume, 




Methods of Measuring Compressibility of Liquids —There are 

two cases of special importance in the determination of the compressibility 
of fluids : the fir.->t i.s when the internal and external pressures are equal ; 
in this case p 9 = p v and we h:ive 

Thus the diminution of the volume is independent of the thickness of the 
walls of the tube. Some experimenters have been led into error by supposing 
that, if the walls of the tube were very thin, there would be no appreciable 
diminution in the volume of the tube. If the vessel had been filled with 
liquid which was subject to the pressure p 0 , the diminution in the volume 
( f the liquid would be iraHpJK, where K is the bulk modulus of the liquid. 
The diminution of volume of the liquid miuus that of the vessel is 
therefore 




thus by experiments with equal pressures inside and out, which was 
llegnauli's method, we determine 

1 1 

K it 

so that to deduce K we must know k. 

Another method, used by Jamin, was to use internal pressure only, when 
the apparent change in the volume of the liquid is the sum of the changes 
of volumes of the liquid and of the inside of the vessel. Jamin thought 
that he determined the change of volume of the vessel by placing it in an 
outer vessel full of water and measuring the rise of the water in a gradu- 
ated capillary tube attached to this outer vessel ; by subtracting t his change 
in volume from the apparent change he thought he got the change in 
volume of the liquid without requiring the values of the elastic constants 
of the material of which the vessel is made. A little consideration will 
show, however, that this is not the case. Let cv be the change in the 
volume of the liquid, the change in the intornal volume, 2r f that in the 
external volume; it is tfr, that is measured by the rise of liquid in the 
capillary tube attached to the vessel containing the tube in whijh the 
liquid is compressed. 

Observations on the liquid inside the tube give 

Iv + tv t 

if we subtract Jamin's correction we get 

substituting the values of 2r, nn l 8 - t nhen p^o we find 

1 * Ji lv 
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/l 1 



saino 



Hence, after applying Jamin's correction, we get tra*lpj^j^ - the i 

quantity as was determined by Regnault's method, bo that to get K by 
Jamin's method we require to know k. 

The apparatus used by Rcgnault in his experiments on the compressi- 
bility of liquids (Me mo ires de Flnstitut de France, 
vol. xxi. p. 429) was similar to that represented in 
Fig. 82. The piezometer was filled with tho liquid 
whose compressibility was to bo measured, the 
greatest care being taken to get rid of air-bubbles, 
The liquid reached up into the graduated stem of the 
piezometer, the volume between successive marks on 
the stem being accurately known. The piezometer 
was placed in an outer vessel which was filled with 
water and the whole system placed in a large tank 
filled with water, the object being to keep the 
temperature of the system constant. The tubes 
shown in the system were connected with a vessel 
full of compressed air, the pressure of which was 
measured by a carefully tested manometer; the 
tubes were so arranged that by turning on the 
proper taps pressure could be applied (1) to the 
outside of the piezometer and not to the inside ; (2) 
simultaneously to the outside and the inside ; (3) to 
the inside and not to the outside. The piezometer 
used by liegnault was in the form of a cylindrical 
tube with hemispherical ends. For simplicity let 
us take the case (represented in the figure) of a piezometer in the form of 
a cylinder with flat ends, to which the foregoing investigation applies. 
If w„ w„ u, are tho apparent diminution in tho volume of the liquid in 
the three cases respectively, the pressure being tho same, we have by the 
preceding theory 




l ie. bi. 



MM) 



Hence 



n relation by which we can check to some extent the validity of the 
theoretical investigation. Such a check is very desirable, as in this investi- 
gation we have assumed that the material of which the piezometer is made 
is isotropic and that the walls of the piezometer are of uniform thickness, 
conditions which are very difficult to fulfil, while it is important to 
ensure that a failuro in any one of them has not been sufficient to 
appreciably impair the accuracy of the theoretical investigations. Regnault 
in his investigations adopted Lame's assumption that Poisson's ratio is 

equal to 1/4; on this assumption n = ~&,so that the measurement of « t 
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gives the value of k, and then the measurement of <•>, the value of K, the 
bulk modulus for the liquid. This was the method adopted by Ko^nault. 
It is, however, open to objection. In the first place, the determinations 
which have been made of the value of Poisson's ratio for glass range from 
•88 to '22, instead of the assumed value '25, while, secondly, the equation by 
which k is determined from measurements of w l is obtained 
on the assumption of perfect uniformity in the material 
which it is difficult to verify. It is thus desirable to 
determine k for the material of which the piezometer is 
made by a separate investigation, and then to determine the 
compressibility of the liquids by using the simplest relation 
obtained between the apparent change in volume of the liquid 
and the pressure ; this is when the inside and outside of the 
piezometer are exposed to equal pressures. The most direct, 
and probably the most accurate, way of finding k for a solid is 
to measure the longitudinal contraction under pressure. An 
arrangement which enables this to be done with great 
accuracy is described by Amagat in the Journal de Physique, 
Series 2, vol. viii. p. 859. The method was first used by 
Buchanan and Tail. Another method of determining k for 
a solid is to make a tube of the solid closed by a graduated 
capillary tube as in Fig. 88. The tube and part of the 
capillary being filled with water, a tension P is applied to the 
tube, the tube stretches and the internal volume increases, the 
increase in volume being measured by the descent of the liquid 
in the capillary tube ; if v is the original internal volume, Sv 
the increase in this volume, then wc see by the investigation, 
p. 72, that 

t ? 
v = 8* 

i If we have found k, then K can be found by means of the 

piezometer. 

If we can regard the compressibility of any liquid, say 
mercury, as known, the most accurate way of finding tha 
compressibility of any other liquid would be to fill the 
piezometer first with mercury, and determine the apparent 
change of volume when the inside and outside of the 
piezometer are oxposed to the same pressure; then fill the 
piezometer with the liquid and again find the apparent change 
in volume. We shall thus get two equations from which we 
can find the value of K for the liquid and k for the piezometer. 

Results Of Experiments- — The results of experiments made by 
different observers on the compressibility of water are given below. 

Regnault.* — Temperature not specified ; pressures from 1 to 10 atmo- 
spheres — 

compressibility per atmosphere « 0.000048. 




Fjo. 83. 



• .l!> » oir($ dc Vlntfttut de Francr, vol. ixL p. 429. 
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GRAS.SI.* 



PAG LI AN I and VICENTINI. t 



IiONTGENand SCHNEIDER.} 



Temp. 



00 
1-5 
40 

niai. deoiltjr 
pt. 

108 

134 

ISO 
25.0 
345 
43 0 
530 



Compressibility 
per atmosphere. 



503 xlO- 7 

515 

499 

480 
477 
462 
456 
453 
412 
441 



0.0 
24 
15*9 
49 3 
61 l 
662 
77*4 
99.2 



Compressibility 
per atmosphei .. 



503: 

496 

450 

403 

389 

389 

398 

409 



10- 



0 0 

9 0 

u-o 



Compressibility 
per atmosphere. 



61'JxlO-' 

4M 

462 



Tait§ has found that the effect of temperatuie and pressure, for 
temperatures between 6° 0. and 15° C. to pressures from 150 to 500 
atmospheres, may be represented by the empirical formula 



00000189-0- 



ii i in 



025f-0.0000000067/> 



where v is the volume at f C. under the pressure of p atmospheres and ?' 0 
the volume at under one atmosphere. Thus the compressibility diminishes 
as the pressure increases. 

The numbers given above, from Grassis experiments, indicate that 
water hasa maximum compressibility at a temperature between 0° aud-t°C: 
this result has not, however, been confirmed by subsequent observers. The 
results of Pagliani and Vicentini indicate a minimum compressibility at 
a temperature between 60° and 70° C. 

The results of various observers on the compressibility of mercury are 
given in the following table : 

OWaarver Compressibility 
uoserver. per atmosphere. 

Colladon and Sturm » .... 35-2x10-' 



Aimef 
Regnault** 

Amaury and Descampstt 

TaitU • 
Amagat§§ . 
DeMetzliH 

Mean . 



390 x 10" r 
35-2x10-' 

38 6 x 10"' 
30 0 x 10"' 

39 0 x 10-' 
37 4 x 10-' 



37-9 x 10-' 



The compressibility of moicury, like that of most Quids, increases as the 

• Grassi, Annales de Chimic et de Physique [3], 31, p. 437, 1851. 
t Pagliani and Vicentini, Nuovo Cimcnlo [3], 10. p. 27, 1884. 
% Ron t pen and Schneider, Wied. Ann., 33, p. 614, 1S88. 
§ Tail, Properties of Matter, 1st ed. (1885), p. 100. 
|| Colladon and Sturm, Ann. de Chimie et dc Physique. 36. p. 137, 1S27. 
«f Aime, Annales de Chimie et de Physique [3], 8, p. 268, IS 13. 
*• Regnault, Mi moires de L'Jnstitttt de France, 21, p. 429, 1847. 
ft Amaury and Descamps, Compt. Rend., 68, p. 1564, 1S69. 
it Tait, Challenger Report, vol. ii. part iv. 



§ Amagat, Journal de Physique [2J. 8, p. 203, 1839. 
|| De Meti, Wied. Ann., 47, p. 731, 1892. 
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temporature increases. According to De Metz, the compressibility at i" C. 
is given by 

87 4 xlO" ? + 87-7 xlO- 10 « 

The compressibilities of a number of liquids of frequent occurrence are 
given below. 



Fluid. 


atmosphere. 




Sea-water .... 


436x10-* 


17 5° 


Gras*i 


Ether 


1156 x 10-' 


0' 


Quiucke 


«, • . . . • 


1110x10-' 


0° 


Grassi 


Alcohol .... 


828x10-' 


0" 


Quincke 


k » . . . 


959 x 10-' 


17-6* 




„ .... 
Methyl alcohol . 
Turpentine .... 


828x10-' 


7 -a' 


Grassi 


913x10-' 


13.V 




582x10-' 


0* 


Quincke 


if • • . . 


779x10-' 


18'6 


*• 


Chloroform .... 


625x10"' 


8 5 


Grassi 


Ghcerine .... 


252 x 10-' 


0 C 


Quincke 


Olive oil .... 


486x10"' 


0° 




Carbon bisuljlihlc 


639x10"' 


0° 




w »• • 


038x10-' 


17* 


»> 


Petroleum .... 


650 x 10-' 


0° 




„ .... 


745x10"' 


192 


i* 



5 



Quincke's paper is in Wiedemann's A nnalen, 1 9, p. 40] , 1 883. References to 
the papois by the otber observers have already been given. An exten- 
sive series of investigations on 
the compressibility of solutions 
has been made by Rontgen 
and Schneider {Wied. Ann., 29, 
p. 1 G5, and SI , p. 1 000), who have 
shown that the compressibility 
of aqueous solutions is less 
wetter* than that of water. For the 

details of their results we must 
refer the reader to their paper. 

Tensile Strength of 

Liquids. — Liquids from which 
the air has been carefully ex- 
pelled can sustain a considerable 
pull without rupture. The best 
known illustration of this is 

water vapour. th « sticking of the mercury at 
the top of a barometer-tube. 
If a barometer-tube filled with 
mercury be carefully tilted up 
Fio. 84. to a vertical position, the mer- 

. cury sometimes adheres to the 
top of the tube, aud the tube remains filled with mercury, although the 
length of the column is greater than that which the normal barometric 
would support, and the extra length of mercury is in a state of 
Another method of showing that liquids can sustain tension 
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without rupture is to use a tube like that in Fig. 84, filled with water and 
the vapour of water, and from which the air has been carefully expelled 
by boiling the water and driving the air out by the steam.* If the water 
occupies tho position indicated in the figure, the tube mounted on a board 
may be moved rapidly forward in the direction of the arrow, and then 
brought suddenly to rest by striking the board against a table without the 
water column breaking, although the column must have experienced a 
considerable impulsive tension. If the column does break, a small bubble 
of air can generally be observed at the place of rupture, and until this 
bubble has been removed the column will break with great ease. On the 
removal of the bubble by tapping, the column can again sustain a con- 
siderable shock without rupture. 

Pi of essor Osborne Reynolds used the following method for measuring 
the tension liquids would stand without breaking. ABCD, Fig. 85, is a 
glass U-tube, closed at both ends, containing air-free liquid ABC and 
vapour of the liquid CI). The tube is fixed to a board and whirled by a 
lathe about an axis O a little beyond the end A and perpendicular to the 
plane of the board. If CE is an arc of an circle with centre 0, then when 
the board is rotating the liquid EA is in a state of tension, 
the tension increasing from E to A, and being easily 
calculable if we know the velocity of rotation. By this 
method Professor Osborne Reynolds found that water could 
sustain a tension of 72*5 pounds to the square inch without 
rupture, and Professor Wortliington, ur.ing the same method, 
found that alcohol could sustain 11G and strong sulphuric 
acid 173 pounds per square inch. This method measures the 
stress liquids can sustain without rupture. Berthelot has 
used a method by which tho stmin is measured. Tho liquid 
freed from air by long boiling nearly tilled a straight thick- 
walled glass tubo, the rest of the spnco being occupied by the 
vapour of the liquid. The liquid was slightly heated until it 
occupied the whole tube; on cooling, the liquid continued for r t0 . Kj. 
some time to fill the tube, finally breaking with a loud 
metallic click, and the bubble of vapour reappeared : the length of this 
bubble measured the extension of the liquid. M. Berthelot in this way 
got extensions of volume of 1/120 for water, 1/D3 for alcohol, and 1/51) for 
ether. Professor Wot thingl on has improved this method by insetting in 
the liquid an ellipsoidal bulb filled with mercury and provided with a 
narrow giaduated capillary stem ; when the liquid is in a state of tension 
the volume of the bulb expands and the meicury sinks in the stem; from 
the amount it sinks the tension can Ik? measured. The extension was 
measured in the same way as in Beithelot's expei intents. In this way 
Professor Wortliington showed (Ml. Traps. A. 18!»2, p. 3C>5) that tho 
absolute coefficient of volume elasticity for alcohol is the same for 
extension as for compression, aiid is constant between pressures of +12 
and — 17 atmospheres. 

• Dixon and Jolv {Phil. Trans. D. 1895. p. 5G8) have shown that air or other pases 
held in folulion do not affect these experiment*. Hie boiling is prubabljr eUiaicUm* 
odIv in removing bubble* or free ga*cs. 
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THE RELATION BETWEEN THE PRESSURE AND VOLUME 

OF A GAS. 

Contents— Boyle'8 Law— Deviations from Bovle's Law— Begnault's Experiments— 
Amagafe Experiment*- Experiments at Low Procures— Van <ler Waals Equation. 

In this chapter we shall confine ourselves to the discussion of the relation 
between the pressure and the volume of a gas when the temperature is 
constant and no change of state takes place ; the liquefaction of gases 
will be dealt with in the volume on Heat. 

The relation between the pressure and the volume of a given mass of 
gas was first stated by Boyle in a paper communicated to the Royal Society 
in 1661. The experiment which led to this law is thus described by him. 
" We took then a long glass tube, which by a dexterous hand and the help 
of a lamp was in such a manner crooked at the bottom, that the part 
turned up was almost parallel to the rest of the tube, and the orifice of 
this shorter leg of the siphon (if I may so call the whole instrument) being 
hermetically sealed, the length of it was divided into inches (each of which 
was subdivided into eight parts) by a straight list of paper, which, con- 
taining those divisions, was carefully pasted all along it. Then putting in 
as much quicksilver as served to fill the arch or bended part of the siphon, 
that the mercury standing in a level might reach in the one leg to the 
bottom of the divided paper and just to the same height or horizontal line 
in the other, we took care, by frequently inclining the tube, so that the 
air might freely pass from one leg into the other by the sides of the 
mercury (we took, I say, care), that the air at last included in the shorter 
cylinder should be of the same laxity with the rest of the air about it. 
This done, we began to pour quicksilver into the longer leg of the siphon, 
which by its weight pressing up that in the shorter leg did by degrees 
strengthen the included air, and continuing this pouring in of quicksilver 
till the air in the shorter leg was by condensation reduced to take up but 
half the space it possessed (I say, possessed not filled) before, we cast our 
eyes upon the longer leg of the glass, on which was likewise pasted a list 
of paper carefully divided into inches and parts, and we observed not 
without dolight and satisfaction that the quicksilver in that longer part 
of the tube was 2D inches higher than the other . . . the same air 
being brought to a degree of density alxmt twice as great as that it had 
before, obtains a spring twice as strong as formerly." Boyle made a series 
of measurements with greater compressions until he had reduced the 
volume to one quarter of its original value, and obtained a close agreement 
between the pressure observed and " what that pressure should be according 
to the hypothesis that supposes the pressures and expansions* to be in 
reciprocal proportions." Although Mariotte did not state the law until 
fourteen years after Boyle had published his discovery, " the hypothesis 

• Or vvlumc$, in modern English. 



Digitized by Google 



THE PRESSURE AND VOLUME OF A GAS. 125 

that supposes the pressures and expansions to be in reciprocal proportions " 
is often on the Continent called Mariotto's Law. 

If v is the volume of a given mass of gas and p the pressure to which 
it is subjected, then Boyle's Law states that when the temperature is 
constant 

pv =» constant. 

Another way of stating this law is that, if p is the density of a gas under 
pressure p, 

p = R P , 

where It is a constant when the temperature is constant. Later researches 
made by Charles and Gay-Lussac have shown how It varies with the 
temperature and with the nature of the gas. These will be described in 
the volume on Heat ; it will suffice to say here that the pressure of a perfect 
gas is given by the equation 

jj = KNT, 

where T is the absolute temperature, K the number of molecules of the gas 
in unit volume, and K a constant which is the same for all gases. 

From the equation pi' = c we see that if Ap, Av are corresponding incre- 
ments in the pressure and volume of a gas whoso temperature is. constant, 
then 

Ap.v + /»Av = 0 
vAp 

but the left hand side is by definition the bulk modulus of elasticity, 
hence the bulk modulus of elasticity of a gas at a constant temperature is 
equal to the pressure. 

The work required to diminish the volume of a gas by Aw is pAv ; the 
work which has to bo done to diminish the volume from r, to r, is there- 
fore 

P 

pdo, 



I' 



or, since by Boyle's Law p = c/c, when the temporaturc is constant, we 
see that in this case the work is 



7 1 

cj -dv = c log^» =/v;,log^! , 



where p. is the pressure when the volume is 

Deviations from Boyle'S Law. — The first to establish in a satis- 
factory manner the existence in some gases, at any rate, of a departure from 
Boyle's Law was Despretz, who, in 18-7, enclosed a number of different 
gases in barometor-tubes of the same length standing in the same cistern. 
The quantity of the different gases was adjusted so that initially the mercury 
stcod at the same height in the different tubes; pressure was then applied 
to the mercury in the cistern, so that mercury was foned up the tubes. 
It was then found that the volumes occupied by the gases were no longn 



f 
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equal, the volumes of carl onic acid and ammonia were less than that of 
air, while that of hydrogen was greater. This showed that some of the 
gases did not obey Boyle's Law ; it left open the question, however, as to 
whether any gases did obey it. The next great advance was made by 
Regnault*v»*ho in 1847 settled the question as to the behaviour of certain 
gase* for pressures between 1 and about 30 atraosphei es. Rognault's 
method was to start with a certain quantity of gas occupying a volume v 
in a tube sealed at the upper end, and with the lower end opening into a 
closed vessel full of mercury, and then by pumping mercury up a long 
mercury column rising from the closed vessel to increase the pressure until 
the volume was halved. By measuring the difference of height of 
mercury in the column and in the tubo the pressure lequired to do this 
could be determined. Air under this pressure was now pumped into the 
closet! tube until the volume occupied by the gas was again v ; mercury 
was again pumped up the column until tho volume had again been halved 
and a new reading of the pressure taken; air w;is pumped in again until 
the volume was again t», and then the pressure increased again until the 
volume was halved. In this way the values of pv ht a series of different 
pressures could be compared. The results are shown in the following 
table ; p 9 is given in millimetres of mercury, /y 0 i« tho value of pv at the 
pressure given in the table, p x v. the value at doulle this pressure. Tho 
experiments were made at temperatures between 2° C. and 10" 0. 



AIR. 


NITROGEN. 


| CARBONIC ACID. 


HYDROGEN. 


To 




Po 


/V'./jV'i 


Po 


PoK/pM 


Po 




738*72 
206$ -20 
4219 05 
6770 15 
9336-41 
11472 00 


1 001 114 
1-002709 
X -003336 
1 004286 
1*006366 
1 005619 


753-96 
1159 -43 
2159-22 
3030-22 
4953-92 
5957 96 
7291-47 
8628 54 
9767 42 
10981-42 


1-001012 
1 001 074 
1 001097 
1*001950 
1 002952 
1 003271 
1 003770 
1*004768 
1*005147 
1 006456 


764 03 
141477 
2164-81 
318613 
4879-77 
6820-22 
8393 68 
9620*06 


1 007597 
1 012313 
1*018973 
1-028491 
1*045625 
1*066137 
1 -08427 « 
1-099830 


^ 221M3 
3989-47 
5845-13 

; 7074 ;i6 

914761 
10361 88 


0-998584 
0-996961 
0-996121 
0-994697 
0-993258 
0992327 



It will be seen from these figures that betweeu pressures of from about 
1 to 30 atmospheres the product pv constantly diminishes for air, nitrogen, 
and carbonic acid, as the pressure increases, the diminution being most 
marked for carbonic acid ; on the other hand in hydrogen pv increases with 
the pressure. Natterer, who in 1850 published the results of ezpeiiments 
on the relation between the pressure and volume of a gas at very high 
pressure, showed that after passing certain pressures pv for air and nitrogen 
begins to increase, so that pv has a minimum value at a certain pressure; 
after passing this pressure air and nitrogen resemble hydrogen, and pv 
continually increases as the pressure increases. This re.*ult was confirmed 
by the researches of Amagat and Cailletct. Each of these physicists worked 
at the bottom of a mine, and produced their pressures by long columns of 
mercury in a tube going up the shaft of the mine. Amagat's tube was 
800 metres long, Caidetet's 250. Amagat found that the minimum value 
of pv between 18° and 22° 0. occurred at the following pressures: 

• Mtmoirtt d* V fnttitut de France, vol rxl p. 829. 
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Nitrogen . 
Oxygen . 
Air . . 



50 metres of mercury. 
100 „ „ 
65 h .1 



Carbon monoxide 

Marsh gas 

E tli\ leu 3 . 



50 metresof mercury. 

120 

Cj „ 



The results of his experi- 
ments are exhibited in the fol- 
lowing figures; the ordinates are 
the values of pv, and the abscissa) 
the pressure, the unit of pressure 
being the atmosphere, which is 
the pressure due to a column of 
mercury 760 mm. high at 0° 0., 
and at the latitude of Pun's. 
The numbers on the curves indi- 
cate the temperature at which 
the experiments wero made. It 
will be noticed that for nitrogen 
the pressure at which pv is a 
minimum diminishes as the tem- 
perature increases, 6o much so 
that at a temperature of about 
100° 0. the minimum value of 
pv is hardly noticeable in the 
curve. This is shown clearly by 
the following results given by 
Amngat: 




Fiq. 86.— Ethylene 



30 metre* 

60 „ 
100 „ 
200 „ 
320 ., 



17 -r c. 

pv 


30 -re. 
P" 


so r c. 
i" 


75-5* 0. 
l"> 


tool* C. 
pv 


2745 


2875 


3080 


3330 


3575 


2740 


2875 


3100 


3360 


3610 


2790 


2930 


3170 


3445 


3695 


3075 


3220 


3465 


3750 


4020 


3525 


3675 


3915 


4210 


4475 



Aroagat extended his experiments to very much higher pressures, and 
obtained tho results shown in the following table; the temperature was 
15° C, and pv was equal to 1 under the pressure of 1 atmosphere: 



p (in atmosphere*). 


Air. 
P» 


Nitrogen. 
pv 


Oxygen. 
pv 


Hydrogen. 
pv 


750 


1-650 


1-6965 






1000 


VtH 


2-032 


1-735 


1-688 


1500 


2 563 


2-644 


2-238 


2016 


2000 


3132 


3-226 


2-746 


2*823 


2500 


3-672 


3-787 


3-235 


2-617 


3000 


4-203 


4-338 


3-705 


2-892 



A question of considerable importance in these experiments, and one 
tvhich we have hardly sufficient information to answer satisfactorily, arises 
from the condensation of gas on the walls of the manometer, and possibly 
a penetration of the gas into the substance of these walls. It is well known 
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Flo. 87. -Nitrogen. 



that when wo attempt to exhaust a glass vessel a considerable amount of 
gas comes off the glass, anil if the vessel contains pieces of metal the 
difficulty of getting a vacuum is still further increased, as gas for some time 
continues to como from tho metal. Much of this is, no doubt, condensed on 

the surface, but when we 
remember that water can 
be forced through gold it 
seems not improbable that 
at high pressure the gas 
may be forced some dis- 
tance int. j the metal as 
well as condensed on its 
surface. 

Boyle's Law at Low 

Pressures. — The diffi- 
culty arising from gas com- 
ing off the walls of the 
manometer becomes spe- 
cially acute when tho pres- 
sure is low, as here the 
deviations from Boyle's Law are so small that any trifling error may 
completely vitiate tha experiments. This is prohably one of the reasons 
why our knowledge of the relation between the pressure and volume of 
giises at low pressures is so unsatisfactory, and the results of different 
experiments so contradictory. According to Mendeleett, and his result has 
been confirmed by "Fuchs, pv for air at pressures below an atmosphere 

diminishes as the pressure 
diminishes, the value of pv 
changing by about 3 5 per 
cent, between tho pressure 
of 760 and 14 mm. of 
mercury. If this is the 
case, then pv for air has a 
maximum as well as a mini- 
mum value. On the other 
hand, Amagat, who made 
a Fories of very careful 
experiments at low pres- 
sures, was not able to detect 
any departure from Boyle's 
Law. According to Bohr, 
and his result has been 
confirmed by Baly and Ramsay, the law connecting p and v for oxygen 
changes at a pressure of about '75 mm. of mercury. It has been 
suggested that this is duo to the formation of ozone. The recent 
investigations by I»rd ltayleigh on the relation between the pressure and 
volume of gases at low pressures do not show any departure from 
Boyle's Law even in tho caso of oxygen. 

The results of Amagat's experiments are in fair accordance with 
the relation between p and v, arrived at by Van der Waals from 
the Kinetic Theory of Cases. This relation is expressed by the 
equation 





FiO. 8H— Hydrogen. 
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(„ + 5)(.-6). 



RT 



n here a, b, li are constants and T is the absolute temperature. Thus p in 
Boyle's equation is replaced by p + a/v* and vby v-b. The term a/t^ or 
op*, where pis the density, arises from the attractions between the molecules 
of the gas; this attraction assists the outside pressure to diminish the 
volume of the gas. If we imagine the gas divided by a plane into two 
portions A and B, then ap 1 is the attraction of A on B per unit area of the 
plane of separation ; it is the quantity we call the intrinsic pressure in the 



P 

Pio. 89. 

theory of Capillarity (see chap. xv). The v of Boyle's Law is replaced by 
v — b. Since the molecules are supposed to be of a finite although very 
small size, only a part of the volume "occupied " by the gas is taken up 
by the molecules, and the actual volume to be diminished is the difference 
between the space "occupied " by the gas and that filled by its molecules; 
6 is proportional to the volume of a molecule of the gas. 
Van der Wauls' equation may be written : 

(„ + S) (t-!)-HT 

so that if /w = y and I =p = x, 

v 

we have (y + ax) ( 1 - bx) = RT 

Thus, if the temperature is constant, the curve which represents the rela- 
tion between pv and p is the hyperbola 

{y + ax) (1 - bx) » constant. 

t 
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The asymptotes of this hyperbola are y + ax^o, — There is a 

minimum value of pv at the point P (Fig. 89) where the tangent is horizontal. 
The value of x at this point Is easily shown to be given by the equation 

a(l-6x)» = 6RT. 

If 6RT/a is less than unity there is a positivo value of x given by this 
equation. This corresponds to the minimum value f or pv in the cases of air, 
nitrogen, and carbonic acid. We see, too, from the equation that as T 
increases x diminishes, that is, the pressure at which the minimum value 
of pv occurs is lower at high temperatui-es than at low. This agrees with 
the results of Amagat's experiments on nitrogen. When T gets so large 
that tRT/a is unity x = 0; at all higher temperatures it is negative — i.e. t 
P is to the left of the vertical axis, there is thus no minimum value of pv, 
and the gas behaves like hydrogen in that pv continually inci easer »a the 
pressure increasca. 
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REVERSIBLE THERMAL EFFECTS ACCOMPANYING 
ALTERATIONS IN STRAINS. 

Contents.— Application of Thermodynamics— Ratio of Adiabatic to Isothermal 

Elasticity. 

If the coefficients of elasticity of a substance depend upon the tempera* 
turo an alteration in the state of strain of a body will be accompanied 
by a change in its temperature. If the body is stiffer at a high tem- 
perature than at a low one, then, if the strain is increased, there will 
be an increase in the temperature of the strained body, while if the body 
is stiffer at a low temperature than at a high one, there will be a fall 
in the temperature when the strain is increased. Thus, if the changes in 
strain in any experiment take place so rapidly that the heat due to these 
changes has not time to escape, the coefficients of elasticity determined 
by these experiments will bo larger than the values determined by a 
method in which the strains are maintained constant for a sufficiently long 
time for the temperature to become uniform ; this follows from the fact 
that the thermal changes which take place when the strains are variable 
are always such as to make the body stiffer to resist the change in strain. 
In those experiments by which the coefficients of elasticity are determined 
by acoustical methods — i.e., by methods which involve the audible vibration 
of the substance (see Sound, p. 125) — the heat will not have time to diffuse, 
and we should expect such methods to give higher values than the statical 
ones we have been describing. When we calculate the ratio of the two 
coefficients we find that the theoretical difference is far too small to 
explain the considerable excess of the values of the constants of elasticity 
found by Wortheim by acoustical methods over those found by statical 
methods. 

Wo can easily caloulate by the aid of Thermodynamics the thermal 
effects due to a change of strain. To fix our ideas, suppose we have two 
chambers, ono maintained at a temperature T 0 , the other at the tempera- 
ture T,; these temperatures are supposed to be absolute temperatures, and 
T 0 to be less than T,. Let us suppose that we have in the cool chamber a 
stretched wire, and that we increase the elongation e by he ; then if P is the 
tension required to keep the wire stretched, the work done on the wire is 

Valie 

whero a is the area of the cross-section and / the length of the wire. Now 
transfer the wire with its length unaltered to the hot chamber, and for 
simplicity suppose the thermal capacity of the wire exceedingly small, ho 
that we can neglect the amount of heat required to heat up the wire ; 
if the stiffness of the wire changes with temperature the tension P* 
required to keep it stretched will not bo the same as P. Let the wire 
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contract in the hot chamber until its elongation diminishes by 3e, then the 
work done by the wire is 

Now transfer the wire with its length unaltered back to the cold chamber t 
it will now be in the same state as when it started. The work done by 
the wire 

(F-P)att«; 

hence the arrangement constitutes a heat engine, and since it is evidently 
reversible it must obey the laws of such engines. These engines work 
by taking heat 3H from the hot chamber and giving £A out in the colder 
chamber, and from the Second Law of Thermodynamics we have 

T, T. Tj-T. 
Now by the Conservation of Energy 

iK-hh = mechanical work done by the engine 
-(F-P)aB«; 

hence SA-T ^'^ afo 



' T "(lr)± 



Now M is the amount of heat given out by the wire when the elongation 
is increased by ce, and al is the volume of the wire; hence the mechanical 
equivalent of the heat given out per unit volume, when the elongation is 
measured by ce, is equal to 



If this heat is prevented from escaping from the wire it will raise the 
temperature, and if 20 is the rise in temperature due to the elongation 
2c, we see that 

J»_?^g/— -xto (1) 

where p is the density of the wire, K its speciBc heat, and J the mechanical 
equivalent of heat. We seo that this expression proves the statement 
made above, that the temperature change which tikes place on a change in 
the strain is always such as to make the body stiffen tc resist the change. 

We can readily obtaiu unolher expression lor (0, which is often more 
convenient than that ju«a given. In that tormina wo have the expression 
(SP/3T)e constmt Now, suppose that instead of keeping « constant all 
through, we 6rst allow the body t» expand under constant tension ; if w is 
the coeflicient of linear expansion lor heat, and ST the change in 
temperature, the increase in the elongation is 0 ,iT ; now keep the 
temperature constant, and diminish the tension until the shortening due 
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to the diminution in tension just compensates for the lengthening due to 
the rise in temperatures. In order to diminish the elongation by woT we 
must diminish the tension by quiT where q is Young's modulus for the 
wire, hence 

3P = - 7<.;3T 



or 



hence by equation (1) 



10= - 



But qie is the additional tension 3P required to produce the elongation iff, 
hence the increase in temperature id produced by an increase of tension 
iP is given by the equation 

»- (2) 
Equations (1) and (2) are due to Lord Kelvin. 

Dr. Joule {Phil. Tram, cxlix. 1859, p. 91) has verified equation (2) by 
experiments on cylindrical bars of various substances, and the results of bis 
experiments are given in the following table. The changes in temperature 
were measured by thermo-electric couples inserted in the bars. 





T 


P 


m 


K 




te 

observed. 


69 

calculated. 


Iron . . 


286 3 


7 5 


1-21x10-* 


110 


109x 10» 


- 1007 


- -107 


Hard steel . 


271-7 


7 0 


l-23x 10-» 


•102 


1 09 x 10 9 


- -1620 


- 125 


Cast iron . 


282-3 


6 04 


1 11 x 10" 5 


•120 


110x 10» 


- 1481 


- 115 


Copper 


274 2 


8*95 


1-7182 xlO- 8 


095 


103 x 10» 


-•174 


- 154 



A qualitative experiment can easily be tried with a piece of india- 
rubber. If an indiarubber band be loaded sufficiently to produce a 
considerable extension and if it be then warmed by bringing a hot body 
near to it, it will contract and lift the weight ; hence the indiarubber gets 
stifier by a rise in temperature ; by the rule we have given, it ought to 
increase in temperature when stretched, since by so doing it becomes 
stifier to resist stretching. That this is the case can easily be verified by 
suddenly stretching a rubber-band and then testing its temperature by 
placing it against a thermopile, or even between the lips, when it will be 
found perceptibly warmer than it was before stretching. 

We can easily calculate what effect the heat produced will have on the 
apparent elasticity if it is not allowed to escape. The modulus of elasticity, 
when the change in strain takes place so rapidly that the heat has not 
time to escape, is often called the adiabatic modulus. 

Ratio of Adiabatic to Isothermal Elasticity.— Suppose we take 

the case of a wire, and suppose the tension increased by oP, if the heat 
does not escape the increase it in the elongation will be due to two causes 
—one from the increase in the pull, the other from the increase in the 
temperature. The first part is equal to iP/q, where q is Young's modulus 
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for steady strain ; the second part is equal to o6\»> where 30 is the change in 
temperature, u the coefficient of linear expansion ; henco 



but by equation (2) 



20. 



uT.,?P 



hence 



JKp 

dP 
1 

J« _ 1 wT, 
iP y JKp 

But if q' is the adiabatic " Young's Modulus/' 

1 ./r, 

"7 JKp 

It follows from this equation that \jq is always less than I/7 or 7 
is always greater than q, as we saw from general reasoning must be 
the case. By equation (3) we cau calculate the value of q'jq. The 
results for temperature 15°C are given in the following table, taken from 
Lord Kelvin's article on " Elasticity " in the Encyclop(edia liritannica : 



(8) 



SubaUnce. 


P 


K 


w 




<f'f} dcOured 
frvtu e<|ual. 3. 


Zino .... 


7-008 




•0927 


•0000249 


8 -50 


1008 


Tin .... 


7-404 


-0M4 


•000022 


4 09 


1-00362 


Silver .... 


10 369 


•0. r »57 


•000019 


7 22 


1 00315 


Copper .... 


8-933 


•0919 


•000018 


12 20 


1 00325 


liWMl .... 


11-215 


•0293 


•000029 


1-74 


1 00310 


Glass .... 


2-942 


•177 


•000O0S6 


6 02 


1 -000600 


Iron .... 


7 553 


•1098 


•000013 


18-24 


1-00259 


Platinum 


21-275 


•0314 


•0000086 


167 


1-00129 



Thus we see that in the case of metals q' is not so much aa 1 per 
cent, greater than q. In Wertheim's experiments, however, the excess 
of 7 determined by acoustical methods over 7 determined by statical 
methods exceeded in some cases 20 per cent. This discrepancy has nev<*r 
been satisfactorily accounted for. 
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CAPILLARITY. 

Content*.— Surface Tension and Surface Energy— Rise of Liquid In a Capillary 
Tube— Relation between Pressure and Curvature of a Surface — Stability of 
Cvlindiical Film— Attractions and Repulsionsdue to Surface Tension— Method* 
of Measuring Surface Tension— Temperature Coefficient of Surface Tension- 
Cooling of Film on Stretching— Tension of very Thin Films— Vapour Pressure 
over Curved Surface— Effect* of Contamination of a Surface. 

There are many phenomena which show that liquids behave as if they 
were enclosed in a stretched membrane. Thus, if we take a piece of bent 
wire with a flexible silk thread stretching from one side to the other and 
dip it into a solution of soap and water so as to get the part between the 
silk and the wire covered with a film of the liquid, the silk thread will be 
drawn tight as in Fig. 90, just as it would be if the film were tightly 




Fio. 90. 1 io. : I. Fio. 92. 



stretched and endeavouring to contract so that its area should be as small 
as possible. Or if we take a framework with two threads and dip it into 
the soap and water, both the threads will be pulled tight as in Fig. 91, the 
liquid again behaving as if it were iu a state of tension. If we take a 
ring of wire with a liquid film upon it and then place on the film a closed 
loop of silk and pierce the film inside the loop, the film outside will pull 
• the silk into a circle as in Fig. 92. The effect is again just the same as it 
would be if the films were in a Htate of tension trying to assume as small 
an area as possible, for with a given circumference the circle is the curve 
which has the largest area ; thus, when the silk is dragged into the circular 
form, the area of the film outside is as small as possible. 

Another method of illustrating the tension in the skin of a liquid is 
to watch the changes in shape of a drop of water forming quietly at the 
end of a tube before it finally breaks away. The observation is rendered 
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much easier if the water drops are allowed to form in a mixture of 
paraffin oil and bisulphide of carbon, as the drops at) larger and form 
more gradually. The shape of the drop at one 6tage is shown in Fig. 93. 
If we mount a thin indiarubber membrane on a hoop and suspend 





Fio. 95. 



Fro. 94. 



it as in Fig. 94, and giadually fill the vessel with water and watch the 
changes in the shape of the membrane, these will be found to correspond 
closely to those in the drop of water falling from the tube ; the stage 
corresponding to that immediately preceding the falling away of the drop 
is especially interesting ; a very marked waist forms in the membrane at 
stage, and the water in the bog falls rapidly and looks as if it were 

going to burst away ; the 
membrane, however, 
reaches another figure of 
equilibrium, and if no 
more water is poured in 
remains as in Fig. 94. 

Again, liquids behave 
as if the tension in their 
outer layers was different 
for different liquids. This 
may easily be shown by 
covering a white flat-bottomed dish with a thin layer of coloured water 
and then touching a part of its surface with a glass rod which has been 
dipped in alcohol ; the liquid will move from the part touched, leaving the 
white bottom of the disdi dry. This shows that the tension of the water is 
greater than that of the mixture of alcohol and water, the liquid being 
dragged away from places where the tension is weak to places where it is 
strong. 




Fio. 96. 



Digitized by Google 



CAPILLARITY. 



137 



There is one very important difference between the behaviour of ordinary 
stretched elastic membranes and that of liquid films, for while the tension 
in a membrane increases with the amount of stretching, the tension in 
a liquid film is independent of the stretching, provided that this is not so 
great as to reduce the thickness of the film below about five millionths 
of a centimetre. This can be shown by the following experiment : bend 
a piece of wire into a closed plane curve and dip this into a solution of 
sonp and water so as to get it covered with a film, then hold the wire in 
a nearly vertical position so as to allow the liquid in the film to drain 
down; this will cause the film to be thinner at the top than at the 
bottom ; the difference in thickness is very apparent when the film gets 
thin enough to show the colours of thin plates, yet though the film is of 
very uneven thickness the equilibrium of the film shows that the tension 
is the same throughout,* for if the tension in 

the thin part were greater than that in the -^ B 

thick, the top of the film would drag the 
bottom part up, while if the tension of the 
thick part were greater than that of the thin 
the lower part of the film would drag the top 
part down. 

Definition of Surface Tension.— Sup- 
pose that we have a film stretched on the D 
framework A BCD, Fig. 1)6, of which the sides 
AB, BC and AD are fixed while CD is 
movable; then, in order to keep CD in 
equilibrium, a force F must be applied to it 
at right angles to its length. This force is 
required to balance the tensions exerted by 
each face of the film; if T is this tension, 
then 

2T.CE-F; r, 0 .9«. 

the quantity T defined by this equation is called the surface tension of the 
liquid; for water at 18°C. it is about 78 dynes per centimetre. 

Potential Energy of a Liquid arising from Surface Tension.— 

If we pull the bar CD out through a distance x, the work done is Fx, and 
this is equal to the increase in the potential energy of the film, but 
Fx = 2T.CDx = Tx(incrcaso of area of film). Thus the increase in the 
potential energy of the film is equal to T multiplied by the increase in area, 
so that in consequence of surface tension a liquid will possess an amount of 
potential energy equal to tho product of the surface tension of the liquid and 
the area of the surface. Starting from this result we can, as Gauss showed, 
deduce the consequences of the existence of surface tension from the 
principle that when a mechanical system is in equilibrium the potential 

energy is a minimum. Suppose that we take, as Plateau did, two liquids of 
the same density, say oil and a mixture of alcohol and water, and consider 
the equilibrium of a mass of oil in the mixture. Since the density of the 
oil is the same as that of the surrounding fluid, changes in the shape of the 
mass will not affect the potential energy due to gravity; the only change 

* If the film is vertical the tension at the top is very slightly greater than that at 
the bottDni, so as to allow the difference of tension to balance the exceedingly small 
weight of the film. 
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in the potential energy will be the change in the energy due to surface 
tension, and, by the principle just stated, the oil will assume the shape iu 
which this potential energy is a minimum — i.e., the shape in which the 
area of the surface is a minimum. The sphere is the surface which for a 
given volume has the smallest surface, so that the drops of oil in the liquid 
will be spherical. This experiment can easily be tried, and the spherical 
form of the drops is very evident, especially if the oil is made more 
distinct by the addition of a little iodine. 

If a drop of liquid is not surrounded by fluid of the same density, 
but is like a drop of mercury on a plate which it does not wet, then any 
change in the shape of the drop will affect the potential energy due to 
gravitation as well as that due to surface tension, and the shape of the 
drop will be determined by the condition that the total potential energy is 
to be as small as possible ; if the drop is very large, the potential energy 
due to the surfaco tension is insignificant compared with that due to gravity, 

and the drop spreads out 
\ fiat so as to get its centro of 

TV . : •' * . , . . ,.„. ■ gravity low, even though 

„. . W--- ..,&''ir this involves an increase in 

B the potential energy due to 

Fio. 97. the surface-tension. If, how- 

ever, the drop is very small, 
the potential energy due to gravity is insignificant in comparison with 
that due to surface-tonsion, and the drop takes the shape in which the 
potential energy due to surface tension is as small as possible; this shape, 
as wo have seen, is the spherical, and thus surface-tension will cause all 
very small drops to be spherical. Dew-drops and rain-drops aro very 
conspicuous examples of this ; other examples are afforded by the 
manufacture of spherical pellets by the fall of molten lead from a shot 
tower and by the spherical form of soap-bubbles. We shall show later on 
that if the volume of liquid in a drop is the same as that of a sphere of 
radius a the liquid will remain vory nearly spherical if a' is small compared 
with T/tjp where T is the surface-tension and p the density of the liquid. 
Thus, iu tho case of water, where T is about 73, drops of less than 2 or 3 
millimetres in radius, will be approximately spherical. 

Another important problem which we can easily treat by the method of 
energy is that of the spreading of one liquid over the surface of another. 
Suppose, for example, we place a drop of liquid A on another liquid B 
(Fig. 07), we want to know whether A will spread over B like oil over 
water, or whether A will contract and gather itself up into a drop. The 
condition that the potential energy is to bo as small as possiblo shows that 
A will spread over B if doing so involves a diminution in the potential 
energy; while, if the spreading involves an increase in the potential 
energy, A will do the reverse of spreading and will gather itself up in a 
drop. Let us consider the change in the potential energy due to an 
increase S in the area of contact of A and B where A is a flat drop. We 
have three surface-tensions to consider: that of the surface of contact 
between A and the air, which wo shall call T, ; that of the surface of 
contact between B and the air, which we shall call T,; and that of the 
surface of contact of A and B, which we shall call T„. Now when we 
increase the surfaco of cantact between A and B by S we increase the 
energy due to the surface-tension between these two fluids by T„ x S, we 
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increase that due to the surface-tension between A anil the air by T, x S 
and diminish that due to the surface-tension between B and the air by 
T, x S. Hence the total increase in the potential energy is 

<T 1 + T lf -T,)8 t 

and if this is negative S will increase — i.e., A will spread over B ; the con- 
dition for this to be negative is that 

T^T.+T,,, 

so that if this condition is fulfilled the liquid A will spread out into a thin 
film and cover B, and there will be no place where three liquid surfaces 
meet. If, on the other band, any one of the tensions is less than the 6um 
of the other two— t.e., if we can construct a triangle whose sides are 
proportional to T p T, and T„, then a drop of one liquid can exist on the 
surface of the other, and we should have the three liquid surfaces meeting 
at the edge of a drop. The triangle whose sides aro proportional to 
T„ T f , T„ is often called Neumann's triangle; the experiments of 
Quincke, Marangoni and Van Mensbrugghe, show that for all the liquids 
hitherto investigated this triangle cannot be drawn, as one of the tensions 
is always greater than the sum of the other two, and hence that there can 
be no position of equilibrium in which three liquid surfaces meet. 
Apparent exceptions to this are due to the fouling of the suiface of one of 
the liquids. Thus, when a drop of oil stands on water, the water surface 
is really covered with a thin coating of oil which lias spread over the 
surface ; or again, when a drop of water stands on mercury, the mercury 
surface is greasy, and the grease has spread over the water. Quincke has 
shown that a drop of pure water will spread over the surface of pure 
mercury. 

Though three liquid surfaces cannot be in equilibrium when there is a 
line along which all three meet, yet a solid and two liquid surfaces can be 
in equilibrium ; this is shown by the equilibrium of water or of mercury 
in glass tubes when we have two fluids, water (or mercury), and air, 
both in contact with the glass. The consideration of the condition of 
equilibrium in this case naturally suggests the question as to whether 
there is anything corresponding to surface-tension at the surface of 
separation of two substances, one of which is a solid. Though in this caso 
the idea of a skin in a state of tension is not 60 easily conceivable as for a 
liquid, yet there is another way of regarding surface-tension which is as 
readily applicable to a solid as to a liquid. We have teen that the 
existence of surface-tension implies the possession by each unit area of tho 
liqvrd of an amount of potential energy numerically equal to the surface- 
tension : we may from this point of view regard surface-tension as surfaco 
energy. There is no difficulty in conceiving that part of the energy of a 
solid body may be proportional to its surface, and that in this senso the 
body has a surface tension, this tension being measured by the energy per 
unit area of the surface. 

Let us now consider the equilibrium of a liquid in contact with air and 
both resting on a solid, and not acted upon by any forces except those due 
to surface-tension. Suppose A, Fig. 98, represents the solid, B the liquid, 
C the air, FG the surface of separation of liquid and air, ED the sur- 
face of the solid. Let the angle FGD be denoted by 0 ; this angle is 
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called the angle of contact of the liquid with the solid. Let the surface 
of separation FG come into the position F'G' parallel to FG. Then if FG 
represented a position of equilibrium, the potential energy due to surface- 
tension must be a minimum in this position, so that it will be unaffected 




Fio. 93. 

by any small displacement of the substances; thus the potential energy 
must not be altered by the displacement of FG to FG'. This displace- 
ment of the surface causes B to cover up a long strip of the solid, the 
breadth of tho strip being GG\ Let 8 be the area of this strip. Then 
if T r T, and T„ are respectively the surface-tensions between A and C, B 
and C, and A and B, the changes in the energy due to the displacement are : 

(1) An increase T„S due to the increase S 
in the surface between A and B. 

(2) An increase T,S cos 0 due to the 
increase S cos 0 in the surface between B 
and C. 

(3) A diminution T,S due to the diminu- 
tion S in the surface between A and C. 

IJence the total increase in the energy is 

SfT.j + TjCosfl-T,) 

and as this must vanish when we have 
equilibrium we have 

T 1 , + T,cosO = T I ; 



cosO 



'A 



Thus, if T, is greater than T w cos 0 is 
positive and 0 is lees than a right angle ; if 
T, is less than T„, cos 0 is negative, and 0 is 

greater than a right angle ; mercury is a 

case of this kind, as for this substance 0 is 
lio »j. about H0°. The angle 0 is termed the 

angle of contact. Since cos 0 cannot exceed 
unity, the greater of the two quantities T, or T„ must be less than the 
sum of the other two. li this condition is not fulfilled the liquid B will 
spread over the surface A. 

Rise of a Liquid in a Capillary Tube.— We can apply the result we 

have just obtained to find the elevation or depression of a liquid in a tube 
which it does not wet and with which it has a finite angle of contact. 

Suppose h is the height of the fluid in the tube above the horizontal 
surface of the fluid outside, when there is equilibrium ; and suppose that 
r is ti e radius of the tube at the top of the fluid column. Let T, be the 
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Surface-tension between the tube and air, T, that between the liquid and air 
and T„that between the tube and the liquid. Then, if there is equilibrium, 
a slight displacement of the fluifl up the tube will not alter the potential 
energy. Suppose then that the fluid rises a short distance x in the tube, 
thus covering an additional area 2wrr of the tube, and diminishing the area 
of the tube in contact with the air by this amount. This increases the 
potential energy due to surface-tension by 2*-ra:(T 1 , - T,). 

The increase in the potential energy due to gravity is the work done 
(1) by lifting the mass a-r 2 xpxx, where p is the density of the liquid, 
against gravity through a height h — this is equal to gphm^x ; and (2) by 
lifting the volume v of the meniscus through a height x — this work is equal 
to gpvx. 

Hence the total increase in potential energy is 

2irrx(T 1J - T t ) + gphnr-'x + gpvx, 
and as this must vanish we have \ t 

A+ . 2(T,-T„) ' ; 

but if 0 is the angle of contact, we have just proved that 

T, cos 0 = T, - T u 

hence A + — = °° S ^ 

*rr' gpr 

When the fluid wets the tube 0 is zero and cos 0 = 1. If the meniscus 
is so small that it may be regarded as bounded by a hemisphere, v is the 
difference between the volumo of a hemisphere and that of the circum- 
scribing cylinder — i.e., 



hence A+ -r=~ » 

H gpr 

If 0 is greater than a right angle h is negative, that is, the level of the 
liquid in the tubo is lower than the horizontal surface ; this is strikingly 
shown by mercury, but by no other fluid. The angle of contact between 
mercury and glass was measured by Gay Lussac by causing mercury to 
flow up into a spherical glass bulb ; when tho mercury is in the lower part 
of the bulb the surface near the glass will be very much curved ; as the 
mercury rises higher in tho bulb the curvature will got less; the surface 
of the mercury at different levels is represented by the dotted lines in 
Fig. 100. There is a certain level at which the surface will be horizontal ; 
at this place the tangent piano to the sphere makes with a horizontal plane 
an angle equal to the supplement of the angle of contact between mercury 
and glass. A modification of this method is to make a piece of clean 
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plate glass dipping into mercury rotate about a horizontal axis until the 
surface of the mercury on one side of the plate is flat ; the angle made by 
the glass plate with the horizontal is then the supplement of the angle of 
contact between mercury and glass. 

The angle of contact between mercury and glass varies very widely 
under diflerent circumstances; thus the meniscus of the mercury in a 
thermometer may not be tho same when the mercury is rising as when it 
is falling. We should expect this to be the ca^o if the mercury fouls the 
glass, for in this case the mercury when it fulls is no longer in contact 
with clean glass but with glass fouled by mercury, and we should expect 
the angle of contact to be very diflerent from that with pure glass. Quincke 
found that tho angle of contact of a drop of mercury on a ^lass plate 
steadily diminished with the time; thus the angle of contact of a freshly 
formed drop was 148° 55', and this steadily diminished, and after two days 




Fio. 100. Fio. 101. 



was only 187° 14'; on tapping the plate the angle rose to 111° 19', and 
after another two days fell to 140°. 

If we force mercury up a narrow capillary tube and then gradually 
diminish the pressure, the mercury at first, instead of falling in the tube, 
adjusts itself to the diminished pressure by altering tho curvature of its 
meniscus, and it is only when the fall of pressure becomes too large for such 
an adjustment to be possible that the mercury falls in the tube ; tho con- 
sequence is that the fall of the mercury, instead of being continuous, takes 
place by a series of jumps. This effect is illustrated by the old experiment 
of bending a piece of capillary tubing into a U-tube (Fig. 101), pouring 
mercury into the tube until it covers the bend and stands at some height 
in either leg of the tube ; if the tube is vertical, tho mercury can be made 
by tapping to stand at the same height in both legs of the tube. Now slowly 
tilt the tube so as to cause the mercury to run up the left leg of the tube ; 
if the tube is slowly brought back to the vertical, the mercury will be 
found to stand at a higher level in the left leg of the tube than in the 
right, while the meniscus will be flatter on the left than on the right. 
This principle explains the action of what arc called Jamin's tubes, which 
are simply capillary tubes containing a large number of detached drops of 
liquid ; these can stand an enormous difference of pressure between the 
ends of the tube without any appreciable movement of tho drops along the 
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tube. Thus, suppose that AB, CD, EF (Fig. 102) represent three consecu- 
tive drops along the tube, then in consequence of the different curvatures 




Fio. 102. 

of AB at A and B the pressure in the air at A will be greater than that at B, 
while the pressure at C will be greater than that at D, and so on ; thus 
each drop transmits a smaller pressuro than it receives ; if we have a largo 
number of drops in the tube the difference of pressure at the ends arising 
in this way may amount to several atmospheres. 

Relation between Pressure and Curvature of a Surface.— If 

we have a curvtd liquid surface in a state of tension the pressure on the 
concave aide of the surface must be greater than that on the convex ; we 
shall proceed to find the relation between the difference of pressure on the 
two sides and the curvature of the surface. 

Let the small portion of a liquid film, represented in Fig. 103 by ABCD 
where A Band CD are equal and parallel and at right angles to ADand B(J , 
be in equilibrium under the surface tension and a difference of pressure p 
between the two sides of tho film. When a system of forces acting on a 
body are in equilibrium we know by Mechanics that the algebmical 
sum of the work done by these forces when the body suffers a small dis- 
placement is zoro. Let tiie film ABCD (Fig. 103) be displaced so that 
each point of the film moves outward along the normal to its surface through 

a small distance x, and let A'B'C'D' be the A , 
displaced position of ABCD. Then the 
work done by the pressure is equal to 

p x area ABCD x x ; 

the work done against the surface tension 
is T x increase in area of the purface ; and 
since a film has two sides the increase in 
the area of the film is twice tho difference 
between the areas A'B'C'D' and the area 
ABCD. Hence the work done against sur- 
face tension is equal to 

2T x (area A'B'CD' - area ABCD) 1 >" '03. 

Hence by the mechanical principle referred to 

p x area ABCD x x = 2T(area A'B'C'D' - area ABCD) (1 ) 

if we are considering a drop of water instead of a film we must write T 
instead of 2T in this equation. 

Spherical Soap-bubble. — In this case A BCD will be a portion of a 
spherical surface and the normals A A', BB\ CC, DD' will all pass through 
O, the centre of the sphere. Let R bo the radius of the sphere, then by 
Bimilnr triangles 

A'ir-AI^-Al,(. + -) 
lW-K^'^lw(l + «) 
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The area A'B'C'D' - A'ii'. B'C = AB. BC^l + 



-AB.BC(1 + |) 



as we suppose x/R is so small that its square can be neglected. 





Uence 
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area A'B'CD'= area A BCD 
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(2) 



substituting this value for the area A'B'C'l/ in equation the equation 
becomes 

4T 

bo that the pressure inside a spherical soap-bubble exceeds the pressure 
outside by an amount which is inversely proportional to the radius of the 
bubble. 

General Case of a Curved Soap-bubble.— if the element of the 

film A BCD forms a portion of a curved surface, we know from the theory 
of such surfaces that we can find two lines AH, BC at right angles 
to each other on the surface such that the normals to the surfaco 
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at A and B intersect in O, while those at B and 0 intersect 
iu a point O'. The lines AB, BC are said to be elements of the 
mrves of Principal Curvature of the surface, and AO and BO' are called 
the Radii of principal curvature of the surface. We must now distinguish 
between two classes of surfaces. In the first class, which includes spheres 
and ellipsoids, the two points O and O' are on the same side of the surface, 
and the surfaces are called synelasttc surfaces ; in the second class, which 
includes surfaces shaped like a saddle or a dice-box, O and 0' are on 
opposite sides of the surface ; and the surfaces are called anti-clastic 
surfaces. We shall consider these cases separately, and take first the 
case of synclastic surfaces. In this case (Fig. 104) we have by similar 
triangles 

A'B' = AB^- = AB^1 + ^ if R is the radius of principal curvature OA. 
Similarly B'C « BC^l + if R' is the radius of principal curvature O'B. 
Hence area A'B'C'b' - area ABCD^l + ^1 + 

- area ABCD^l + «^ I f 1^ 

as we suppose x/R, x/R' both so small that we can neglect the product of 
these quantities in comparison with their first powers. Substituting this 
value for the area A'B'C'iy in equation (1) we get 



'-"(e+b?) » 



Let us now take the case of an anti-clastic surface, represented in 
Fig. 105. In this case we have 

A'B' = AB/l + 



K) 



hence area A'B'C'D' = area ABCD^l - i^j 

Substituting this value of the area A'B'CD' in equation (1) we get 

'■"(s-») < 4 > 

We can include (3) and (4) in the general formula 



if wu make the convention that the radius of curvature is to be taken Kb 
positive or negative according as the corresponding centre of curvatui* 
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is on the side of the surface where the pressure is greatest or on the 
o| p >site side. 

When a soap film is exposed to equal pressures on the two sides />=»0, 
and we must therefore have 

In this case the curvature in any normal section must be equal t n 1 opjo ite 
to the curvature in the normal section at right auglea to the first. By 




Fio. 108. 

stretching a film on a closed piece of wire and then bending the wire we 
can get an infinite number of surfaces, all of which possess this property; 
we can also get surface* with this property by forming a film between the 
rims of two funnels open at the end, as in Fig. 106. By moving the 
funnels relatively to each other we get a most interesting series of 
Rni faces, all of which have their principal curvature* equal and opposite. 




If the film is in the shape of a surface of revolution — i.e., one which can be 
traced out by making a plane curve rotate about a line in its plane — we 
know from the geometry of such surfaces that (Fig. 107) 



li = PO 



R'«PG 



where 0 is the centre of curvature of the plane curve at P, and G the 
point where the normal at P cuts the axis AG about which the curve 
rotates. 
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kl the pressures on the two sides of the film are equal we must have 
PO = - PG. 

The only curve with this property is the catenary, the curve in which 
a uniform heavy string hangs under gravity, and this, therefore, is the 
shape of the cross-section of a soap film forming a surface symmetrical 
about an axis, when the pressures on the two sides are equal. 

Stability Of Cylindrical Films. - Let us consider the case of a 
symmetrical film whose surface approaches closely that of a right circular 
cylinder. Let EPF be the curve which by its rotation about the straight 
line AB generates (he surface occupied by the film. EPF will not differ 
much from a straight lino, and PC«, the normal at P, will be very nearly 



P 




A~~~ G N B 

FlQ. 108. 

equal to PN where PN is at right angles to AB. Hence, if R is the 
radius of curvature at P and p the conHnnt difference of pressure between 
the inside and outside of the film, we have 

'-"(R + Rf) « 

Let y be the height of P above the straight line EF and a the distance 
between the lines EF and AB, then 

PN=«+y 

and as y is very small compared with a we have approximate'y 

1 

PN a a* 

Substituting this value of 1/PN in equation (I) we get 

It L'T a a 1 « ; t V-'T «/J «* ^ ' 

if y is the distance of P from a horizontal line at a distance 

4 v - -) 

\-T a) 

below EF. Since the film is very nearly cylindrical, p is very nearly 
equal to 2T/a, so that the distance between this lino and EF will be 
very small. 

Hence we see from equation (2) that the reciprocal of the radius of 
curvature at a point on the curve is projxntional to the distance of the 
point from a straight line. Now we saw (p. DC ) that the path 
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described by a point fixed near to the centre of a circle when the circle 
rolls on a straight line possesses this property, hence we conclude that the 
crosK-section of a nearly cylindrical film is a curve of this kind. The curve 
possesses the following properties : it cuts the straight line, which is the path 
of the centre of the circle, in a series of points separated by half the 
circumference of the rolling circle, its greatest distance from this line 

P 



J 


* 








9 




- 






* * » % 

* * • 



ML K 

Fio. 109. 



is equal to tho distance of the point from the centre of the rolling 
circle, while the reciprocal of the radius of curvature at a point is pro- 
portional to its distance from this line. 

Let us now consider what is the pressure in a nearly cylindrical 
bubble with a slight bulge. Let us suppose that the length of the bubble 
is less than the distance between two points where the curve which 
generates the surface crosses the path of the centre of the rolling 
circle. The section of the bubble must form a part of this curve. 
Let A and 0, Fig. 109, be the ends of tho bubble A PC, the 
section of the film. Let the dotted line denote the completion of the 
curve of which APO forms a part. T nen if p is the excess of pressure 



Fio. 110. 



inside the bubble over the outside pressure and P any point on the 
curve, 

'-"e + pL. 

where p is the radius of curvature of the curve at P. Now if we take 
P at Q, a point where the curve crosses its axis = 0, hence 



P*> 



2T 
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Now if the film wore straight between A and C the excess of pressure 
p would be given by the equation 

. 2T 

As QK is less than AM, p is greater than p\ hence the pressure in the 
film which bulges out is greater than the pressure in the straight film. 
We can prove in the same way that in a 61m that bends in, as in Fig. 110, 
if the distance between the ends, is less than the distance between the 




L 
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points Q and Q' on the curve , that is, if the length of the film is less than 
half the circumference of its ends, the pressure is less than the pressuro 
in the straight film. 

If the distunce between the ends of the film is greater than half 
the circumference of the ends of the film these conditions aro reversed. 

For let Fig. 1 1 1 repre- 
sent such a film bending 
in ; as before, the excess of 
pressure p wiil be given by 
the equation 

„- 2T 
QK 



where Q is the point where 
the curve of the til in crosses 
its axis. If the film were 
straight between A and C, 
p' t the excess of pressure, 
would bo given by the 
equation 

, 2T 
? ~ AM 




FiO 112. 



Since in vhis euro AM is greater than QK, p is less than p. Hence 
the pressure in the film which bends in is greater than that in tlio 
straight tiltn. In a similar way we can prove that in this case the 
pnjssure in a film which bulges out is less than the pressure in a straight 
film. Hence we arrive at the result that, if the length of the film is 
loss than half the circumference of its end, the pressure in a film 
that bulges out is greater than that in a film which bends in, while 
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if the length of the film is greater thnn its semi-circumference the 
pressure in the liltn that bulges out is less than the pressure in one 
that bends in. Mr. Boys has devised a very beautiful experiment which 
illustrates this point. The arrangement is represented in Fig. 112. 

A and B are pieces of glass 
tubing of equal diameter com- 
mumcating with each other 
through the tube C ; this com- 
munication can l)o opened or 
closed by turning the tap. E 
and F are pieces of glass tubing 
of the same diameter as A; they 
are placed vertically below A 
and B respectively. Tho distance 
between A and E and B and F 
can l)e altered by raising or 
lowering the system ABC. First 
begin with tin's distance less 
than half the circumference of 
tho glass tube, Fig. 113, close 
the tap and blow between A and 
E a bubble which bulges out, 
and between B and F, one that bends in. Now open the tap ; they will 
both tend to straighten, air going from the one at A to help to fill up 
that at B, showing that the pressure in the one at A is greater than in 
that at B. Now repeat tho experiment after increasing the distance 

between A and E and B and F to 
inoro than half the circumference of 
the tube. Wo now find on opening 
the tap that the film which bulges 
out is blown out still more, while the 
one that bends in tends to shut itself 
up, showing that air has gone from 
B to A or that now the pressure at 
B is greater than that at A. 

It follows from this result that 
the equilibrium of a cylindrical film 
is unstable when its length is greater 
than its circumference, while shorter 
films are stable. 

For let us consider the equilibrium 
of a cylindrical film between two 
equal fixed dl e cs, A and B, Fig. 115, 
and consider the behaviour of a 
movable disc C of the same size placed 
between them. Suppose the length 
of the film is less than its circum- 
ference and that C is midway between A and B ; move 0 slightly towards 
B, then the film between B and C will bulge out while that between A 
and 0 will liend in. As the distance between each of the films is less than 
Jmlf the circumference the pressure in the film which bulges out will be 
greater than in that which bends in, thus 0 will be pushed back to its 
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original position and the equilibrium will be stable. If C is not midway 

between AB but nearer to B than to A, then even if AC is greater than 

the semi-circumference so that when 0 is pushed towards B the pressuie 

in AO is greater than when 

the lilm is straight, yet it is ~| 

easy to prove that the excess 

of pressure in BO is, in 

consequence of its greater 

curvature, greater than that 

in AO, so that 0 is again 

pushed back to its old posi- 

tion and the film is again ^ c b~ 

stable. Fio. 11*. 

Suppose now that the 
distance between A and B is greater than the circumference of the film, 
and that C, originally midway between A and B, is slightly displaced 
towards B. CB will bulge out and OA will bend in; as the length of 
each of these films is greater 
than the semi-circumference 
of the film the pressure in 
BO will be less than that in 
AC, and 0 will be pushed 
still further from its original 
position and the equilibrium 
will be unstable. The film 
will contract at one part 
and expand in another until 
its two sides come into con- 
tact and the film breaks up 
into two separate spherical 
portions. 

These results apply to fluid 
cylinders as well as to cylin- 
drical films. Such cylinders 
are unstable when their length 
is greater than their circum- 
ference. Examples of this 
unstability are afforded by the 
breaking up of a liquid jet 
into drops. The development 
of inequalities in the thickness 
of the jet is shown in Figs. 
1 1 6 and 117 taken f rom instan- 
taneous photographs. The lit tie Fio. 118. 
drops between the big ones 

are made from the narrow necks which form before the jet finally 
breaks up. Another instance of this instability is afforded by dipping 
a glass fibre in water, the water gathers itself up into beads. A very 
beautiful illustration of the same effect is that of a wet spider's web, 
shown in Fig. 118, when again the water gathers itself up into spherical 
beads. 

If the ftlid is very viscous the effect of viscosity may counterbalance 
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the instability due to surface tension; thus it is possible to get long thin 
thread* of^treacle or of molten glass and quartz. 

Force* between two Plates due to Surface-tension.— Let A 

and B(Fig. 1 19)be two parallel plates 
separated by a film of water or some 
liquid which wets them ; then, if d 
is the distance between the plates 
and D the diameter of the area of 
the plate wet by the liquid, tho 
radii of curvature at the free sur- 
face of the liquid are approximately 
-d(2 and D/2, hence the pressure 
inside the film is less than the 
atmospheric pressure by 




Fio. 117. 



2T 



{d L>} 



or if d is very small compared with 

Ml 

D the difference of pressure is approximately ^— . 

d 

Now the plate A is pressed towards B by the atmospheric pressure 
and away from B by a pressure which is less than this by 2T/<i ; hence, if 



Fio. II 8. 



A is the area of the plate wet by tho film, the force urging A towards 

n 'a 2AT 

B is — -j— . 
d 

The force varies inversely as the distance between the plates ; thus, 



E 



— 



inn 



Fio. IIP. 



if a drop of water is placed between two plates of glass the plates are 
forced together, and this still further increases the pull between the plates 
as tho area of the wetted surface increases while the distance between the 
plates diminishes. 
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Attractions and Repulsions of small Floating 1 Bodies.— Small 

bodies, such as strnw or pieces of cork, floating on the surface of 
a liquid often attract each other and collect together in clusters; thin 
occurs when the bodies are all wet by the liquid, and also when none of 
them are wet ; if one body is wet and ono is not wet they repel each other 
when they come close together. To investigate the theory of this effect, 
let us suppose that A and B are two parallel vertical plates immersed in a 
liquid which wets both of them, the liquid will fttand at a higher level 
between the plates than it does outside. We shall begin by showing that 
the horizontal force exerted on a 
plate by a meniscus such as FRQ, A 
UVW is the same as the force 

which would be exerted if the u v 
meniscus were done away with and 
the liquid continued horizontally 
up to the surface of the plate. For 
consider the water in the meniscus 
PQK; it is in equilibrium under 
tho horizontal tension at P, the 
vertical tension at Q, tho force 
exerted by the plate on the liquid, 
tho vertical liquid pressure over 
PR, and the pressure of the atmo- 
sphere over PQ. The resultant A~ k 

pressure of the atmosphere over ' p " 

PQ, which we shall call ir, in the 
horizontal direction is equal to the 
pressure which would bo exerted on 
QR, the part of the plate wet by p 10 . 120. 

the meniscus, if this were exposed 

directly to the atmospheric pressure without tho intervention of the 
liquid. The horizontal forces acting from left to right on the meniscus 
are 

* - T - force exerted by plate on meniscus. 

Since the meniscus is in equilibrium the horizontal forces must be in 
equilibrium ; hence 

force exerted by meniscus on plate « T - jt, 

but this is precisely the force which would be exerted if the meniscus were 
done away with and the horizontal surface of tho liquid prolonged to meet 
the plate. Hence, as far as the horizontal forces aro concerned, we may 
suppose the surfaces of the liquid flat, and represented by the dotted lines 
in Fig. 120. Considering now the forces acting on the plate A, the pulls 
exerted by the surface-tension at K and U are equal and opposite ; on the left 
the plate is acted on by the atmospheric pressure, on the right by the pressure 
in the liquid. Now the pressure in tho liquid at any point is less than the 
atmospheric pressure by an amount proportional to the height of the point 
above the level of the undisturbed liquid ; thus tho pressure on A tending 
to push it towards 13 is greater than the pressure tending to push it away 
from B, and thus the plates are pulled together. 

Now suppose neither of the plates is wet by the liquid— a case rcpro- 
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Rented in Fig. 121. We can prove, as before, that we may snppope Hie 
fluid to be prolonged horizontally to meet the plates. The foreo lending 
to push the plate A towards B is the pressure in the liquid, the force 



-Aw 
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Fin. l?2. 



r 



tending to push it away is the atmospheric pressure. Now tlio pressure 
at any point in the liquid is greater than tho atmospheric pressure by an 
amount proportional to the depth of the point below the undisturbed 
surface of the liquid; hence, the pressure tending to push A to B will be 

greater than that fending to pu^h it away from 
B, so that tho plates will again appear to 
attract each other. 

Now tako the case where one plate is wet 
by the liquid while the other is not. The 
section of the liquid surface will be as in Fig. 
122, tho curvaturo of the surface being of one 
sign against one plate, and of the opposite sign 
against the other. When the plates are a 
considerable distance apart, the surfaces of the 
liquid will be like that shown in Fig. 122; 
between the plates there is a flat horizontal 
surface at the same level as the undisturbed 
liquid outside the plates; in this caso there is 
evidently ncithernt traction nor repubion between 
tho plates. Now suppose the plates pushed 
nearer together, this flat surface will diminish, 
and the last trace of it will be a horizontal tangent crossing the liquid. 
Since the curvature changes sign in pas>ing from A to B, there must be a 
place between A and B where it vanishes, and when tho curvaturo 
vanishes, tho pressuro in the liquid is equal to the atmospheric pressure; 
this point, at which the tangent crosses the surface, must be on the 
prolongation of the free surface of thf liquid. Now suppose that tho 
plates are so near together that this tangent ceases to be horizontal, and 
the liquid takes the shape shown in Fig. 123. We can show, by the 
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method given on p. 153, that the action on the plate A of the meniscus 
inside A is the same as if the meniscus were removed and the liquid 
surface stretched horizontally between the plates, the surface-tension in 
this surface being equal to the horizontal component of the surface tension 
at the point of inflection. Now consider the plate A; it is pulled fiom 
B by the surface-tension and towards it by only the horizontal component 
of tins. The forco pulling it away is thus greater than the other, and the 
plates will therefore repel ench other. If the plates are pushed very near 
together so that the point of inflection on the surface gets suppressed the 
liquid may rise between the plates and the ropulsiou be replaced by an 
attraction. 



Methods of Measuring 1 Surface-tension. 
By the Ascent of the Liquid in a Capillary Tube.— A finelv 

divided glass scale is placed in a vertical position by means of a plumb 
line, the lower end of the scale 
dipping into a vessel V, which contains 
some of the liquid whose surface 
tension is to be determined. The 
capillary tube is prepared by drawing 
out a piece of carefully cleaned glass 
tube until the internal diameter is 
considerably less than a millimetre; 
the bore of tho tube should be as 
uniform as possible, for although the 
height to which tho fluid rises in the 
capillfiry tube depend* only on tho 
radius of the tube at the top of the 
meniscus, yet when we cut the tubo 
at this point to determine its radius, 
if the tube is of uniform bore, no 
error will ensue if we fail to cut it at 
exactly the right place. Attach tho 
capillary tube to the scale by two 
elastic bands, and have a good light 
behind the scale. Dip the capillary 
tube in the liquid, and it will rush 
up the tube ; then raise tho capillary 
tube, keeping its end below the fluid 
in V. This will make the meniscus 
sink in the tube and ensure that the 
tube above the meniscus is wetted by 
the liquid. Now read otF on the 
scale the levels of the liquid in V 
and the capillary tube, and the dif- 
erence of levels will give the height 
to which the liquid rises in the tube. To measure r, the radius of the 
tube at the level of the meniscus, cut the capillary tube carefully across at 
this point and then measure the internal radius by a good microscope with 
a micrometer scale in the eyepiece. If the section, when observed in the 
microscope, is found to be far from circular, the experiment should be 
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repeated with another tube. The surface tension T is determined by the 
equation (p. 141). 



T = JpylAr + -q ) where p is the density of the fluid. 

If the angle of contact is not zero a knowledge of its value is required 
before T can be determined by 11 is method. 

By the Measurements of Bubbles and Dropa.— This method is 
due to Quincke. The theory is as follows: suppose that AB, Figs. 120 





Fio. 125. 

and 126, represents the seclion of a largo drop of mercury on a horizontal 
glass plate or, when turned upside down a large bubble of air under a glass 
plate in water. Let a central slab be cut out of the drop or bubble by two 
parallel vertical planes unit distance apart, and suppose that this slab is 
cut in half by a vertical plane at right angles to its length ; consider the 
equilibrium of the portion of this slab above the horizontal section BC of 
greatest area in the case of the drop, and below it in the case of the bubble. 




Fio. 126. 

The horizontal forces acting on the upper portion are the surface tension 
T, and the horizontal pressures acting over the flat section ADEC and the 
curved surface. If the drop is so large that the top may be considered as 
plane there will be no change of pressure as we pass from the air just above 
the surface of the drop to tho mercury just below it ; • in this case the 
difference in tho horizontal components of the pressure over ADEC and 
the pressure of the atmosphere over tho curved surface is, since AD is 
unity, equal to 

£(VDE» 

As this must be balanced by the surface tension over AD we must have 

T-J^DE* (1) 
By considering the equilibrium of the portion ABFflHDof the drop we 
have T(l -«. cos { gi Jf (2) 

where h is the thickness of the bubble or drop, and w the angle of contact 
at F between the liquid and the plate. From equation (2) we have 

• If the drops are not large enough for this assumption to be true, a correction 
has to be applied to allow for the difference in pressuro on the two sides of the 
surface through A. 
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4Tcos^ 
9P 



Thus the thickness of all large drops or bubbles in a liquid is independent of 
the size of the drops or bubbles. By measuring either DE or A, and using 
equation (1) or (2) we can determine T. In the case of bubbles it is more 
convenient to use, instead of a flat piece of glass, the concave surface of a 
large lens, as this facilitates greatly the manipulation of the bubble. In 
this case, if we use equation (2), we must remember that h is the depth of the 
bottom of the bubble below the horizontal plane through the circle of 
contact of the liquid with the glass. Thus, in Fig. 127, h is equal to NE and 
not to AE. It is more convenient to measure A E and then to calculate NE 
from the radius of curvature of the lens and the radius of the circle of 
contact of the glass and the liquid. Determinations of the surface tension 

A 



no. 127. 

of liquids by this method have been made by Quincke, Magie, and Wilbei- 
force.* Magie used this method to determine the angle of contact, as it is 
evident from equations (1) and (2) that 

h 

cos - - - - - 
2 ^DE 



By this method Mngie (Phil. Mag., vol. xxvi. 
following values for the angle of contact with glass : 



1888) found the 



Angle zero. 
Ethyl alcohol . 
Methyl alcohol 
Chloroform . 
Formic acid . 
Benzine . 



» 



Angle finite. 
Water (?) 
Acetic acid 
Turpentine 
Petroleum 
Ether . 



u 

. sinnll 
. 20 a 
. 17° 
. 20° 
. 1G° 



Determination of the Surface-tension by Means of Ripples.— 

The velocity with which wavea travel over the surface of a liquid depends 
on the surface-tension of the liquid. The relation between the velocity and 
surface- tension may be found as follows : Let Fig. 128 represent the section 
of a harmonic wave on the surface of the liquid, the undisturbed level of 
the liquid being xy. If gravity were the only force acting, the increase in 
vertical pressure at N due to the disturbance produced by the wave would 
be equal to <7pPN, when p is the density of the liquid. 

The surface tension will give rise to an additional normal, and therefore 

T 

approximately vertical, pressure equal per unit area to ^ , where R is the 

• Sec fyot-note on opposite page 
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radius of curvature of the section of the wave by the plane of the paper ; 
the radius of curvature in the normal plane at right angles to the plane of 
the paper is infinite. Now if the amplitude of the wave is very small 
compared with the wave leneth, the wave curve may be generated by a 
point fixed to a circle rolling m a straight line ; the amplitude is equal 
to the distance of the fomt from the centre of the cirdo, and the 




Fio. 12*. 

wave length is equal to the circumference of the rolling circle. The Hpa 
xy is the path of the centie of the rolling circle. Now we saw 9C) that 
for such a curve 

2 =™ 
K a 1 

where a is the radius of the rolling circle; but if X is the wave length 
2«* = X, so that 

1 ^ttPN 
It X' 

Thus the pressure at N, due both to gravity and surface-tension, is 

hence we see that the effects of surface-tension are the same as if gravity 
were increased by 4x 1 T/X I p. Now the velocity of a gravity wave on deep 
water is the velocity a body would acquire under gravity by falling 
vertically th rough a distance X/4jt, where X is the wave length— i.e., the 
velocity is Jykj'lir. Hence v, the velocity of a wave propagated under 
the influence of surface-tension as well as gravity, is given by the equation 



The velocity of propagation of the wave is thus infinite both when 
the wave length is zero and- when it is infinite; it is proportional to the 
square root of an expression consisting of the sum of two terms whose 
product is constant. It follows from a well-known theorem in algebra 
that the expression will be a minimum when the two terms are equal. 
Thus the velocity of propagation of the waves will be least when 



g — 



4nT 



X> 
/T 

or when X -= 2n\ — 

99 

in this case the velocity is equal to 

4*f 
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In the case of water, for which T = 75, 

X = 17 cm., and v = 23 cm. /sec. 

Ilenco no waves can travel over the surfuce of water with a smaller 
velocity than 23 cm. per second. For any velocity greater than this it 
is possible to lind a wave length X such that waves of this length will 
travel with the given velocity. Waves whose lengths are smaller than 
that corresponding to the minimum velocity aits called "ripples," those 
whose lengths exceed this value u waves." A wave is propagated chiefly 
by gravity, a ripple chiefly by surface tension. 

The velocity of a u wave increases as the wave length increases, while 
that of a "ripple" diminishes. Interesting example-* of the formation 
of ripples are furnished by the standing patterns of leu seen on the surface 
of running water near an ob>tacle, such ns a 
stone or a fishing-line. Thus, let AB represent 
a stone in a stream running from right to left, 
the disturbance caused by the flow of the water 
against the stone will givo rise to ripplefl which 
travel up stream with a velocity depending upo.i 
their wave length. Close to the stone I ho 
velocity of the water is zero, so that the ripples 
travel rapidly away from the stone. "When, 
however, wo get so far away from the stone, say 
at P, that the velocity of the water is greater 
than 23 cm./sec, it is possible to find a ripple of 
such a wave length that its velocity of propagation 
over the water is equal to the velocity of the 
stream, the ripple will be stationary at P, and will form there a pattern of 
crests and hollows. As the velocity of the water increases as we recede 
from the stone the ripples which appear stationary must get shorter and 
shorter in wave length, and thus the crests in the pattern will get nearer 
and nearer together as we proceed up stream. We see that the condition 
that the j>attern should be formed at all is that the velocity of the stream 
must exceed 23 cm./sec. Fig. 1*21) is taken from a photograph of the 
ripples behind a stone in running water. A similar explanation applies to 
the pattern in front of a body moving through the liquid. 

Lord ltaylcigh was the lirst {Phil. May., xxx. p. 38G) successfully to 
apply the measurement of ripples to the determination of the surface- 
tension, and his method was used by Dr. Dorsey {Phil. Mag., xliv. p. 3C9) 
to determine the surface-tension of a largo number of solutions. Lord 
Rayleigh's method is to generate the ripples by the motion of a glass plate 
attached to the lower prong of an electrically driven tuning-fork, and 
dipping into the liquid to be examined. To render tho ripples (which for 
the theory to apply have to be of very small amplitude) visible, light, reflected 
from the surface is brought to a focus near the eye of the observer. On 
account of the rapidity with which all phases of the waves are presented 
in succession it is necessary, in order to see the waves distinctly, to U6e 
intermittent illumination, the period of the illumination being the same 
as that of the waves. The illumination can bo made intermittent by placing 
in front of the source of light a piece of tinplate rigidly attached to the 
prong of a tuning-fork, ui.d so arranged that once on each vibration the 
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light is intercepted by the interposition of the plate. This fork is 
in unison with the one dipping into the liquid. It is driven eloctro- 
nmgnetically, and the intermittent current furnished by this fork is 
used to excite the vibrations of the dipping fork. By this means the 
ripples can be distinctly seen, the number between two points at a known 
distance apart counted, and the wave-length X determined. If r is the 
time of vibration of the fork t>r = X, 

i • j o\ 2jtT 

and since + 

2t A/» 

T = X s _/,X» 
p LVr-' lir* 

an equation from which T can be determined. The second term in this 
expression is in these experiments small compared with tho first. 

Determination of Surface Tension by Oscillations of a 

Spherical Drop Of Liquid. — When the drop is in equilibrium under 
surface-tension it is spherical ; if it is slightly deformed, so as to assume 
any other form, and then left to itself, the surface-tension will pull it 
back until it again becomes spherical. When it has reached this state 
the liquid in the drop is moving, and its inertia will carry the drop through 
tho spherical form. It will continue to depart from this form until the 
6urface-ten$ion is able to overcome the inertia, when it is again pulled back 
to the spherical form, passes through it and again returns; the drop will 
thus vibrate about the spherical shape. We can find how the time of 
vibration depends upon the size of the drop by the method of dimensions, 
and the problem forms an excellent example of the use of this method. 
Suppose the drop free from the action of gravity, then t, the time of 
vibration of the drop, may depend upon a the radius, p the density, and 
S the surface tension of tho liquid ; let 

t«*CaVS* 

where C is a numerical constant not depending upon the units of mass, 
length, or time. The dimensions of the left-hand side are one in time, 
none in length, and none in inns?, which, adopting the usual notation, we 
denote by [T]' [L'J'fMp; the right-hand side must therefore be of the 
same dimensions. Now a is of dimensions [T]* [L] 1 [M]° ; p, [T]° [L]" 8 [MJ 1 ; 
and S, since it is energy per unit area, [T]" 3 [L]'' [M] 1 ; hence the dimen- 
sions of ayS* are, [T] " [L]~ 3 * +x As this is to be of the dimensions 
of a time, we have 

-2«=1, -3y+x = 0, y+z = Q 
therefore <r = f, i/ = £, z= -\ 

So that t, the time of vibration, varies as J^/ii; i.e., it varies as the 
square root of the mass of the drop divided by the surfaco-tension; a moro 
complete investigation, involving considerable mathematical analysis, shows 

that 1 = ' wnere * the time of the gravest vibration of the drop. 

The reader can easily calculate the time of vibration of a drop of any size 
if he remembers that the time of vibration of a drop of water 2 5 cm. in 
radius is very nearly 1 second. The vibrations of a sphere under surface- 
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tension can easily bo followed by the eye if a large ppherical drop of water 
in formed in a mixture of petroleum and bisulphide of carbon of the same 
density. Lenard (Wiedemann's Annalen, xxx. p. 209) applied the 
oscillation of a drop to determine the surface-tension of a liquid. He 
determined the time of vibration by taking instantaneous photographs of 
the drops, and from this time deduced the surface-tension by the aid of 
the preceding formulas. 

Determination of Surface-tension by the Size of Drops.— The 

surface-tension is sometimes measured by determining the weight of a drop 
of the liquid falling from a tube. If we treat the problem as a statical 
one and suppose that the liquid wets the tube from which it falls, then 
just on the point of f illing the drop below the section Ali (Fig. 130) is to be 
regarded as in equilibrium under the surface-tension acting 
upwards, the weight of the drop acting downwards, the 
pressure of the air on the surface of the drop acting upwards, 
and the pressure in tho liquid acting downwards across the 
section AB. If a is the radius of the tube, T the surface- 
tension, then the upward pull is 2naT. If we suppose at A 
the instant of falling that tho drop is cylindrical at the end of 
the tube, the pressure in the liquid inside the drop will be 
greater than the atmospheric pressure by T/a (see p. 145). 
llonco the effect of the atmospheric pressure over the surface Fio. ISO. 
of the drop and tho fluid pressure across tho section AB is a 
downwards force equal to va^T/a or xaT. Hence, if to is the weight of 
the drop we have, equating the upwards and downwards forces, 

2iraT = w + n(iT ; or jraT = to. 

The detachment of the drop is, however, essentially a dynamical pheno- 
menon, and no statical treatment of it can be complete. We should not 
therefore expect the preceding expression to accord exactly with the results 
of experiment. Lord Kayleigh* finds tho relation 8 8aT — to to be sufficiently 
exact for many purposes. Most observers who have used this mothod 
seem to have adopted the relation 2jraT = to, a formula which gives little 
more than half the true surface-tension; the error comes in by neglecting 
the change of pressure inside the drop produced by the curvature of its 
surface. 

Wilhelmy'S Method. t -This consists in measuring the downward pull 
exerted by a liquid on a thin plate of glass or metal partly immersed in the 
liquid ; the liquid is supposed to wet the plate. The pull can bo readily 
measured by .suspending tho plate from one of the arms of the balance and 
observing the additional weight which must be placed in the other scale-pan 
to balance the pull on tho plate when it is partially inimeised in the liquid, 
allowance being made if necessary for the ellect of the water displaced. If 
I is tho length of the water-line on the plate, T the surface- tension, then if 
the liquid wets the plate the downward pull due to surface-tension is Tl. 

Method Of Detachment Of a Plate. — Some observers have deter- 
mined the sur face-tension of liquids by measuring the pull required to drag 
a plsite of known area away from the surface. The theory of this method 
resembles in many respects that by which we determined the thickness of 
a drop or air bubble (see p. 15f>). Let us take the case of a rectangular 

* Lor.1 Rajk-iuh, Phil. Ma;,., 48, p. 321. 

t Glazcbrook and Shaw, Practical Phytict, th. vii. § 1. L 
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plate being pulled away from the surface, and lot the figure represent a 
section by a plane at right angles to the length of the rectangle. Considering 
the equilibrium of the portion whose section is EHCF, and whoso length 
perpendicular to the paper is unity, the horizontal forces acting upon it 
are : (1) the forces due to surface-tension— i.e., 2T acting from left to i iyht ; 
(2) the atmospheric pressure on the curved surface HC acting from right to 

left, which is equal to Ud 
Ji /I where II is the atmos- 

pheric pressure and d is 
tho height of the lower 
"p ^ surface of the plate above 

Fia. 181. the undisturbed level of 

the liquid ; and (iJ) the 
fluid pressure acting across the surface EF from left to right. Tho 
pressure in the liquid at F is equal to 17, and therefore the resultant fluid 
pressure across EF is equal to Xld — \gpd\ where p is the density of the 
liquid. Hence, equating the components in the two directions, we have 

ZT + Ud-ypd 1 =nd, or d* = tL 

99 

Now the fluid pressure just below the surface is less than tho atmospheric 
pressure by gpd, hence the upward pull P required to det uh an area of the 
plate equal to A is equal to Agpd, and substituting for d its value, we find 

P=2A JfgJ. 

Jaeger's Method. — In this method the least pressure which will force 
bubbles of air from the narrow orifice of a capillary tube dipping into the 
liquid is measured. Tho pressure in a spherical cavity exceeds the pressure 
outside by 2T/a where a is tho radius of tho sphere, hence the pressure 
required to detach the bubble of air exceeds the hydrostatic pressure at the 
orifice of the tube by a quantity projiortioiuil to tho surfaco-tension. This 
method, which was used by Jaeger, is a very good one when relative and 
not absolute values of the surface-tension are required ; when, for example, 
we want to find the variation of surface-tension with temperature. 

The following are the values of the surface-tension at 0° 0., and the 
temperature coefficients of the surface-tension for some liquids of frequent 
occurrence. The surface-tonsion at t° C. is supposed to be equal to T 0 - fit. 

Liquid T„ ft 

Ether (C 4 H l0 O) . . l'J-3 . . . 115 

Alcohol (0,11,0) . . 2.V:) . . . -087 

Benzene (0,U,) . . ttO-G . . . -132 

Mercury .... 527-2 . . . 379 

Water .... 758 . . . 152 

The surface-tension of salt solutions is generally greater than that of 
pure water. If T„ is the surface-tension of a solution containing n gramme 
equivalents per litre, T w the surface-tension of pure water at the same 
temperature, Dorse) * has shown that T - «T lr +liw, where R has the 
following values— NaCl (158); KC1 (171); USaJOOA (2 00); A(K.C0.) 
(1-77); i(ZnS0,)( 1*86). " ' * 

• Doreey. Phil. Mag., 44, 1897, p. 36fl, 
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On the Effect of Temperature on the Surface-tension of 

Liquids. — The surface-tension of all liquids diminishes as the temperaturo 
increases. This can be shown in the case of water by the following 
experiment : A pool of water is formed on a horizontal plate of clean 
metal ; powdered sulphur is dusted over the surface of the water and heat 
applied locally to the under surface of the metal by a fine jet. On the 
application of the heat the portion of the water immediately over the flame is 
rapidly swept clear of the sulphur; this is due to the greater tension in 
the cold liquid outside pulling the sulphur away against the feebler tension 
in the warmer water. 

Eotvos (Wied. Ann. 27, p. 448) has pointed out that for many liquids 
d{Tvi)/dt is equal to- 2'1, being independent of the nature of the liquid and 
the temperature; here T is the surface- tension of the liquid, v the "molecular 
volume" — i.e., the molecular weight divided by the density — and t the 
temperature. It is clear that, if we assume that d{Tvi)Jdi has this value 
for a liquid whose density and surface-tension at different temperatures 
are known, we can determine the molecular weight of the liquid. The 
method has been applied for this purpose, and some interesting results 
have been obtained ; for example, water is a liquid for which Eotvos' rulo 
does not hold, if we suppose the molecular weight of water to be 18. 
If, however, we assume the molecular weight of water to be 36— i.e., that 
each molecule of water has the composition ^H,0, then Eotvos' rule is 
found to hold at temperatures between 100° and 200° 0. ; below the lower 
of these temperatures the molecular weight would have to be taken as 
greater than 36 in order to make Eotvos' rulo apply. Hence, Eotvos con- 
cluded that the molecules of wuter, or at any late the molecuUs of the 
surface layers, have the composition 2H,() above 100° C, while below that 
temperature they have a still more complicated composition. 

It follows that if Eotvos rule is true, 

Tv1 = -2'1 (*,-£) 

where /, is some constant temperature, which can be determined if we 
know the value of T and v at any ono temperature ; /, is the temperature at 
which the surface-tension vanishes, it is therefore a temperature which 
piobably does not differ much from the critical temperature; the values of 
t t for ether, alcohol, water, are roughly about 180°, 21)5", 560° C. Their 
critical temperatures aie estimated by Van der Waals to be 190°, 256°, 
8D0° C. 

Cooling' due to the Stretching of a Film.— Since the eurfaee- 

ten-ion changes with tho temperature, any changes in the area of a 61m will, 
as they involve work done by or against surface-tension, be accompanied by 
thermal changes. Wo can calculate the amount of these thermal changes 
if we can imagine a little heat engine which works by the charge of 
Mil face-tension with temperature. A very simple engine of this kind is as 
follows: Suppose that we have a rectangular framework on which a trim 
is stretched, and that one of the sides of the framework can move at right 
angles to its length. Let tho mass of the framework and tilnr he so small 
that it has no appreciable heat capacity. Suppose we have a hot chamber 
and u cold chamber-, maintained respectively at the absolute temperatures 
0, and 0 V where 0, and 0. are so near together that the amount of heat 
required to raise the body from 6 t to ft, is small compared with the 
thermal effect due to change of area Let us place the film in the hot 
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chamber, and stretch it so that its area increases by A, then take it out 
of the hot chamber and place it in the cold one, and allow the film to 
contract by the amount A ; the film has thus recovered its original area. 
Let it be now placed again in the hot chamber. If the surface-tension of 
the film when in the cold chamber is greater than when in the hot, then 
the film when contracting may be made to do more work than was 
required to stretch it, so that there will be a gain of work on the cycle ; 
the process is plainly reversible, so that the film and its framework and 
the two chambers constitute a reverrible engine. Hence, if H, is the 
heat absorbed in the hot chamber, II, that given out in the cold, both 
being measured in mechanical units, we have by the Second Law of 
Therm ody namics, 

If T#,, T*, are respectively the surface-tensions at the temperatures 0 t 
And 0,, then the work done in stretching the film = 2T$,A, while the work 
done by the film when contracting is 21^ A, hence the mechanical work 
gained = 2(Tj,-T^) A. By the principle of the Conservation of Energy 
the mechanical work gained must equal the difference between the 
mechanical equivalents of the heat taken from the hot chamber and given 
up to the cold ; hence 

and from (1) H,= 20 1 aG^L-J*»> 

0,-0, 

If ft is the temperature coefficient of T, then 

P 0,-0, 

hence H,-- 20, A/3 

Thus H, is positive when ft is negative, so that when the surface- 
tension gets less as the temperature increases, heat must be applied to the 
film to keep the temperature constant when it is extended — i.e., the film 
if left to itself will cool when pulled out. This is an example of the rule 
given on page 132 that the temperature change which take; place is such 
as to make the system stiffer to resist extension. For water /3 is about 
T/550, so riiat the mechanical equivalent of the heat required to keep 
the temperature constant is about half the work done in stretching 
the film. 

Surface tension of very thin Films.— The fact that a vertical 

6oap film when allowed to drain shows different colours at difteient 
places and is yet in equilibrium shows that the thickness of the film 
may vary within wide limits without any substantial change in the 
surface-tension. The connection between the thickness of the film 
and the surface-tension was investigated by Riicker and Reinold.* The 
method used is represented diagram matically in Fig. 132. Two cylindrical 
films were balanced against each other, and one of them was kept thick by 
pacing an electric current up it ; this keeps the film from draining, the 

• Rucker and Reinold, Phil. Trans. 177, part ii. p. 627, 1886, 
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other film was allowed to drain, and a difference of surface-tension was 
indicated by a bulging of one of the cylinders and a shrivelling of the 
other. \V hen films are first formed the value of their surface-tension is 
very irregular ; but Itiicker and Remold found that, if they were allowed 
to get into a steady state, then a direct comparison of the surface-tension 
over a range of thickness extending from 1850 ^./i (ft. ft is 10" T cm.) down to 
the stage of extreme tenuity, when the film shows the black of the first order 
of Newton's scale of colour, 
showed no appreciable 
change in surface-tension, 
although, had the difference 
amounted to as much as 
one- half per cent., Reinold 
and Itticker believed they 
could have detected it. A 
large number of determina- 
tions of the thickness of 
the black films were made, 
some by determining the 
elrctrical resistance and 
then deducing the thick- 
ness, on the assumption 
that the specific resistance 
is the same as for the 
liquid in bulk, others by 
determining the retarda- 
tion which a beam of light suffers on passing through the film, and 
assuming the refraction index to be that of the liquid in mass : all the*© 
determinations gave for the thickness of the black films a constant value 
about 12 ft. ft. At first sight it appears as if the surface-tension suffered 
no change until the thickne^ ia less than 12 ft.fi. The authors have 
shown, however, that thus is not the right interpretation of their results, 
for they find that the black and coloured parts of the film are separated 
by a sharp line showing that there is a discontinuity in the thickness. 
Tn extreme cases the rest of the film may be as much as 250 times thicker 
than the black part with which it is in 
contact. The section of a film showing 
a black part is of the kind shown in 
Fig. 133. The stability of the film 
shows that the tension in the thin 

part is equal to that in the thick. It is remarkablo that in these films 
there are never any parts of the film with a thickness anywhere between 
12 ft. ft. and something between 45 and 95 ft. ft.; films whose thicknesses 
are within this range are unstable. This is what would occur if the 
surface-tension first begins to diminish at the upper limit of the unstable 
thick ne.«s, and after diminishing for some time, then begins to increase as 
the thickness of the film gets less, until at 12 ft. ft. it has regained its 
original value ; after this it increases for some time, and then diminishes 
indefinitely as the thickness of the film gets smaller and smaller. The 
changes in surface-tension are represented graphically by the curve in 
Fig. 134, where the ordinates represent the surface-tension and the 
the thickness of the film. For suppose we have a film thinning, it 
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will be in equilibrium until the upper part gets the t hickness corresponding 
to the point P on the curve ; as the tension now gets less than in the thicker 
part of the film, the thicker parts pull the thin part away, and would certainly 
break it, were it not that after the film gets thinner than at It the tension in- 
creases until, when the film reaches the thickness corresponding to the 
tension is the same as in the thick film, and there is equilibrium between the 
thick and the thin pieces of the film. This equilibrium would be stable, 
for if the film were to get thinner the tension would get greater, and the 
film would contract and thicken ng^in, while if it, got thicker the tendon 
would fall and the film would be pulled out until it regained its original 
thickness. Thus all the films which are in contact with thick films must 
have the constant thickness corresponding to Q. The equilibrium at 8, 
when the tension has the same value as at Q } is unstable, for any 
extension of the film lowers the tension, and thus makes the film yield 
more readily to the extension. The region between R and P is unstable, 




Fio. 184. 

so is that between T and 0. The region Til would be stable, but would 
be very difficult to realise. If we start with a thick film and allow it to 
thin, the only films of thickness less than that at P which will ondure will 
be those whose thickness is constant and equal to the thickness at Q. 
Johannot (Phil. Mag., 47, p. 501, 1899) has recently shown that a black 
film of oleate of soda may consist of two portions, one having a thickness 
of 12 p.p, the other of 6 ft.fi. In this case there must ba another dip 
between $ and It in the curve representing the relation between surface- 
tension and thickness. 

Vapour Pressure over a Curved Surface.— Lord Kelvin was the 

first to show that in consequence of surface-tension the vapour pressure in 
equilibrium with a curved surface is not the same as the pressure of the 
vapour in equilibrium with a flat one. We can see from very general 
considerations that this must be the case, for when water evaporates from 
a flat surface there is no change in the area of the surface and therefore 
no change in the potential energy due to surface-tension ; in the case of a 
curved surface, however, such as a spherical drop, when water evaporates 
there will be a diminution in the area of the surface and therefore a 
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diminution in the potential energy due to surface-tension. Thus the 
surface-tension will proinoto evaporation in this case, as evaporation ia 
accompanied by a diminution in tho potential energy. Thus evaporation 
will go on further from a spherical drop than from a plane surface ; that is, 
the pressure of the water vapour in equilibrium with the spherical drop is 
greater than for tho plane area. 

Lord Kelvin's determination of the effect of curvature on the vapour 
pressure is as follows: Let a fine capillary 
tube be placed in a liquid, let the liquid rise 
to A in the tube, and let U be the level of tho 
liquid in the outer vessel. Then there must 
be a state of equilibrium between the liquid 
and its vapour both at A and B, otherwise 
evaporation or condensation would go on and 
the system would not attain a steady state. 
Let p p' be the pressures of the vapour of the 
liquid at B and A respectively, h the height 
of A above 

p = p' + pressure due to a column of vapour 
whose height is A 



0) 




where o is the density of the vapour. If r ia 
the radius of the surface of the liquid at A, 
then T being the surface-tension, 

2T — difference of pressure on the two sides of 
r the meniscus. 

Now the pressure on the liquid side of the 
meniscus is equal to II - <jph where p is the 
density of the liquid and II the pressure at 
tho level of the liquid surface in the outer 
vessel ; the pressure on tho vapour side of the meniscus is II - yah ; thus 
the difference of pressures is equal to g(p - <r)h, so that 

^«<,(p-„)A- 

T 
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gah 



Hence by equation (1) 



2T <t 
r p-tr 

2T <r . 

p 1 

r p-cr 



• In tho investigation of the capillary ascent in tubes given on p. HI, 9 is neglected 
tn comparison with p. 

t The formula in the text gives the ralae for p ' - p when this is small compared 
with p ; tho general equation tor p' may be proved to U (neglecting a in comparison 
withp) p ' _2T. 1 

where 8 is the absolute temperature and R the constant in tho equation for a perfect 
gas— if., pv = R9. 
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hence the equilibrium vapour pleasure over the concave hemispherical 
surface is less than that over a plane surface at the same temperature by 
2T*/(/> — a)r. We may write this as w<Tj{p — a) where u is the amount by 
which the pressure below the curved surface is less than that below the plane. 
If the shape of the liquid surface had been convex, like that of a dewdrop, 
instead of concave, the pressure below the curved surface of liquid would be 
greater than that in the plane surface instead of being less, and the pressure 
of the water vapour over the surface would be greater than that over a plane 
surface. It can be shown that if an external pressure w were applied to a plane 
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surface the vapour pressure would be increased by uajp (seo J. J. Thomson, 
A pplications of Dynamics p. 171). Unless the drops are exceedingly small , 
the effect of curvature on tho vapour pressure is inappreciable ; thus if the 
radius of the drop of water is one-thousandth part of a millimetre the 
change in the vapour pressure only amounts to about one part in nine 
hundred. As the effect is inversely proportional to the radius, it in- 
creases rapidly as the size of the drop diminishes, and for a drop 1 ^ 
in radius the vapour pressure over the drop when in equilibrium would be 
more than double that over a plane surface. Thus a drop of this size 
would evaporate rapidly in an atmosphere from which water would condense 
on a plane surface. This has a very important connection with the 
phenomena attending tho formation of rain and fog by tho precipitation of 
water vapour. Supposo that a drop of water had to grow from an 
indefinitely small drop by precipitation of water vapour on its surface; 
since the vapour pressure in equilibrium with a very small drop is much 



Digitized by Google 



CAPILLARITY. 



i6y 



greater than the normal, the drop, unless placed in a space in which the 
water vapour is in a very supersaturated condition, will evaporate and 
diminish in size instead of being the seat of condensation and increasing in 
radius. Thus these small drops would be unstable and would quickly 
disappear. Hence it would seem as if this would be an insuperable difficulty 
to the formation of drops of rain or cloud if these drops have to pass 
through an initial stage in which their size is very small. Aitken has 
shown that as a matter of fact these drops are not formed under ordinary 
conditions when water and water vapour alone are present, even though 
the vapour is considerably oversaturated, and that for the formation of 
rain and fog the presence of dust is necessary. As the water is deposited 
around the particles of dust, the drops thus commence with a finite radius, 
and so avoid the difficulties connected with their early stages. The effect 
of dust on the formation of cloud can be shown very easily by the following 
experiment. A and B are two vessels connected with each other by a 
flexible pipe ; when B is at tho upper level indicated in the diagram the globe 
A is partly filled with water ; if the vessel B is lowered the water runs out of 
A, the volume of the gas in A increases, and the cooling caused by the 
expansion causes the region to be oversaturated with water vapour. If A is 
filled with the ordinary dusty air from a room, a cloud is formed in A 
whenever B is lowered ; this cloud falls into the water, carrying some dust 
with it; on repeating the process a second time more dust is carried down, 
and so by continued expansions the air can be made dust free. We find 
that, after we have made a considerable number of expansions, the cloud 
ceases to be formed when the expansion takes place ; that the absence of 
the cloud is due to the absence of dust can bo proved by admitting a little 
dust through the tube ; on making the gas expand again a cloud is at once 
formed. 

It was supposed for some time that without dust no clouds could be 
formed, but it has been shown by C. T. R. Wilson that gaseous ions can 
act as nuclei for cloudy condensation if the supersaturation exceeds a 
certain value, and he has also shown that if perfectly dust-free air has its 
volume suddenly increased 1*4 time a dense cloud is produced. Though 
dust is not absolutely essential for tho formation of clouds, yet tho 
conditions under which clouds can be formed without dust aro very 
exceptional, inasmuch as they require a very considerable degree of super- 
saturation. 

Movement of Camphor on Water.— If a piece of camphor is 

scraped and the shavings allowed to fall on a clear water surface they 
dance about with great vigour. This, as Marangoni has shown, is due to 
the camphor dissolving in tho water, the solution having a smaller surface- 
tension than puro water ; thus each little patch of surfaeo round a particle 
of camphor is surrounded by a Him having a stronger surface-tension than its 
own, it will therefore be pulled out and the surface of the water near the 
bit of camphor set in motion. For tho movements to take place the 
surface-tension of tho water suifaco must bo greater than that of the 
camphor solution ; if the surface is greasy the surface-tension is less than 
that of pure water, and may be so much reduced that it is no longer sufficient 
to produce the camphor movements. Ix>rd Rayleigh has measured the 
thickness of the thinnest film of oil which will prevent the motion of tho 
camphor; the thickness was determined by weighing a drop of oil which 
was allowed to spread over a known area. He found that to stop 
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the camphor movements (which involved a reduction of the surface-tension 
by about 28 per cent.) a layer of oil 2 up thick was required (1 = 10" 7 cm.), 
and that with thinner film9 the movements were still perceptible. Thia 
thickness is small compared with 12 the thickness found by Riicker 
and Reirold for black films, but it must be remembered that the surface 
which stops the camphor movements i9 still far from acting as a surface 
of oil ; the surface-tension, though less than that of water, is greater than 
that of oil. The manner in which the tension of a contaminated water 
surface vai ies with the amount of contamination has been investigated 
by Miss Pot- kids and also by Lord Ri\leigh (Phil. Mag. y 48, p. 321). Miss 
Pockels determined the surface : tensinn by measuring the force required to 
detach a disc of known area from the surface; Lord Kayleigh used 
Wilhelmy's method. The amount of contamination was varied by confining 
the greased surface between strips of glass or metal dipping into the water; 
by pulling these apart the area of the greased surface was increased and 
therefore the thickness of it diminished, while by pushing them together 
the thickness could be increased. 

The way in which the surface-tension is affected by the thickness of the 
layer of grease is shown by the curve (Fig. 187) given by Lord Kayleigh. 



a 

c 



o 



CO 



Thicknes* of Oil Film 



Fio. 137. 

In this curve tho ordi nates are the values of the «ui face-tension, the abscis>re 
the thicknesses of the oil film ; both of these are on an arbitrary scale. It 
will be seen that no change in the surface-tension occurs until the thickness 
of the oil film exceeds a certain value (about l/i./i); at this stage the surface- 
tension begins to fall rapidly and continues to do so until it reaches the 
thickness corresponding to the point C (about 2.fi p.) ; this is called the cam- 
phor point, being the thickness required to stop tho movemmts of tho cam- 
phor particles. After passing this point the variation of the surfac-tension 
with the thickness of the film becomes much less rapid. Lord Kayleigh 
gives reasons for thinking that the thickness l/i./i is equal to the diameter 
of a molecule of oil. 
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Thus, when the amount of contamination is between the limits corre- 
sponding to a thickness of the surface layer between 1 fi.fi and the smallest 
thickness required to give the surface-tension of oil, any diminution in the 
contamination such as would bo produced by an extension of the surface 
would result in an increase in the surface-tension. This is a principle of 
great importance; it seems first to have been clearly stated by Marangoni. 
Suppose we push a strip of metal along a surface in this condition, the metal 
will heap up the grease in front and scrape the surface behind, thus the 
surface-tension behind the strip will be greater than that in front, so that 
the strip will be pulled back; there will thus be a force resisting the motion 
of the st i i p due to the variation of the sui face-tension. This is Marangoni's 
explanation of the phenomenon of superficial viscosity discovered by Plateau. 
Plateau found that i» i vibrating body such as a compass-needle was 
disturbed from its position of equilibrium and then allowed to return to it 
(1) with its smface buried beneath the surface of the liquid, (2) with 
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its face on the surface of the liquid, then with certain liquids, of which 
water was one, the time taken in the second case is considerably greater 
than that in the first. "We soo that it must be so if the surface of the 
liquid is contaminated by a foreign substance which lowers its surface- 
tension. 

Calming* Of Waves by Oil.— Similar considerations will explain the 
action of oil in stilling troubled waters. Let us suppose that the wind 
acts on a portion of a contaminated surface, blowing it forward ; the 
motion of the surface film will make the liquid behind the patch cleaner 
and therefore increase its surface-tension, while it will heap up the oil in 
front and so diminish the surface-tension; thus the pull back will be 
greater than the pull forward, and the motion of the surface will be 
retarded in a way that could not occur if it were perfectly clean. The 
oiled surface acts so as to check any relative motion of the various parts 
of the surface layer and so prevents any heaping up of the water. It is 
these heaps of water which, under the action of the wind, develop into a 
high sea ; the oil acts not so much by smoothing them down after they 
have grown as by stilling them at their birth. 

A contaminated surface has a power of self-adjustment by which the 
surface tension can adjust itself within fairly wide limits; a film of such a 
liquid can thus, as Lord Rayleigh points out, adjust itself eo as to be in 
equilibrium under circumstances when a film of a pure liquid would have 
to break. Thus, to take the case of a vertical film, if the surface-tension 
were absolutely constant, as it is in the case of a pure liquid when the film 
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is not too thin, this film would break, since there would be nothing to 
balance the weight of the film. If, however, the film were dirty, a very 
slight adjustment of the amount of dirt at different parts of the surface 
would be sufficient to produce a distribution of surface-tension which would 
ensure equilibrium. It is probably on this account that films to be durable 
have to be made of a mixture of substances, such as soap and water. 

Collision Of Drops.— If a jet of water be turned nearly vertically 
upwards the drops into which it breaks will collide with each other; if the 
water is clean the drops will rebound from each other after a collision, but 
if a little soap or oil is added to the water, or if an electrified rod is held 
near the jet, the drops when they strike will coalesce instead of 
rebounding, and in consequence will grow to a much larger size. This can 
be made very evident by allowing the drops to fall on a metal plate; the 
change in the tone of the sound caused by the drops striking against the 
plate when an electrified rod is held near the jet is very remarkable. 

The same thing can be shown with two colliding streams. If two 
streams of pure watf r strike against each other in dust-free air, as in 
Fig. 138, they will rebound; if an electiitied rod is held near, however, 
they coalesce. 
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LAPLACE'S THEORY OF CAPILLARITY. 

Contents.— Intrinsic Pressure in a Fluid— Work required to move a Particle from 
the Inside to the Outside of a Liquid— Work required to produco a new Liquid 
8urface— Effect of Curvature of surface— Thickness ftt which Surface-tenaion 
changes effect of abruptness of transition between two Liquids in contact. 

Laplace's investigations on surface-tension throw so much light on this 
subject, as well as on the constitution of liquids and gases, that no account 
of the phenomena associated with surface-tension would be complete without 
an attempt to give a sketch of his theory. Laplace started with the assump- 
tion that the forces between two molecules of a liquid, although very intense 
when the distance between the molecules is very small, diminish so rapidly 
when this distance increases that they may be taken as vanishing when the 
distance between the molecules exceeds a certain value c ; c is called the 
range of molecular action. We shall find that we can obtain an explana- 

' dl ~ 
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tion of many surface-tension phenomena oven although we do not know 
the law of force between the molecules. Lot the attraction of an infinite 
flat plate of the fluid bounded by a plane surface on a mass m at a point 
at a distance z above the surface be mn^z), where a is the density of the 
fluid ; in accordance with our hypothesis 4>(z) vanishes when z is greater 
than c. It is evident, too, that m<r^(z) will be the attraction at a point on 
the axis of any disc with a flat face whose thickness is greater than c and 
whose diameter is greater than 2c. 

Suppose we itna»ino a fluid divided into two portions A and B by a 
plane ; let us find the pull exerted on IS by A . Divide Ii up into thin layers 
whose thickness is dz ; then if z is the height of one of these layers above the 
surface of separation the force on unit area of the layer is equal to <np{z)<rdz ; 

hence the pull of A on B per unit area is equal to J J {<(z)dz t 

o 

e 

which, since \<,(z) vanishes when a>c,is the same as a 2 J 4{z)dz. 

o 

This pull between the portions A and H is supposed to bo balanced by a 
pressure called the " intrinsic pressure," which we shall denote by K. K then 



is equal to f J ^(z)dz 
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We shall find that the phenomena of capillarity require us to suppose 
that, in the case of water, the intrinsic pressure is very large, amounting 
on the lowest estimate to several thousand atmospheres. We may remark 
in passing that the intrinsic pressure plays a very important part in 
Van der Waals' Theory of the Continuity of the Liquid and Gaseous States ; 
it is the term ajv* which occurs in his well-known equation 

^ + 6) -RT (*e P .129) 

We see, too, at once from the preceding investigation that K is equal 
to the tensile strength of the liquid, so that if the common supposition 
that liquids are as u weak as water," and can only bear very small tensile 
stresses without rupture, were true, Laplace's theory, which, as we have 
seen, requires liquids to possess great tensile strength, would break down 
at the outset. We have seen, however, p. 122, that the rupture of 
liquids under ordinary conditions gives no evidence ns to the real tensile 
strength of the liquids, for it was shown that when water and other 
liquids are carefully deprived of gas bubbles — in fact, when they are 
not broken before the tension is applied — they can stand a tension of a 
great many atmospheres without rupture ; thus on this point the properties 
of liquids are in accordance with Laplace's theory. 

There is another interpretation of K given by Dupre which enables 
us to form an estimate of its value. Consider a film of thickness A 
(where A is small compared with c) at the top of the liquid ; the work 
requited to pull unit of area of tiiis film off the liquid and remove it 
out of the sphere of its attraction is evidently 

»»A J 4,(z)dz or K A 

o 

Thus the work required to remove unit volume of the liquid and 
scatter it through space in the form of thin plates whoso thickness is 
small compared with the range of molecular attraction is K. Now the 
work required to take ono of these films and still further disintegrate 
it until each molecule is out of the sphere of action of the others will 
be small compared with the work required to tear the film oft* tho surface 
of the liquid; hence K is the work required to disintegrate unit volumes 
of tho liquid until ita molecules are so far apart that they no longer 
exett any attraction on each other; in other words, it is the work required 
to vaporise unit volume of tho gas. In tho case of water at atmospheric 
temperature this is about GOO thermal units or (100 x 4 2 x 10 : = 2V2 x 10* 
mechanical units; or since an atmosphere expressed in these units is 10' 
this would make K equal to about 2o 000 atmospheres * 

Work required to move a Particle from the Inside to the 

Outside Of a Fluid. — Consider th<t force on a partiele P at a depth z 
below the surface ; the force duo to the stratum of fluid above P will bo 
balanced by the attraction of the stratum of thickness z below P ; thus 
the forco acting on P will be that due to a slab of liquid on a patticb at 

• Van dcr Waals gives the following value of K deduced from his equation : 
water 10,500-10,700, ether 1300-1430, alcohol 2100-2100, carbon bisulphide 2900-289$ 
atmospheres. 
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a distance z above its surface— i.e., mo$(z). Hence the work done in 
bringing the particle to the surface is 



as nn equal amount of work will be required to take the particle from tho 
surface out of the range of molecular attraction, the total amount of work 
required is thus 2m(K/<r). 

Hence, if a particle moving with a velocity v towards the surface starts 
from a depth greater than c it cannot cross the surface unless 

, . 2mK . 4K 

lint? > or ©*> — . 

a <t 

In the case of water, for which <r= 1 and K on the preceding estimate 
is 25,000 atmospheres or 2 5 x 10 1 ", we see that a particle would not cross 
the surface unless its velocity were greater than iV2 x 10*. The avemge 
velocity of a molecule of water vapour at 0° C. is about f» x 10*, so that if 
the water contained molecules of water vapour it would only be those 
possessing a velocity considerably greater than the mean velocity, which 
would be able to escape across the surface. 

Work required to produce a new Liquid Surface. — Let u» con- 
sider the amount of work required to separato the two portions .-1 and R 
into which a plane C divides the liquid. Dividing B up, as before, into 
slices parallel to the interface, then the work done in removing the slice, 
whose thickness is dz and whoso height above tho plane is is per unit 
of area equal to 

/eg 
^(x)dx = o*dzv, if r = J \l>(x)dx 

X 2 

hence tho work required to remove the whole of the liquid /> standing on 
unit area away from A is J rvdz ; 

O 

integrating this by parts we see that it is equal to 

O tl 

dr 

Now the term within brackets vanishes at both limits, and — - 

dz 



hence the work required is ir J vL{z)dz 



o 

For this amount of work we have got 2 units of area of new surface, 
hence the energy corresj»onding to each unit of area (i.e., th'e surface- 
^euMOn), which we shall denote by T is given by the equation 



T 



W fz±{z)dz (1) 
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Young, at the beginning of the century, showed how from T and K it 
was possible to calculate the range of molecular forces. He did this by 
assuming a particular value for the force, but his argument is applicable 
even when we leave the force undetermined. 

If ip(z) is always positive, then, since c is the greatest value of a for 
which \},(z) has a finite value, we see from equation (1) that 

T<Ue J +(~)dz 

o 

<AcK 

, 2T 
hence c> 

Iv 

For water T = 75, and if we t»ke K = 25,000 atmospheres = 2 5 x 10'°, then 
the above relation shows that c>(5x 10"". In this way we can get an 

D 
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inferior limit to the range of molecular action. This method, which was 
given by Young, was the first attempt to estimate this quantity, and it 
seems to have been quite overlooked until attention was recently called to 
it by Lord Rayleigh. 

It is instructive to consider another way of finding the expression for 
the surface-tension. Consider a point P inside a liquid sphere (Fig. 140). 
Then, if Pis at depth d, below the surface, greater than c, the forces acting 
on it, due to the attraction of the surrounding molecules, are in 
equilibrium ; if the distance of P below the surface is less than c, then 
to find the force on P describe a sphere with radius c and centre P, and 
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the force on P, acting towards the centre of the larger sphere, will be 
equal to the attraction which would be exerted on P by a quantity of the 
fluid placed so as to fill BA CD } the portion of the sphere whose centre is 
which is outside the larger sphere. This portion may be regarded as 
consisting of two parts — (1) the portion above the tangent plane at A, the 
point on the large sphere nearest to P, and (2) the lenticular portion 
between this plane and the 

sphere. Now the attraction _ A 

of the portion above the 
tangent plane is the same as 
that of a slab of the liquid 
extending to infinity and 
having the tangent plane for 
its lower face, for the por- 
tions of liquid which have 
to be added to the volume 
ADEF to make up this slab 
are at a greater distance ^ i0 - 
from P than c, and so do 

not exert any attraction on matter at P. Thus, if AP^z, the attraction 
of AFDE on unit mass at P, using the previous notation, is <r^z); the 

attraction of the lenticular portion at P can be shown to be ^4>(z) where 

R is the radius of the liquid sphere. Hence the total force at P acting 
on unit mass in the direction AP is equal to 

+ (3) 

Consider now the equilibrium of a thin cylinder of the fluid, the axis of 
the cylinder being PA ; divide this cylinder up into thin discs, then if dz 
is the thickness of a disc, z its distance from A and a the area of the cross- 
section of the cylinder, the force acting on this disc is equal to 




This force has to be balanced by the excess of pressure on the lower face 
of the dUc over that on the upper face; this excess of pressure is, if p 

represents the pressure, equal to a^dz; 

hence, equating this to the force acting on the disc, we get 

Thus the excess of pressure at a point at a distance <* , below A over the 
pressure at J is equal to 



f*>Uz)dz + f^i(z)dz 



2T 



or with our provious notation K + ^ 
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The pressure has the same value at all points whose depth below the 
surface is greater than c. The term 2T/II represents the excess of 
pressure due to the curvature of the suifaco ; we obtained the same value 

by a different process on 
p. 1 45. If the surface of 
the liquid sphere had beeu 
concave instead of convex, 
an inspection of the figure 
shows that to obtain the 
force on P we should 
have to subtract the attrac- 
tion due to the lenticular 
portion fiom the attrac- 
tion due to the portion 
ADE instead of adding 
it ; this would make the 
pressure at a point in the 
mass of the fluid less than 
that at a point in the 
fluid but close to the 
surface by 2T/11. 

Thickness at which 
the Surface-tension 

Changes.— "We can determine the point at which the surface-tension 
begins to change by finding the change of pressure which takes place ns 
we cross a thin film. Let Fijj. 143 represent the section of such a lilm, 
bounded by spheres; if the thickness of the film is small, the radii of these 
spheres may be taken as approximately equal. Let /' be a point in the film, 
A BP a line at right angles to bot h surfaces, then the investigation just 
given shows that if AP = z, liP**z\ the force on unit mass at 2' is equal to 

when R is the radius of one of the films. We see, too, from the last paragraph 
that the pressure at Z? must be greater than that at A by 

t t t 
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where t is equal to AB, the thickness of the film. TTence, from the for- 
mula (p. 145) for the difference of pressure inside and outside a soap 
bubble, we may regard 

i 



as the surface-tension of a film of thickness f. Since ^2) vanishes when 
z is greater than c, the surface-tension will reach a constant value when t 
is as great as 0 ; hence c, the range of molecular action, is the thickness of a 
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film when the surface-tension begins to fall off. When t is less than c we 
from the preceding expression that, T being the burface-tension, 

(TV 



Now if T is represented by a curvo like Fig. 101, (IT /Jt is zero down to P, 
positive from P to R, negative from R to T, and positive again for all 
thinner films ; lience, since the force of a slab is attractive when \f/ is 
pasitive, repulsivo when ^ is negative, this would imply, on Laplace's 
theory, that the molecular forces due to a slab of liquid at a point outsido 
are at first attractions ; then, as tho point gets nearer the slab, they change 
to repulsions, and change again 

to attractions as tho point ap- j — 

proaches still nearer to the slab. ^ V 

If* is so small that \P(t) can bo / / 

regarded as constant, wo see 
that T will vary as < 3 , so that 
ultimately tho surface - tension 
will diminish very rapidly as the 
film gets thinner. 

On the Effect of the Ab- 
ruptness of Transition be- F, °- XA3 - 
tween two Liquids on the 

Surface-tension Of their Interface.— Laplace asfumed that the range 
of molecular forces was the same for all bodies, and that at equal distances 
the force was proportional to the density of the substance. This implies 
that the function 4^z) is tiie samo for all bodies. This hypothesis is 
certainly not general enough to cover all tho facts; it Is probably, 
however, sufficiently geneml to give the broad outlines of capillary 
phenomena. Let us calculate on this hypothesis the surface-tension 
between two fluids A and B. Let <r, <r, be the densities of these fluids ; 
then to separate a sphere whoso area is S from the liquid A requires the 
expenditure of work equal to 




:4(;)<& {tee p. 175) 

Let us mnke a spherical hole of equal >i7.c> in II. To do this will requii 
the expenditure of an amount of work equal to 



6 



^'j" :<(z)dz 



Let us place the sphere A in tho hole in P», nnd let the fluiils come into 
conta/t under their molecular forces; during this process tho amount of 
work doue by these forces is 
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Hence the total expenditure of work required to produce an area 8 of 
interface of A and B is 

• • • 

* 

But this work is by definition equal to T AU S where T A „ is the surface- 
tension between A and B ; hence we see that T AB = (<r, - <r,) s C, where 

G = \Jz4,{z)dz 

is a constant for all substances. This result is not a complete representa- 
tion of the surface-tension, for if it were there would always be surface- 
tension between liquids of different densities, so that two such liquids 
could not mix ; it would also require that the surface-tension between 
fluids of equal density should be zero, and that 

Vt ab - >/T AC + Vf CB 

where T AB , T AC , and T CB are respectively the surface -tensions between fluids 
A and B, A and C, and B and C respectively. None of these results are in 
accordance with experiment. Let us, however, on the assumption that the 
surface-tension is represented by an expression of this kind, calculate 
(following Lord Rayleigh) the effect of making the transition between 
A and B more gradual ; we can do this by supposing that we have between 
A and B a layer of a third fluid C whose density is the arithmetical mean 
between the densities of A and B; then T AC = \ T AB = T CD . Hence, though 
now we have two surfaces of separation instead of one, the energy per unit 
area of each is only one quarter of that of unit area of the original surface ; 
hence the total energy duo to surface-tension is only one half of the 
energy when tho transition was more abrupt. By making the transition 
between A and B still more gradual by interposing n liquids whose 
d«jnsities are in arithmetical progress, we reduce the energy due to surface- 
tension to l(n + 1) of its original value. Thus we conclude that any dimi- 
nution in tho abruptness will diminish the energy due to suifuce tension. 
This result may have important bearings on the nature of chemical action 
between the surface layers of liquids in contact, for if a layer of a chemical 
compound of A and B were interposed between A and B the transition 
between A and B would be less abrupt than if they were directly in contact, 
and therefore the |uteritiul energy, as far as it results from surface-tension, 
would be less. Chemical combination between A and B would result in a 
diminution of thus potential energy. Now anything that tends to increase 
the diminution in potential energy resulting from the chemical combina- 
tion promotes the combination ; the forces that give rise to surface- 
tension would, therefore, tend to promote the chemical combination. Thus, 
in the chemical combination between thin layers of liquid there is a factor 
present which is absent or insignificaut in tV < case of liquids in bulk, and 
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we may expect that chemical combination between thin layers of liquids 
might take place even though it were absent in ordinary cases. 

Similar considerations would lead us to expect changes in the strength of a 
solution near the surface whenever the surface-tension of the solution depends 
upon its strength : if the suiface-tension increased with the strength there 
would be a tendency for the salt to leave the surface layers, while if the 
surface-tension diminished as the strength of the solution increased the 
salt would tend to get to the surface, so that the surface layers would l e 
stronger solutions than the bulk of the liquid. The concentration or 
dilution of the surface layers would go on until the gradient of the 
osmotic pressures resulting from the variation in the strengths of different 
layers is so great that the tendency to make the pressure equal just 
balances the effects due to surface-tension. 



■ 
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DIFFUSION OF LIQUIDS 

Contents. — General Law of Diffusion — Methods of determining the Co efficient of 
Diffusion — Diffusion through Membranes. Osmosis — Osmotic Pie-suio — Vapour 
Pressure of a Solution— Elevation of the ltoilirg-point of Solutions— Depression 
of the 1'iccang-rioint— Dissociation of Elcctioljtca. 







Ik two liquids are left in contact with each other and are free from the 
action of external forces, then if they can mix in any proportion they will 
of themselves go on mixing until the whole mass is uniform in composi- 
tion. This process may be illustrated by taking a vertical glass tube and 
lilling the lower part with a strong solution of a coloured salt, such as 
copper sulphate. On the top of this clear water is poured very slowly 
and carefully, so as not to give rise to any currents in the liquid. The 
coloured part will at first be separated from the clear by a sharply marked 
surface, but if the vessel is left to itself it will be found that the upper 
part will become coloured, the colour getting fainter towards the top, 

whilo the colour in the lower part of the 
tube will become fainter than it was origin- 
ally. This change in colour will go on until 
ultimately the whole of the tubo is of a 
uniform colour. There is thus a gradual 
transference of the salt from the places 
where the solution is strong to thoao where 
it is weak and of water in the opposite 
direction, and equilibrium is not attained 
until the strength of the solution is uniform. 
This process is called' diffusion. In liquids 
it is an exceedingly slow process. Thus, if 
the tube containing the copper sulphate 
solution were a metre long and the lower 
half were tilled with the solution, the upper 
half with pure water, it would take con- 
siderably more than ten years before the 
mixture became approximately uniform; if the height of tho tube were a 
ceutimetro, it would take about ten hours, the tiino required being 
proportional to the square of the length of the tube. 

The first systematic experiments on diffusion were made by Graham in 
]8M. The method he used was to take a wide-necked bottle, xuch as is 
hhown in Fi<». 141, and fill it to within a short distance of the top with 
the salt solution to be examined; the bottle was then carefully filled up 
with pure water pressed from a sponge on to a disc of cork floating on the 
top of tho solution ; the bottle was placed in a larger vessel filled with 
pure water to about an inch above the top of the bottle. This was left 
undisturbed for several days and then the amount of salt which had 
escaped from the b >ttle into tho outer vessel was determined. Graham 
was in ttis way able to show that solutions of the same strength of 
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different substances diffused with different velocities; that solutions of the 
same salt of different strengths diffused with velocities proportional to the 
strength ; that the rate of diffusion increased with the temperature, and 
that the proportion of two salts in a mixture was altered by diffusion, and 
that in some cases a decomposition or separation of the constituents of 
complicated salts, such as bisulphate of potash and potash alum, could be 
brought about by diffusion. Though Graham's experiments proved many 
important and interesting properties of diffusion, they did not lead to 
sufficiently dotinite laws to enable us to calculate the state of a mixture at 
any future time from its state at the present time. This step was made 
by Fick, who, guided by Fourier's law of the conduction of heat — the 
diffusion of temperature— enunciated in 1855 the law of diffusion, which 
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has been abundantly Verified by subsequent experiments. Fick's law may 
be stated as follows : Imagine a mixture of silt and water arranged so that 
layers of equal density are horizontal. Let the state of the mixture 
be such that in the layer at a height x above a fixed plane there are 
n grammes of salt per cubic centimetre; then across unit area of this 

plane R^- grammes of salt will pass in unit time from the side on which 

the solution is stronger to that on which it is weaker. R is called the 
diffusivity of the substance; it depends on the nature of the salt and the 
solvent, on the temperature, and to a slight extent on the strength of 
the solution. This law is analogous to Fourier's law of the conduction of 
heat, and tho same mathematical methods which give the solution of the 
thermal problems can be applied to determine the distribution of salt 
through the liquid. The curves in Figs. 145 and 1-1G represent the solution 
of two important problems. The Grst represents the diffusion of salt from 
a saturated solution into a vertical column of water, the surface of separa- 
tion being initially the plane x — o. The ordinates represent the amount 
of Milt in the solution at a distance from the original surface of separation 
represented by the abscissa. The times which have elapsed einee the 
commencement of diffusion are proportional to tho squares of the numbers 
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on the curve ; thus, if the first curve represents the state of things after 
time T, the second represents it after a time 2T, the third after a time 
ST, and so on ; for the same ordinate the abscissa on carve 2 is twice 
that on curve 1, on curve 3 three times that on curve 1, and so on ; thus 
the time required for diffusion through a given length is proportional to 
the square of the length. The curves are copied from Lord Kelvin's 
Collected Papers, vol. iii. p. 432 : for copper sulphate through water 
T = 25,700 seconds, for sugar through water T« 17,100, and for sodium 
chloride through water T= 5890. The second figure, Fig. HG, represents 
the diffusion when we have initially a thin layer of palt solution at the bottom 
of a vertical vessel, the rest of the vessel being filled with pure water; the 
ordi nates represent the amount of salt at a distance from the bottom of 
the vessel represented by the abscissa?. The times which have elapsed 

since the commencement are 
proportional to the squares of 
the numbers on the curves. 

By stirring up a solution 
of a salt with pure water we 
bring thin layers of the solvent 
and of the salt near together ; 
as the time required for diffus- 
ing through a given distance 
varies as the square of the 
distance, the time required 
for the salt and water to 
become a uniform mixture is 
greatly diminished by drawing 
out the liquid into these thin 
layers by stirring, and as 
much diffusion will take much 
i iu. lib. ~~ in a few seconds as would 

take place in as many hours 
without the mixing. We can see in a general way why the time required 
will be proportional to the square of the thickness of the layers ; for if we 
halve the thickness of the layers we not only halve the distance the salt 
has to travel but we double the gradient of the strength of the solution, 
and thus by Fick's law double the speed of diffusion ; thus, as we halve 
the distance and double the speed, the time required is reduced to one 
quarter of its original value. 

Methods of Determining: the Coefficient of Diffusion.— If we 

know the original distribution of the salt through the water and the value of 
R, we can, by Fourier's mathematical methods, calculate the distribution of 
salt after any interval T ; conversely, if we know the distribution after this 
interval, we can use the Fourier result to determine the value of R. 
Thus, if we have any means of measuring the amount of salt in the 
different parts of the solution at successive intervals, we can deduce the 
value of R. It is not advisable to withdraw a sample from the solution 
and then determine its composition, as the withdrawal of the sample 
might produce currents in the liquids whose effects might far outweigh any 
due to pure diffusion ; it is, therefore, necessnry to sample the composition 
of the solution when in situ, and this has been done by measuring some 
physical property of the solution v Inch varies in a known way with the 
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strength of the solution. In Lord Kelvin's method the specific gravity is 
the property investigated : the lower half of a vertical vessel is filled with 
a solution, the upper half with pure water .( 5 Is ss beads of different densities 
are placed in the solution ; at first they float at the junction of the solution 
and the water, but as diffusion goes on they separate out, the heavier ones 
sink and the lighter ones rise. By noting the position of the beads of 
known density we can get the distribution of salt in tho solution, and 
thence deduce the value of R. The objection to the method is that air 
bubbles are apt to form on the beads when salt will crystallise out on them, 
and thus alter their buoyancy. In the case of sugar solutions the strength 
of the different layers can be determined by the rotation of the plane of 
polarisation. H. F. Weber verified Fick's law in the case of zinc sulphate 
solution by measuring the electromotive force between two amalgamated 




Fio. 147. 



zinc plates; he had previously determined how the electromotive force 
depends on the strength of the solutions in contact with the plates. Tho 
diffusion of different salts was compared by Long ( Wied. A nn. 9, p. 6 1 3) by the 
method shown in Fig. 147. A stream of pure water flows through the bent 
tube, a wide tube fastened on to the bent tube establishes communication with 
the solution in the beaker ; after the water has flowed through the bent tube 
for some time the amount of salt it carries over in a given time becomes 
constant. As the water in the tube is continually being renewed, while the 
strength of the solution in the beaker may be regarded as constant, since in 
the experiments only a vory small fraction of the salt is carried over, the 
gradient of concentration in the neck will be proportional to the strength of 
the solution ; so that the amount of salt carried off by the stream of water 
in unit time is proportional to the product of the diflusivity and the 
strength of the solution. By measuring the amount of salt carried over by 
the stream in unit time the diffusivities of different salts can be compared. 
As a result of those experiments it has been found that as a general rulo 
the higher the electrical conductivity of a solution of a salt the more 
rapidly does tho salt diffuse. The relative values of the diflusivity for some 
of the commoner salts and acids are given in the table on p. 186. The 
solutions contain the same number of gramme equivalents per litre, and 
the numbers in the table are proportional to the number of molecules of 
the salt which cra c s unit surface in unit time under the same gradient of 
strength of solution. 
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Nlf.Br 
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CuS0 4 . 
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Nalir 


• • 


• 
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MnSU 4 . 


• 
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These numbers show that as a general rule the salts which diffuse the most 
rapidly are those whose solutions have the highest electrical conductivity. 
The absolute values of the diffusivity for a large number of substances have 
been determined by Schuhmeister ( U t'en. Akad. 79, p. 003) and Scheffer 
(Chem. Per. xv. p. 788, xvi. p. 1903). The largest value of the diffusivity 
found by Scheffer was for nitric acid ; the diffusivity varied with the 
concentration and with the temperature; for very dilute solutions at 
90° 0. it was 2 x 10~ 5 (cm.) ; /sec. — i.e., if the strength of solution varied by 
one per cent, in 1 cm. the amount of acid crossing unit area in one second 
would bo about one five-millionths of tho acid in 1 c.c. of the solution. 
For solutions of NaCI the diffusivity was only about one half of this value. 
Graham found that tho velocity of diffusion of NaCl through gelatine was 
about the same as through water. 

Diffusion through Membranes. Osmosis.— Graham was led by 

his experiments on d illusion to divide substances into two classes— crystal- 
loid and colloid. Tho crystalloids, which include mineral acids and salts, 
and which as a rule can bo obtained in definite crystalline forms, diffuse 
much more rapidly than the substances called by Graham colloids, such as 
the gums, albumen, starch, glass, which are amorphous and .show no signs 
of crystallisation. The crystalloids when dissolved in water change in a 
marked degree its properties : for example, they diminish tho vapour 
pressure, lower the freezing- and raise tho boiling point. Colloidal sub- 
stances, when dissolved in water, hardly produce any effects of this kind, 
in fact, many colloidal solutions seem to be little moro than mechanical 
mixtures, the colloid in a very finely divided state being suspended in tho 
fluid. The properties of solutions of this class are very interesting ; tho 
particles move in tho electric field, in some cases as if tlu y were positively, 
in others as if they were negatively, charged. The addition of a trace of 
acid or alkali is often sufficient to produee precipitation. The reader will 
find an account of the properties of these solutions in papers by Picton 
and Linder (Journal of Chemical Society, vol. 70, p. 508, 1897 ; vol. 01, 
p. 148, 1892); Stoeckl and Vanino (Zcit&chrift f. Phya. Chtm., vol. 30, 
p. 98, 1899) ; Hardy (Proceedings of Royal Society, 00, p. 110 ; Journal of 
Physiology, 24, p. 288). Colloidal substances when mixed with not too 
much water form jellies ; the structure of these jellies is sometimes on a 
sufficiently coarse scale to be visible under the microscope (see Hardy, 
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Proceedings Royal Society, 6C, p. 95, 1000), and apparently consists of a 
more or less solid framework through which the liquid is dispersed. 
Through many of these jellies crystalloids are able to diffuse with a 
velocity approaching that through pure water ; the colloids, on the other 
hand, are stopped by such jellies. Graham founded on this a method for the 
separation of crystalloids and colloids, called dialy.-is. In this method a film of 
a colloidal substance, such as parchment paper 
(paper treated with sulphuric acid) or a piece of 
bladder is fastened round the end of a glass tube, 
the lower end of the tube dipping in water which is 
frequently changed, and the solution of crystalloids 
and colloids is put in the tube above the parchment 
paper. The crystalloids diH'use through into the 
water, and the colloids remain behind ; if time be 
given and the water into which the crystalloids r\ 
diffuse be kept fresh, the crystalloids can be entirely 
separated from the colloids. 

The passage of liquids through films of this 
kind is called osmosis. The first example of it 
seems to have been observed by the Abbe Nollet, 
in 17-18, who found that when a bladder full of 
alcohol was immersed in water, the water entered 
the bladder more rapidly than the alcohol escaped, 
so that the bladder swelled out and almost burst. 
If, on the other hand, a bladder containing water 
was placed in alcohol the bladder shrank. 

The motion of fluids through these membranes 
can be observed with very simple apparatus : all 
that is necessary is to attach a piece of parchment- 
paper firmly on the end of a glass tube, the upper 
portion of which is drawn out into a fine capillary 
tube. If this tube is filled with a solution of sugar 
and immersed in pure water, the top of the liquid 
in the capillary part of the tube moves upwards 
with sensible velocity, showing the entrance of 
water through the parchment paper. Graham 
regarded this transport of water through the 
membrane as due to this colloidal substance being 
able to hold more water in combination when in 
contact with pure water than when in contact with 
a salt solution ; thus, when the hydration of the 
membrane corresponding to the side next the water 
extends to t he side next the solution, the membrane Fio. lis. 

cannot hold all the water in combination, and some 

of it is given up ; in this way water is transported from one side of the 
membrane to the other. 

Membranes of parchment-paper or bladder are permeable by crystalloids 
as well as by water. There are other membranes, however, which, while 
permeable to water are impermeable to a large number of salts; these 
membranes are called semi- permeable membranes. One of these, which 
has been extensively used, is the gelatinous precipitate of ferrocyanide of 
copper, which is produced when copper sulphate and potassium ferro- 
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cyanide come into contact. This irecipiiate is mechanically exceedingly 
weak, but Pfeffer made serviceable membranes by precipitating it in the 
pores of a porous pot. If such a pot is filled with a very dilute solution 
of copper sulphate and immersed in one of ferrocyanide of potassium the 
two solutions will diffuse into the walls of the pot, and where they meet 
the gelatinous precipitate of ferrocyanide of copper will be formed ; in this 
way a continuous membrane may be obtained. For details as to the pre- 
cautions which must be taken in the preparation of these membranes the 
reader is referred to a paper by Adie {Proceedings of Chemical Society, 
lix. p. 844). If a membrane of this kind be deposited in a porous pot 
fitted with a pressure gauge, as in Fig. 148, and the pot be filled with a 
dilute solution of a salt and immersed in pure water, water will flow into 

the pot and compress the air in the gauge, the 
pressure in the pot increasing until a definite 
pressure is reached depending on the strength 
of the solution. When this pressure is 
reached there is equilibrium, and there is no 
further increase in the volume of water in 
the pot. 

Osmotic Pressure.— Thus the flow of 

water through the membrane into the 
stronger solution can be prevented by apply- 
ing to the solution a definite pressure ; this 
pressure is called the osmotic pressure of the 
solution. It is a quantity of fundamental 
importance in considering the properties of 
SctiiUari the solution, as many of these properties, 
such as the diminution in the vapour pres- 
sure, and the lowering of the freezing-point, 
are determinate as soon as the osmotic 
pressure is known. 

The work done when a volume v of 
water passes across a semi permeable mem- 
brane from pure water into a solution where 
the osmotic pressure is P is equal to Pt>. 
For, let the solution be enclosed in a vertical 
tube closed at the bottom by a semi-permeable 
membrane, then when there is equilibrium 
the solution is at such a height in the tube 
that the pressure at the membrane due to 
Fio 149. the head of the solution is equal to the 

osmotic pressure. When the system is La 
equilibrium we know by Mechanics that the total work done during any 
small alteration of the system must be zero. Let this alteration consist in 
a volume v of water going through the semi-permeable membrane. This 
will raise the level of the solution, and the work done against gravity is 
the same as if a volume v of the solution were raised from the level of the 
membrane to that of the top of the liquid in the tube. Thus the work done 
against gravity is vgph, where A is the height of the solution in the tube 
and p the density of the solution ; since the pressure due to the head of 
solution is equal to the osmotic pressure, ypAsP. Hence the work done 
against gravity by this alteration is Tv, and since the total work done 
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must be zero, the work done on the liquid when it crosses the membrane 
must be IV. 

The values of the osmotic pressures for different solutions was first 
determined by Pfeffer,* who found the very remarkable result that for 
weak solutions which do not conduct electricity the osmotic pressure is 
equal to the gaseous pressure which would be exerted by the molecules of 
the salt if these were in the gaseous state and occupying a volume equal 
to that of the solvent in which the salt is dissolved. Thus, if 1 gramme 
equivalent of the salt were dissolved in a litre of water the osmotic pressure 
would be about 22 atmospheres, which is the pressure exerted by 2 
grammes of hydrogen occupying a litre. Pfeffer's experiments showed 
that approximately, at any rate, the osmotic pressure was, like the pressure 




of a gas, proportional to the absolute temperature. If the cell is placed in 
another solution instead of pure water, water will tend to run into the cell 
if the osmotic pressure of the solution in the cell is greater than that of 
the solution in which it is immersed, while if the osmotic pressure in the 
cell is less than that out-ide the volume of water in the cell will decrease ; 
if the osmotic pressure is the same inside and outside there will be no 
change in the volume of the water inside the cell. Solutions which have 
the same osmotic pressure are called isotonic solutions. A convenient 
method of finding the strengths of solutions of different salts which are 
isotonic was invented by De Vries.t He showed that the membrane lining 
the cell-wall of the leaves of some plants, such as Tradencanlia discolor, 
Curcuma rxtbricaulis, and Begonia manicata, is a semi- permeable membrane, 
being permeable to water but not to salts, or at any rate not to many 
salts. The contents of the cells contain salts, and so have a definite osmotio 
pressure. IF these cells are placed in a solution having a greater osmotic 
pressuro than their own, water will run from the cells into the solution, 
the cells will shrink and will present the appearance shown in Fig. 150 b. 
Fig. 150 a shows the appearance of the culls when surrounded by water; 
the weakest solution which produces a detachment of the cell will be 
approximately isotonic with the contents of the cell. In this way a series 

• Pfeffer, OmtvAitche I'ntcrswhuwjcn, Leipzig, 1877. 
f De Vries, Zcit. f. Physik. Chcviic, ii. p 415 
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of solutions can be prepared which are isotonic with each other. Be Vries 
found that for non-electrolytes isotonic solutions contained in each unit of 
volume a weight of the salt proportional to the molecular weight ; in other 
words, that isotonic solutions of non-electrolytes contain the same number 
of molecules of the salt. Tins is another instance of the analogy between 
osmotic pressure and gaseous pressure, for it is exactly analogous to 
Avogadro's law, that when the gaseous pressures nro tho fame all gases 
at the same temperature contain the same number of molecules per unit 
volume. Although the direct measurements on osmotic pressure hitherto 
made may seem a somewhat slight baso for the establishment of such an 
important conception, an immense amount of experimental work has been 
done in the investigation of such phenomena as the lowering of the vapour 
pressure, the raising of the boiling- and the lowering of the freezing-point 
produced by the solution of salts in water. The conception of osmotic 
pressure enables us to calculate the magnitudo of these effects from the 

strength of the solution ; 
the agreement between the 
values thus calculated and 
the values observed is po 
close as to furnish strong 
evidence of the truth of 
this conception. 

Vapour Pressure of 

a Solution.— The change 
in the vapour pressure due 
to the presence of salt in 
the solution can be calcu- 
lated by the following 
method due to Van t' 
lloff: Suppose tho salt 
solution A, Fig. 151, is 
divided from the pure water B by a semi -permeable membrane — i.e., one 
which is permeable by water and not by the salt; transfer a small 
quantity of water whose volume is v from A to U by moving tho 
membrane from right to left. If n is the osmotic pressure of the solu- 
tion the work required to effect this transference is \\v ; now let a volume 
v of water evaporate from B and pass as vapour through the membrane into 
the chamber A and there condense. If V is the volume of the water vapour, 
cp the excess of the vapour pressure of the water over B above that over A, 
tho work done in this process is cpV. The process is clearly a reversible one, 
and hence by the Second Law of Thermodynamics, since the temperatures 
of the two chambers aro the same, there can be no loss or gain of mechanical 
work. Thus, since tho work spent in one part of the cycle must be equal 
to that gained in the other, we have 

Suppose p is the vapour pressure over the water, let V be the volume 
occupied at atmospheric pressure II, by the quantity of water vapour which 
at the pressure p occupies the volume V ; then by Boyle's Law, 

n.v'=/>v 
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Zp = n y 
p liX 

but for water vapour v/V = 1/1 200, hence 

tp = n_i_ 

p U~'l200 

The osmotic pressure in a solution of 1 gramme equivalent per litre 
of a salt which does not dissociate when dissolved is about 22 atmospheres ; 
thus for such a solution 

*>p_ 22 
p 1200 

or the vapour pressure over the solution is nearly 2 per cent, less than 
over pure water. 

If the surface of the solution is subjected to a pressure equal to 
the osmotic pressure the vapour pressure over the solution will ii 
and will be equal to the 
pressure over pure water. 
For let Fig. 152 represent a 
vessel divided by a dia- 
phragm permeable only by Wa(m . 
water and by water vapour, ^a. 
and let the salt solution in 
A be subject to a pressure 
equal to the osmotic pres- *° l 

sure. Under this pressure ^N«mbnx*» 
the liquids will be in equi- Fl0 16 £ 

librium, and there will be • 

no flow of water across the diaphragm. If the vapour pressure of the 
water is greater than that of the salt solution, then water vapour from B 
will go across the diaphragm and will condense on A ; this will make 
the solution in A weaker and reduce the osmotic pressure. Since the 
external pressure on A is now greater than its osmotic pressure, water 
will flow from A to B across the diaphragm; thus there would be a 
continual circulation of water round the system, which would never be 
in equilibrium. As this is inadmissible, we conclude that the vapour 
pressure of the water is not greater than that of the solution ; similarly if 
it were less we could show that there would be a continual circulation in 
the opposite direction ; in this way we can show that the vapour pressure 
of the solution when exposed to the osmotic pressure is equal to that of 
pure water. This is an example of the theorem proved in J. J. Thomson's 
Applications of Dynamics to Physics and Chemistry, p. 171 (see also Poyn- 
ting, l'hil. Mag.,x\\. p. 39), that if a pressure of n atmospheres be applied 
to the surface of a liquid the vapour pressure of the liquid, p, is increased 
by cp, where 

dp density of the vapour at atmospheric pressure 
~p~ ~ "density of the liquid 

Raising of the Boiling-point of Solutions— The determina- 
tion of the vapour pressure is attended with considerable difficulty, and it 
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is much easier to measuro the effect of salt on the boiling- or freezing-point 
of the solution. 

Let A and B be vessels containing respectively salt solution and pure 
water, separated by a semi-permeable membrane, and let the temperatures 
of the vessels be such that the vapour pressure over the solution is the 
same as that over pure water. Let 0 be the absolute temperature of the 

water, 0 + 30 that of the solu- 
tion. Now suppose a volume 
v of water flows from B to 4 
across the diaphragm ; if II is 
the osmotic pressure of the 
solution, mechanical work Tlv 
will be done in this operation. 
Let this quantity of water be 
evaporated from A and pass 
through the walls of the 
diaphragm and condense in 
water B. A s the vapour pressures 
are the same in the two 
cases, no mechanical work is 
gained or spent in this opera- 
tion. The system is now in 
its original state, and the operation is evidently a reversible one, so that 
we can apply the Second Law of Thermodynamics. Now by that law we 
have 

Heat taken from the boiler Heat given up in the refrigerator 



SoLulton. 
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Absolute temperature of boiler Absolute temperature of refrigerator 

Mechanical worktlone by the engine 
Difference of the temperatures of boiler and refrigerator. 

In our case the mechanical work done is II 0. The heat given up in the 
refrigerator is the heat given out when a volume v of water condenses 
from steam at a temperature 0 ; if X is the heat given out when unit mass 
of steam condenses and a the density of the liquid, the heat given out in 
the refrigerator is \ov ; hence by the Second Law we have 

0 cO ° r 0 \<r 

Let us apply this to find the change in the boiling-point produced by 
dissolving 1 gramme equivalent of a salt in a litre of water; here n 
is 22 atmospheres, or in C.G.S. units 22 x 10«. X is the latent heat of 
steam in mechanical units— i.e , 53G x 4*2 x 10 7 , a is unity, and 0 = 373; 



hence 



IB. 



37 3x22x10' 
53G x 4-2x10' ' 



•37 of a degree. 



The experiments of Raoult and others on the raising of the boiling- 
point of solutions of organic salts which do not dissociate have shown 

• 'J he beat given out or taken in by the volume of water when going from one 
chamber to the other is negligible in comparison with that required to vapoihvc the 
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that the amount of the rise in the boiling point is almost exactly '37 of 
a degree for each gramme equivalent per litre, a result which is strong 
confirmation of the truth of the theory of osmotic pressure. 

Lowering: of the Freezing-point of Solutions.— A similar in- 
vestigation enables us to calculate the depression of the freezing-point 
due to the addition of salt. Let A, B (Fig. 151) represent two vcs>els 
separated by a semi-permeable membrane, A containing the salt solution 
at its freezing-point and B pure water at its freezing-point. Let a volume 
v of water pass across the semi-permeable membrane from B to A ; if IT is 
the osmotic pressure of the solution, mechanical work will be gained by 
this process. Let this quantity of water be frozen in A, the ice produced 
tnkt n fiom A placed in //, and there melted. The system has now returned 
to its original condition, and the process is plainly reversible ; hence we can 
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apply the Second Law of Thermodynamics. If 0 is the absolute tempeia- 
ture of the freezing-point of pure water, 0 - tO that of the freezing-point 
of the solution, if X is the latent heat of water, and a its density ; the 
heat taken from the hot chamber B at the temperature 0 is \w ; hence 
by the Second Law we have 

X<rr ITi? cO n 

.. _ b.._ or — =» — 

0 cO 0 X<r 

Thus in the caso of water for which 0 = 273, X = 80 x 4-2 x 10*, <r- 1 and 
when the strength of the solution is 1 gramme equivalent per litre, 

[1-22x10*; hence 20=1-79°. 

This has been verified by Ilaoult in the case of solutions of organic 
salts and acids. The result of the comparison of theory with experi- 
ment for a variety of solvents is shown in the following table: 



Solvent 

Acetic acid . ■ 
Formic acid . 
Benzene 
Nitro-benzene 
Ethylene-dibromide 



Lowering of freezing point for organic falts, 
1 gramme molecule dissohed in a litre 

Observed Calculated 

. a 9 . . . a-*8 

. 28 . . • 28 

. 49 . . .VI 

. 7-o:> . . . 0-9 

.11-7 . . . 119 



Digitized by Google 



194 



PROPERTIES OF MATTER. 



Dissociation Of Electrolytes.— The preceding theory gives a 
satisfactory account of the effect upon the boiling- and freezing-points 
produced by organic salts and acids when the osmotic pressure is 
calculated on the assumption that it is equal to the gaseous pressure 
which would be produced by the same weight of the salt if it were 
gasified and confined in a volume equal to that of the solvent. "When, 
however, mineral salts or acids are dissolved in water, the effect on the 
boiling- and freezing-points produced by n gramme equivalents per litre is 
greater than that produced by the same number of gramme equivalents of 
an organic salt, although if the osmotic pressure were given by the same 
rule, the effects on the freezing- and boiling-points ought to be the same 
in tho two cases. The osmotic pressure then in a solution of a mineral 
salt or acid is greater than in one of equivalent strength (i.e., one 
for which n is the same) of an organic salt or acid ; this has been 
verified by direct measurement of the osmotic pressure by the methods 
of Pfeffer and De Vries. This increase in the osmotic pressure ia 
explained by Arrhenius as being due to a partial dissociation of the 
molecules of the salts into their constituents ; thus some of the 
molecules of NaCl are supposed to split up into separate atoms of 
Na and CI. Since by this dissociation the number of individual 
particles in unit volume is increased, tho osmotic pressure, if it follows 
the law of gaseous pressure, will also be increased. According to 
Arrhenius, the atoms of Na and 01 into which the molecule of the salt 
is split are charged respectively with positive and negative electricity, 
which, as they move under electric forces, will make the solution a 
conductor of electricity. In this way he accounts for the fact that 
those solutions in which tho o>motic pressure is abnormally large are 
conductors of electricity, and that, as a rule, tho greater the conduc- 
tivity the greater the excess of the osmotic pressure. This view, of 
which an account will bo given in the volume on Electricity, has been 
very successful in connecting the various properties of solutions. 

Though the osmotic pressuro plays such an important part in the 
theory of solution, there is no generally accepted view of the way in which 
the salt produces this pressure. One view is that tho salt exists in the 
interstices between the molecules of tho solvent in the state corresponding 
to a perfect gas. If the volume of these interstices bore a constant 
proportion to the volume of the solvent, then, whatever this ratio may be, 
we should get the ordinary relution between the quantity of salt and 
the osmotic pressure to which it gives rise. For, suppose p is the 
pressure of the gaseous salt, v the volume of the interstices, V the volume 
of the solvent; then if a semi-permeable membrane be pushed so that a 
volume iV of water passes through it, and n is the osmotic pressure, 
then the work done is HiV; but if $v is tho diminution in the volume 
of iho interstices, the work done is ptv; hence 

UbV=]$v 

Hut if tho volume occupied by the interstices bears a constant ratio to 
that of the solvent 

3V_£tf 
V v 

where V is the volumo of the solvent : hence 
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ttV=pv or n = ^; 

that i«, the osmotic prcssuio is the same as if tho gaseous salts occupied 
the whole volume of the solvent. 

Another view {see Poynting, Phil. May. 42, p. 289) is that the 
phenomenon known as osmotic pressure arises fiom tho molecule-* of salt 
clinging to the molecules of the water, and so diminishing the mobility and 
therefore the rate of diffusion of tho latter. Thus, suppose we have puie 
water and a salt solution separated by a semi perm eab'e membrane, since the 
water molecules in the solution are clogged by the salt they will not be able 
to pass across the membrane as quickly as those from the pure water, an I 
there will be a flow of water across the membrane from tho pure water 
to the solution. Poynting shows that the mobility of the molecules of 
a liquid is increased by pressuie, so that by applying a proper pressure 
to the solution we may make tho mobility of the molecules of water in 
it the same as those of the pure water, and in this case there will be no 
flow across the membrane; the pressure requi red is the osmotic pr< *-ure. 
Poynting shows that this view will explain the properties of inorganic 
Raits if we suppose that each molecule of salt can completely destroy the 
mobility of ono molecule of water. 
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Ip » mixture of two gases A and B is confined in a vessel the gases 
will mix and each will ultimately be uniformly diffused through the vessel 
as if the other were not present. If they are not uniformly mixed to 
begin with, there will be a flow of the gas A from the places where the 
density of A is great to those where it is small. The law of this diffusion 
is analogous to that of the conduction of heat or to the diffusion of liquids 
and may be expressed mathematically as follows : Suppose the two gases 
are arranged so that the layers of equal density are horizontal planes, and 
let p be the density of A at a height x above a fixed horizontal plane ; then 
in unit time the mass of A which passes downward through unit area of a 
horizontal plane at a height x is proportional to the gradient of p and is 

equal to where K is the interdiffusity of the gases A and B. The 

value of K has been measured by Loschmidt* and Obermayert for a 
considerable number of pairs of gases. The method employed by these 
observers was to take a long vertical cylinder separated into two parts by a 
disc in the middle. The lower half of the cylinder was filled with the 
heavier gas, the upper half with the lighter. The disc was then removed 
with great care so as not to set up air currents, and the gases were then 
allowed to diffuse into each other; after the lap*e of a certain time the 
disc was replaced and the amount of the heavier gas in the upper half of 
the cylinder determined. From this the value of K was determined on 
the assumption (which is probably only approximately true) that the 
value of K does not change when the proportions of the two gases are 
altered. WaitzJ used a different method to determine the coefficient of 
interdiffusion of air and carbonic acid ; beginning with the carbonic acid 
below the air he measured by means of Jamin's interference refractometer 
the refractive index of various layers after the lapse of definite intervals of 
time ; from the refractive index he could calculate the proportion of air and 
carbonic acid gas, and was thus able to follow the course of the diffusion. 
He found that the coefficient of diffusion depended to some extent on the 
proportion between the two gases, the values of K at atmospheric pressure 
at 0° C. varying between '1288 and "1366 cra. ? /sec. The values found by 
Loschmidt and v. Obermayer are given in the following table. They are 
for 76 cm. pressure and 0° C: 

♦ loschmidt, ITCcti. IierichU, 61, p. 367. 1870, 62, p. 46S, 1870. 
+ Obermaver, Wien. licrichte, 81, p. 162, 1880. 
I Waiu, Wiedemann'/ Annalcn, 17, p. 201, 1882. 
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LOSCHMIDT. 


VON Obermaykr. 


K ctn. '/see. 


K cm. s /sec« 




. -09166 


. -14055 


tot 1 CI 

. -13142 


. -1409a 


. '13569 


•14231 


. -13433 


. -lO^iJb 


. '146o0 




. -53401) 


• • 


. 10061 


'1802.5 


. -18/17 


. 64223 


. 64884 


• • 




. -482/0 


• • 




. -66550 


• ■ — • 


. -l<8/5 


• • 


. 17778 


» • 


. -63405 




. -62544 


1 t 


. -53473 


1 • 


. -45933 


1 ~~" • 


. -48627 



C0,-N,0 
CO, -CO. 

co,-o, . 

CO,- Air 
C0,-CH 4 
C0,-H, 
CO,-C,H 4 
CO-O, . 
CO-H, . 
CO-C,H 4 
SO, - H, . 
0,-H, . 
0,-N, . 
O, - Air . 
H,-Air . 
H, - CH 4 
H,-N,0 
H,-C,H, 
H,-0,H 4 

We may, perhaps, gain some idea of the rapidity of diffusion by saying 
that the rate of equalisation in composition of a mixture of hydrogen and 
air is about half that of the equalisation of temperature in copper. 

As an example of the rate at which diffusion goes on we may quote the 
result of an experiment by Graham on the diffusion of CO, into air. 
Carbonic acid was poured into a vertical cylinder 57 cm. high until it filled 
one-tenth of the cylinder. The upper nine-tenths of the vessel was 
filled with air and the gases were left to diffuse. They were found to be 
very approximately uniformly distributed throughout the cylinder after 
the lapse of about two hours. As the time taken to reach a state of 
approximately uniform distribution is proportional to the square of the 
length of the cylinder, if the cylinder were only one centimetre long 
approximately uniform distribution would be attained after the lapse of 
about two seconds. 

The interdiffusity is inversely proportional to the pressure of the 
mixed gas ; it increases with the temperature. According to the experi- 
ments of Loschmidt and v. Obermayer it is proportional to 0" where 0 is 
the absolute temperature and n a quantity which for different pairs of 
gases varies between 175 and 2. 

Diffusion Of Vapours.— The case when one of the diffusing gases 
is the vapour of a liquid is of special importance, as it is on the rate 
of diffusion that the rate of evaporation depends. The methods which 
have been employed to measure the rato of diffusion of the vapour of a 
liquid consist essentially in having some of the liquid at the bottom of a 
cylindrical tube and directing a blast of vapour-free gas across the mouth 
of the tube. When the blast has been blowing for some time a uniform 
gradient of the density of the vapour is established in the tube, the value 
of this is hjl where h is the maximum vapour pressure of the liquid at the 
temperature of the experiment and I the distance of the surface of the 
liquid from the mouth of the tube. Tho mass of vapour which in unit 
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cm. '/-see. at 


O'C. 


AND 


7«'>0 mm. 




HvJro-en. 






Air. 




CiirlK-nic acid. 


. 'UK? 


• 


• 


•10* 


• 


. 131 


. "290 


• 


• 


0775 


- 


. -0552 


. 360 


• 


• 


•0H8;] 




. Of. 29 


. 294 


• 


• 


•07 iil 


• 


. 0527 


. r.ooi 


• 


■ 


1325 


• 


. -08S0 


. -3800 


• 


• 


0994 


• 


. 0C93 
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time flows out of the tube— (i.e., the amount of the liquid which evaporates 
in unit time and which can therefore be easily measured), is where K 
is the diffusivity of the vapour into the gas; as d is known we can readily 
determine K by this method. A few of the results of experiments made 
by Stefan* and Winkelmannt are given in the following table : 



Water vapour . 
Ether 

('arbon-bisulphide 
Benzol 

Methyl-alc »hol . 
Ethyl-alcohol 

Explanation of Diffusion on the Kinetic Theory of Gases.— 

The kinetic theory according to which a gas consists of a great number of 
individual particles called molecules in rapid motion, affords a ready ex- 
planation of diffusion. Suppose wo have two layers A and B in a mixture 
of gases and that these layers are separated by a plane C. Let there bo 
more molecules of some gas y in A than in B, then since the molecules are 
in motion they will be continually crossing the plane of separation, some 
going from A to Band some from B to A, but inasmuch as the molecules 
of y in A are more numerous than those in B, more will pass from A to B 
than from B to A. Thus, A will lose and B gain some of the gas y; this 
will go on until the quantities of y in unit volumes of the layers A and B 
are equal, when as many molecules will pass from A to B as from B to A, 
and thus the equality, when once establii-hed, will not be disturbed by the 
motion of the molecules. It follows from the kinetic theory of gases 
(see Boltzmann, Vorltsunyen iiber G'anthewie, p. 91) that, if there are n 
molecules of y in unit volume of B, n + on in a unit volume of A at a 
distance ox from that in B, and if x be measured at right angles to the 
plane separating the layers, then the excess of the number of molecules 
of y which go across unit area of C from A to B over those which go from 

A to B is equal to *3«502Xc < ^, where X is the mean free path of the molecules 

ax 

of y and c, their average velocity of translation ; the quantity Ac is evidently 
proportional to the diffusity. 

Now c only depends upon the temperature, being proportional to the 
square root of the absolute temperature, while X is inversely proportional 
to the density, and if the density is given it does not, at least if the 
molecules are regarded as hard elastic spheres, depend upon the tempera- 
ture. If the pressure is given, then the density will be inversely, and 
X therefore directly proportional to the absolute temperature. Thus, on 
this theory the coetlicient of diffusion should vary as 0* where 0 is the 
absolute temperatute. The experiments of Loschmidt and von Obermayer 
seem to show that it varies somewhat mote rapidly with the temperature. 

Another method of regarding the process of diffusion, which for some 
purposes is of great utility, is as follows: The diffusion of one gas A 
through another B when the layers of equal density are at right angles to 

• Stefan, TfiVn. Alad. Ber., 65, p. 323, 1872. 

t Winkelmann, Witd. Ann., 22, P p. 1 and 152, 1884. 
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the axis x may be regarded as dtie to a current of the gas A moving 
parallel to the axis of x with a certain velocity u through a current of B 
streaming with the velocity v in the opposite direction. To move a current 
of one gas through another requires tho application of a force to one gas in 
one direction and an equal force to the other gas in the opposite direction. 
This force will be proportional (1) to the relative velocity u + t> of the two 
current", (2) to tho number of molecules of A per unit volume, and (3) to 
that of the molecules of 13. Let it then per unit volume of gas be equal 
to A„ p, p t (m + r), where A„ is a quantity depending on the nature of tho 
gases A and B, but not upon their densities nor upon the velocity with which 
they are streaming through each other; p, and p, are respectively the 
densities of the gases A and B — i.e., their masses per unit volume. Hence, 
to sustain the motion of the gases a force A„ p, p f (u + v) parallel to x must 
act on each unit of volume of A and an equal force in the opposite 
direction on each unit volume of B. These forces may arise in two ways; 
there may be external forces acting on the gases, and there may also be 
forces arising from variations in the partial pressures due to the two 
gases. Let X,, X, be tho external forces per unit mass acting on the gases 
A and B respectively, and />„ j> t the partial pressures of tho gases A and B 
respectively. Considering the forces acting parallel to x on unit volume 
of A, tho external force is X,p,, and the force due to tho variation of the 
partinl pressure is - dpjdx ; hence the total force is equal to - dpjdx + X,p„ 
and as this is the force driving A through B we have 

-^ , + X 1 p 1 = A, 1 p I p,(u + r) (1) 

similarly, - + X^ - - A tjPlPl (u + v) (2) 

Let us consider the case when there are no external forces and when 
the total pressure />,+;>, is constant throughout the vessel in which 
diffusion is taking place. In this case the number of molecules of A 
which cross unit area in unit time must equal tho number of molecules of 
B which cross the same area in tho same time in the opposito direction. 
Let this number be q \ then if w, n, aro respectively the numbers of 
molecules of A and B per unit volume, 

q = n x n -= n t v 

If »i„ m, are the masses of tho molecules of A and B respectively 

hence + r ) " -V'V" .•(>'■ + "M 

Now w, + w, is proportional to the total pressure, and as this is 
ronstant throughout the volume, «, + »', will be constant. Putting X - 0 in 
equation (1) and writing N for »», + » v we get 

1 - ^ 
AjjW^wtjN dx 

Now *-* 
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where w, is the number of molecules of a gns in unit volume at a standard 
pressure ; 

hence ?-~x- — 1~ 7 a ! 

Now 7 is the number of molecules of A passing unit surface in unit 
time and dnjdx is the gradient of the number per unit volume ; hence, 
from the definition of K, the interdiflusity, given on p. 1'jO, we see 

K ~ K -A* — 

or if P is the total pressure 

K-_- 1 M 

1^111,1* A „\n J 

Thus, if A„ is constant, K varies inversely as P, and directly as (?„/»»„)'• 
Since the pressure of a given number of molecules per unit volume is 
proportional to the absolute temperature, K, if A„ is constant, varies 
directly as the square of the absolute temperature. 

We can determine A„ if we know the velocity acquired by one of the 
gases A when acted upon by a known force. Suppose that the gas A is 
uniformly distributed, so that dpJdx — 0, and that when acted upon by a 
known force it moves through B with a velocity u ; suppose, too, that B is 
very largely in excess and is not acted upon by the force, we have then v 
very small compared with u, and from equation (1) we have 



x 



Thus, if we know w, the velocity acquired under a known force X, we can 
find A„, and hence K, the diffusivity. This result is of great importance 
in the theory of the diffusion of ions in electrolytes, and Nernst has 
developed an electrolytic theory of diffusion in fluids on this basis. 
Another important application of this result is to determine X from 
measurements of K and u. Thus, to take an example, if the particles of 
the gas A are charged with electricity and placed in an electric field of 
known strength, the force X will depend upon the charge ; hence, if in this 
case we measure (as has been done by Townsend) the values of K and u, 
we can deduce the value of X, and hence the charge carried by the 
particles of A . 

On the Obstruction offered to the Diffusion of Gases by a 

perforated Diaphrag m. — If a perforated diaphragm is placed across a 
cylinder it does not diminish the diffusion of gases in the cylinder in the 
ratio of the area of the openings in the diaphragm to the whole area of 
the diaphragm, but in a much smaller degree, for the effect of the per- 
foration is to make tho gradient in the density of the gases in the neigh- 
bourhood of the hole greater than it would have been if the diaphragm 
had been removed, and therefore the flow through tho hole greater than 
through an equal area when there is no diaphragm. Thus, to take a case 
investigated by Dr. Horace Brown and Mr. Escombe (Proceedings Royal 
Society, vol. 07, p. 124), suppose we have CO, in a cylinder, and place 
across the cylinder a disc wet with a solution of caustic alkali which 
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absorbs the CO,, so that the density of the CO, next the disc is zero. 
Then if p is the density of the CO, at the top of the cylinder, the density 
gradient is pjl where I is the distance between the disc and the top of the 
cylinder, so that the amount of CO, absorbed by unit area of tho disc 
will be kpll where k is the diffusivity of CO, through itself. Now suppose, 
instead of a disc extending completely across the cylinder, we have a much 
smaller disc of radius a, then at the disc the density of the CO, will be 
zero, but it will recover its normal value p at a distance from the disc 
proportional to a ; thus the gradient of density in the neighbourhood of 
the disc will be of the order pja and not pjl, and tho amount of CO, 
absorbed by the disc will be proportional to k (pja) irar — i.e.. will be 
proportional to a ; so that the absorption of the CO, will only diminish as 
the radius of the disc and not ns the area. This was verified by Brown 
and E*combe, and it has very important applications to the passage of 
gases through tho openings in the leaves of plant*). 

Passage of Gases through Porous Bodies.— There are three 

processes by which gas may pass through a solid perforated by a series of 
holes or canals ; the size of the holes or pores determining "the method by 
which the gas escapes. If tho plate is thin and the pores are not 
exceedingly fine, the gas escapes by what is called effusion ; this is the 
process by which water or air escapes from a vessel in which a hole is 
bored. The rate of escape is given by Torricelli's theorem, so that the 
velocity with wiiich a gas streams through an aperture into a vacuum is 
proportional to the square root of the quotient of the pressure of the gas 
by its density, and thus for different gases under the same pressure the 
velocity will vary inversely as the square root of the density of the gas. 
Bunsen founded on this result a method of finding the density of gases. 
This case, strictly speaking, is not one of diffusion at all, but merely the 
flow of the gas as a whole through the aperture. If the gas is a mixture 
of different gases its composition will not be altered when the gas passes 
through an aperture of this kind. 

The second method is tho one which occurs when the holes are not too 
tine, and when the thickness of the plate is large compared with the 
diameter of the holes. In this case the laws are the same as when a gas 
flows through long tubes ; they depend on the viscosity of the gas, and are 
discussed in the chapter relating to that property of bodies. No change 
in the composition of a mixture of gases is produced when the gases are 
forced through apertures of this kind ; this is again a motion of the gas 
as a whole, and not a true case of diffusion. The third method occurs 
when the pores are exceedingly fine, such as those found in plates of 
meerschaum, stucco, or a plate of graphite prepared by squeezing together 
powdered graphite until it forms a coherent mass. In this case, when we 
have a mixture of two gases, each finds its way through the plate 
independently of the other, and the composition of the mixture is in 
general altered by the passage of the gas through the plate. The laws 
governing the passage, of gases through pores of this kind were investi- 
gated by Graham, who found that the volume of the gas (estimated at a 
standard pressure) parsing through a porous plate was directly propor- 
tional to the difference of the pressures of the gas on tho two sides, and 
inversely proportional to the square root of the molecular weight of the 
gas. Thus for the same difference of pressure hydrogen was found to 
escape through a plate of compressed graphite at four times the rate of 
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oxygen. Thus, if we have mixtures of equal volumes of hydrogen and oxygen 
and allow them to pass through a porous diaphragm, since the hydrogen 
gets through at four times the rate of the oxygen, the mixture, after pass- 
ing through the plate, will be much richer in hydrogen than in oxygen. 
The rate of diffusion can be measured by an instrument of the following 
kind (Fig. loo) : A porous plate is fastened on the top of a tube which can 
be used as a barometer tube. A vessel for holding the gas being attached 
to the upper part of the tube, this and the space above the mercury are 
exhausted ; gas at a definite pressure is then let into the vessel, and the 
rate at which it passes through the diaphragm into the vacuum over the 

mercury is measured by the rate of 
depression of the mercury column. 

The laws of diffusion of gases 
through fino pores are readily explained 
by the Kinetic Theory of Gases ; for if 
the pores are so fine that the molecules 
pass through them without coming 
into collision with other molecules, the 
rate at which the molecules pass through 
will be proportional to the avorage 
velocity of translation of the molecules. 
According to the Kinetic Theory of 
Gases this average velocity is inversely 
proportional to the square root of the 
molecular weight of the gas and directly 
proportional to the square root of the ab- 
solute temperature, lieuceata given 
temperature the velocity with which 
the gas streams through the apertures 
will be inversely proportional to the 
square root of the molecular weight; 
this is the result discovered by Graham. 

Thermal Effusion. — The same 
reasoning will explain another pheno- 
Fio. is*. menon sometimes called thermal effu- 

sion. Suppose we have a vessel divided 
n to two portions by a porous diaphragm; lot the pressures in the two 
^tortious be equal but their temperatures different, then gas will stream 
from the cold to the hot part of the vessel through the diaphragm. For 
since the pressures are equal the densities in the two parts of the vessel 
are inversely proportional to the absolute temperatures while the velocities 
are directly proportional to the square roots of the absolute temperatures. 
Hence the number of molecules passing from the gus through the 
diaphragm, which is proportional to the product of the density and the 
velocity, will be inversely proportional to tho square root of the absolute 
temperature; thus more gas will pass from the cold side than from the 
hot, and there will be a stteam of gas from the cold to the hot portion 
through the diaphragm. 

AtmolysiS. — The diffusion of gases through porous bodies was applied 
by Graham to produce the separation of a mixture of gases; this 
separation was called by him atmolysis, and to effect it he used an 
instrument of the kind »hown in Fig. 15G. A long tube made from the 
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stems of clay tobacco-pipes is fixed by means of corks in a glass or 
metal tube. A glass tube is inserted in one of tlie end corks, and is 
connected with an air -pump so that the annular space between the 
tobacco-pipes and the outer tube can be exhausted. The mixed gases 
whoso constituents have to be separated is made to flow through the clay 
pipes. Some of the gases escape through the walls and can be pumped 
away and collected while the rest flows on through the tube. In the gas 
which passes through the walls of the tube there is a greater proportion 
of the lighter gas than there was in the mixture originally, while in the 
gas which flows along the tube there is a greater proportion of the 




Fio. 15fi. 



heavier constituent. If the constituents of the mixture differ much in 
density a considerable separation of the gases may be produced by this 
arrangement. 

Passage of a Gas through India-rubber.— The fact that gases 

can pass through thin india-rubber was discovered in 1831 by Mitchell, who 
found that india-rubber toy-balloons collapsed sooner when inflated with 
carbonic acid than with hydrogen or air, and sooner with hydrogen than 
air. The subject was investigated by Graham, who gave the following 
table for the volumes of different gases which pass through india-rubber 
in the same time : 



N ? . . .1 

CO ... M3 
Air . . . . 11 40 
CH 4 .... 2-1 1* 



O, . . . . 2-556 
11, . • • •''»' 
CO,. . . . 13-585 



The speed with which the gases pass through the rubber increases 
very rapidly with its temperature. There is no simple relation between 
these volumes and the densities of the gas as there is in the case of 
diffusion through a porous plate, and the mechanism by which the gases 
effect their passage is probably quite different in the two cases. The 
passage of gases through rubber seems to have many points of resem- 
blance to the passage of liquids through colloidal membranes such as 
parch men t- paper or bladder. The rubber is able to absorb and retain a 
certain amount of carbonic acid gas, this amount increasing with the 
pressure of the gas in contact with the surface of the rubber. Thus the 
layers of rubber next the CO, first get saturated with the gas, and this 
state of saturation gets transmitted from layer to layer ; but as on the 
other side of the sheet of rubber the pressure of the CO, is less, the outer 
layers cannot retain the whole of their CO, so that some of the gas 
gets free. 

Passage of a Gas through Liquids.— This is probably analogous 

to the last case ; the gases which are most readily absorbed by the liquid 
are those which pass through it most rapidly. 
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Passage of Gases through red-hot Metal.— Devilie and Troost 

found that hydrogen passed readily through red-hot platinum and iron. 
No gas besides hydrogen is known to pass through platinum. Troost 
found that oxygen diffused through a red hot silver tube; quartz is said 
to be penetrable at high temperatures by tho gases from the oxyhydrogen 
flame. 

Diffusion of Metals through Metals. — Daniell showed that 

mercury diffused through lead, tin, zinc, gold, and silver. Henry proved 
the diffusion of mercury through lead by a very striking experiment : he 
took a bent piece of lead and placed the lower part of the shorter arm in 
contact with mercury ; after the lapse of some time he found that the 
mercury trickled out of the longer arm. He also showed the diffubion of 
two solid metals through each other by depositing a thin layer of silver 
on copper ; when this was heated the silver disappeared, but on etching 
away the copper surface silver was found. A remarkable series of ex- 
periments on the diffusion of metals through lead, tin and bismuth has been 
made by Sir W. Roberts- Austen*; his results are given in the following 
table. K is tho diffusivity : 



fusing Metal. 




Solvent. 


Temperature. 
... 402° ... 


K cm. '/sec 


Gold 


• • • 


Lead 


3 47 x 10-" 


»» 




» 


... 402° ... 
... 492° ... 


3-55 x 10-' 


Platinum 




»» 


1-96 x 10" J 




■ • . 


>j 


... 492° ... 


1% x 10-« 


GoTd 


• • » 


>» 


555 


3-69 x 10' ! 


t» 


• • • 


Bismuth 


... 555 ... 


5 23x 10" J 


»» 




Tin 


... 555 ... 


5 38 x l(r* 


Silver 


■ • • 


»» 


. . . 555 . . . 


4-77 x 10" 5 


Lead 


- . • 


»» 


555 


368x10-' 


Gold 


• • • 


Lead 


550 


3-69 x 10" J 


Rhodium 


• • • 


» 


... 550 ... 


3-51 x 10" J 



It will be seen from these results that the rate of diffusion of gold 
through lead at about 500° is considerably greater than that of sodium 
chloride through water at 1 8° C. Sir W. Roberts- Austen has lately shown 
that there is an appreciable diffusion of gold through solid lead kept at 
ordinary atmospheric temperatures. 

• Kobcrts-AuMen.PAtf. Tram. A., 1896, p. 393. 
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CHAPTER XVIIL 



VISCOSITY OF LIQUIDS. 

CONTENTS. — Definition of Viscosity — Flow of Liquid through Capillary Tube— Flow 
of Gas through Capillary Tube— Methods of Measurement of Co-efficients of 
Viscosity— Effect of Temperature and Pressure on Viscosity of Li iuids— Vis- 
cosity of Solutions and Mixtures— Lubrication— Explanation of Viscosity of 
Gases on Kinetic Theorv— Mean -free Path— Effects of Temperature and Pressure 
on Viscosity of Gases -Viscosity of Gaseous Mixtures— llcsistance to Motion 
of a Solid through a Viscous Fluid. 

A fluid, whether liquid or gaseous, when not acted on by external 
forces, moves like a rigid body when in a steady state of motion. When 
in this state there can be no motion of one part of the liquid relative 
to another ; if such relative motion is produced, say by stirring the 
liquid, it will die away eoon after the stirring censes. Thus, for example, 
when a stream of water flows over a fixed horizontal plane, 6ince the 
top layers of the stream are moving while the bottom layer in contact 
with the plane is at rest, one part of the stream is moving relatively 
to the other, but this relative motion can only be maintained by the 
action of an external force which makes the pressure increase as we go 
up stream. If this force were withdrawn the whole of the stream 



A . 

C 
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would come to rest. The slowly moving liquid near the bottom of 
the stream acts as a drag on the more rapidly moving liquid near the top, 
and there are a series of tangential forces acting between the horizontal 
layers into which we may suppose the stream divided ; thus the force 
acting along a surface such as AH tends to retard the more rapidly 
moving liquid above it and accelerate the motion of the liquid below 
it; it thus tends to equalise the motion, and if there were no external 
forces these tangential stresses would soon reduce the fluid to rest. 
The property of a liquid whereby it resists the relative motion of its 
parts is called viscosity. The law of this viscous resistance was formu- 
lated by Newton (Principia, Lib. II., Sec. 9). It may be stated as 
follows : Suppose that a stratum of liquid of thickness c is moving 
horizontally from left to right and that the horizontal velocity, which 
is nothing at CD, increases uniformly with the height of the liquid, 
and let the top layer be moving with tho velocity V ; then the 
tangential stress which may be supposed to act across each unit of a 
surface such as AB is proportional to the gradient of the velocity — i.e., 
to V/c— and tends to stop the relative motion, the tangential stress on the 
liquid bebw AH being i'jom left to right, that on the liquid above AH 
from right to left. The ratio of the stress to the velocity gradient is called 
tho co ellicient of viscosity of the fluid ; we shall denote it by tho sym- 
bol 17. The viscosity may be defined in terms of quantities, which may*be 
directly measured as follows: "The viscosity of a substance is measured 



Digitized by 



206 



PROPERTIES OF MATTER. 



by the tangential force on unit area of either of two horizontal planes 
at unit distance apart, one of which is tixed, while tho other moves 
with the unit of velocity, the spr. e between being filled with the viscous 
substance" (Maxwell's Theory of Heal). 

It will bo seen that there is a close analogy between the vfecous 
stress and the shearing stress in a strained elastic solid. If a stratum 
of an elastic solid, such as that in Fig. 157, is strained so that the hori- 
zontal displacement at a point P is proportional to the height of P 
above the plane CD, the tangential stress is equal to ?» x (gradient of 
the displacement) where n is the rigidity of the substance. The viscous 
stress is thus related to the velocity in exactly the same way as tho 
shearing stress is related to the displacement. This analogy is brought 
out in tho method of regarding viscosity introduced by Poisson and 
Maxwell. According to this view, a viscous liquid is regarded as able 
to exert a certain amount of shearing stress, but is continually breaking 
down under the influeuco of the stress. Wo may crudely represent 
the state of things by a model formed of a mixture of matter in 
states A and B, of which A can exert shearing stress while B cannot, 
while under tho influence of the stress matter is continually passing 
from the state A to the state B. If the rate at which tho shear 
disappears from tho model is proportional to tho shear, fay X0, where 
0 is the shear, then, when things are in a steady state, the rate at 
which unit of volume of the substance is losing shear must bo equal 
to the rate at which shear is supplied to it. If £ is tho horizontal 
displacement of a point at a distance x from the plane of reference, then 

Qss—. The rate at which shear is supplied to unit volume is dO/dl or ~ ^ ; 
dx . dx at 

but d£fdt is equal to v, the horizontal velocity of the particle, hence the 

rate at which the shear is supplied is dvjdx. Thus, in the steady state, 

dx 

If n is the coefficient of rigidity, the shear 0 will give a tangential 
stress equal to nd or 

n do 
X dx. 

If 7 is the coefficient of viscosity, the viscous tangential stress is equal to 

do 
n dx. 

Ilenco, if the viscous stress arises from the rigidity of the substance, 

i) = w/X. 

The quantity 1/X is called the time of relaxation of the medium; it 
measures the time taken by the shear to disappear from the substance 
when no fresh shear is supplied to it. 

This view of the viscosity of liquids is the one that naturally suggests 
itself when we approach the liquid condition by starting from the solid 
state ; if we approach the liquid condition by starting from the gaseous 
state we a*a led (see p. 218) to regard viscosity as analogous to diffusion 
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and as arising from the movement of the molecules from one part of tho 
substance to another. This point of view will be considered later. 

Flow of a Viscous Fluid through a Cylindrical Capillary 

Tube. — When the fluid is driven through the tube by a constant 
difference of pressure it settles down into a steady btate of rootion such 
that each particle of the fluid moves parallel to the axis of the tube, 
provided that the velocity of 
the fluid through the tube does 
not exceed a certain value de- 
pending on the viscosity of the 
liquid and tho radius of the 
tube. The relation between 
the difference of pressure at 
the beginning and end of the 
tube and the quantity of liquid 
flowing through tho tube in 
unit time can be determined as 
follows : 

Let the cross-section of the 
tube be a circle of radius OA — a, 
let v bo the velocity of the fluid 
parallel to the axis of the tube 
at a point P distant r from this 
axis. Then dvjdr is the gradient 
of the velocity, and the tangen- 
tial stress due to the viscosity F, °- 
is tfdvjdr: this stress acts parallel 

to the axis of the tube. Consider the portion of fluid bounded by two 
coaxial cylinders through P and Q and by two planes at right angles to 
the axis of the tube at a distanco As apart. Let r, r + Ar be the radii of 
the cylinder through P and Q respectively. The tangential stress due to 

viscosity acting in the direction to diminish v is at P equal to n— ; the 

dr 

area of the surface of the cylinder through P included between the two 
pianos is 2jtt As, hence the total stress on this surface is 

2jw/r As 
ar 

Similarly the stress acting on tho surface of the cylinder through Q 
included between the two planes is 

0 f dv , df dr\ K 1 . 

and this acts in tho direction to increase v; hence the resultant stress 
tending to increase v is equal to 

Besides these tangential forces there are tho pressures acting over the 
plane ends of the ring; if IT denote tho pressure gradient i.e., the 
increase of pressure per unit length in the direction of v t then the 
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effect of the pressures over the ends of the ring is equivalent to 
a force 2jrrAr.fi A* tending to diminish v. Since the motion is steady there 
is no change in the momentum of the fluid, hence the force tending to 
diminish v must be equal to that tending to increase it ; we thus get 

2»v?fr'' f !^ArA«-2irrnArAs 

ar iirj 

^•('•£) =r " (I) 

Now since the liquid is moving parallel to the axis of the tube the 
pressure must be the same all over a cross section of the tube; hence 
If does not depend upon r. Again, v must be the came for all points 
at the same distance from the axis, if the fluid is incompressible, for if 
v changed as we moved parallel to the axis down the tube, the volume of 
liquid flowing into the ring through P and Q would not be the same as 
that flowing out. Since II does not derend upon r, and the left-hand side 
of equation (1) does not depend upon anything but r, we see that II must 
be constant ; hence, integrating (1), we get 

where C is a constant; we have therefore 

Integrating again we have 

r,v = \rm + V logr + C (2) 

where 0* is another constant of integration. Since the velocity is not 
infinite along the axis of the tube— i.e., when r — Q, C must vanish. To 
determine C we have the condition that at tho surface of the tube 
the liquid is at rest, or that there is no slipping of the liquid past 
the walls of the tube. This has been doubted ; indeed, Helmholtz and 
Piotrowski thought that they detected finite effects due to the slipping 
of the liquid over the solid. Some very careful experiments made by 
Whetham seem to show that under any ordinary conditions of flow no 
appreciable slipping exists, at least in the case of liquids. We shall 
assume then that v = 0 at the surface of the tube — i*., when r = a; this 
condition reduces equation ('*) to 

-a«)IX (3) 

Now if p l is the pressure where the liquid enters the tube, p t the 
pressure where it leaves it, / tho length of the tube, 

I 

the negative sign is taken localise the pressure gradient was taken 
positive when the pressure increases in the direction of v. Substituting 
this value for II, equation (3) becomes 

^ = -O (4) 
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The volume of liquid Q which passes in unit time across a section of 



the tube 



h 



*= J 2wrvdr. 



(5) 



This is the law discovered by Poiseuille for the flow of liquids through 
capillary tubes. We see that the quantity flowing through such a tube 
is proportional to the square of the area of cross-section of the tube. 

When the liquid flows through the capillary tube from a large vessel, 
as in Fig. 159, the pressure p t at the orifice A of the capillary tube 
differs slightly from that due to the head of the liquid above A, for this 



Fio. 189. 

head of liquid has not merely to drive the liquid through the capillary 
tube against the resistance due to viscosity, it has also to communicate 
velocity and therefore kinetic energy to the liquid, so that part of the 
head is used to set the liquid in motion. We can calculate the cor- 
rection due to this cause as follows : let h be the height of the surface 
of the liquid in the large vessel above the outlet of the capillary tube, p 
the density of the liquid ; then if Q is the volume of the liquid 
flowing through the tube in unit time, the work done in unit time is 
equal to gphQ. This work is spent (1) in driving the liquid through the 
capillary tube against viscosity, and this part is equal to (p t -p t ) Q if 
p x and p t are the pressures at the beginning and end of the capillary tube 
(2) in giving kinetic energy to the liquid. The kinetic energy given to 
the liquid in unit time is equal to 



c'xvx 2irrdr 



where v is the velocity of exit at a distance r from the axis of the capillary 
tube. If we assume that the distribution of velocity given by equation (4) 
holds right up to the end B of the tube, then by the help of the equation (5) 



we have 



iru 4 
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Substituting this value in the integral we find that the kinetic energy 
possessed by the fluid issuing from the tube in unit time is pQ'/arta*; 
hence, equating the work spent in unit time to the kinetic energy gained 
plus the work done in overcoming the viscous resistance, we have 

Thus the head which is spent in overcoming the viscous resistance is not A, 

but a--£v 

This correction has been investigated by Hagenbach,* Couette.t and 
Wilberforce,£ and has been shown to make the results of experiments 
agree more closely with theory. It is probably, however, not quite accu- 
rate on account of the assumption made as to the distribution of velocity 
at the orifice. 

Viscosity of Gases. — The viscosity of gases may be measured in 
the same way us that of liquids, but the case of a gas flowing through a 
capillary tube differs somewhat from that investigated on p. 208, where 
the liquid was supposed incompressible and the density constant; in the 
case of the gas the density will, in consoquence of the variation in 
pressure, vary from point to point along the tubo. Using the notation of 
the previous investigation, instead of v being constant as we move parallel 
to the axis of tho tube, the fact that equal masses pass each cross-section 
requires pv to be constant as long as we keep at a fixed distance from the 
axis of tho tube. Since p is proportional to p y where p is the pressure of 
the gas, we may express this condition by saying that pv must be 
independent of z where z is a length measured along the axis of the tube. 
Tims, since p varies along the tube, v will not be constant as z changes; 
this variation of v will introduce relative motion between parts of the gas 
at the same distance from the axis of the tube, and will give rise to 
viscous forces which did not exist in the case of the incompressible liquid. 
We shall, however, neglect these for the following reasons : if V 0 is the 
greatest velocity of the fluid, the gradient of velocity along the tube is of 
the order VJl, where I is the length of the tul>e; the gradient of velocities 
across the tube is of the order V Ja, where a is the radius of the tube ; as 
a is very small compared with /, the second gradient, and therefore the 
viscous forces due to it are very large compared with those due to the first, 
We shall therefore neglect the effect of the first gradient. On this supposition 

equation (1) still holds, and, since 11 = ^, we have 

dz 

d ( <lv\ dp 

• Hagenbach, PoggcndorJjTs Annalen. 109, p. 3S5. 

+ Couette, Anna/en dt Chimie et de I'/ttjsiyuc, f 6], 21, p. 

I Wilbcrforcc, J'hUosophical May<uinc t (5) 31, p. 407. 
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or, regarding p as constant over a cross-section of the tube, we have 

dr\ at J dz dz 
Since po is independent of z, we see that J is constant and equal to 
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and if V l is the volume eutering, V, that leaving the tube per second, we 
have 

Measurement of the Coefficient of Viscosity. — The viscosity ij 

has most frequently been determined by measurements of the rate of flow 
of the fluid through capillary tubes. An apparatus by which this can be 
done is shown in Fig. 160. G is a closed vessel containing air under 
pressure ; the pressure in this vessel is kept constant by means of the tube 
J), which connects 6 with a Mariotte's bottle ; the pressure in & is always 
that due to a column of water whose height is the height of the bottom of 
the air tubes in the Mariotte's bottle above the end of the tube D, The 
glass vessel abcdef, in which de is a capillary tube, contains the fluid whose 
coefficient of viscosity is to be determined ; this vessel communicates with 

Fio. 161. Fig. 16i 



G by means of the tube LKI ; the pressure acts on the liquid in abcdef, 
and causes it to flow through the capillary tube fit>m left to right ; two 
marks are made at 6 and c, and the volume between these marks is 
carefully determined. Let us call it V ; then, if T is the time the level of 
the liquid takes to fall from b to c, Q = V/T. The area of cross-section of 
the tube has to be determined with great care, and precautions must be 
taken to prevent any dust getting into the capillary tube. As the 
viscosity varies very rapidly with the temperature, it is necessary to 
maintain the temperature constant ; for this purpose the vessel abcdef is 
placed in a bath filled with water. 

With an apparatus of this kind Poiseuille's law can be verified, and 
the viscosity determined. It is found that, although Poiseuille's law holds 
with great exactness when the rate of flow is slow, yet it breaks down 
when the mean velocity Q/jra 1 exceeds a certain value depending on the 
size of the tube and the viscosity of the liquid. This point has been 
investigated by Osborne Reynolds, who finds that the state of flow we 
have postulated in deducing Poiseuille's law — i.e., that the liquid moves in 
straight lines parallel to the axis of the tube — cannot exist when the mean 
velocity exceeds a critical value ; the steady flow is then replaced by an 
irregular turbulent motion, the particles of liquid moving from side to side 
of the tube. This is beautifully shown by one of Reynolds' experiments. 
Water is made to flow through a tube such as that shown in Fig. 161, and a 
little colouring matter is introduced at a point at the mouth of the tube : if 
the velocity is small the coloured water forms a straight band parallel to 
the axis of the tube, as iu Fig. 161 ; when the velocity is increased this band 
becomes sinuous and finally loses all definiteness of outline, the colour 
filling the whole of the tube, as in Fig. 162. Reynolds concluded from his 
experiments that the steady motion cannot exist if the mean velocity is 
greater than 1000 ij/po whore ij is the viscosity, p the density of the liquid, 
and a the radius of the tube. The units are centimetre, gramme and second. 

Measurements of the viscosity of fluids both liquid and gaseous, have been 
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made by determining the couple which must be applied to a cylinder to 
keep it fixed when a coaxial cylinder is rotated with uniform velocity, the 
space between the cylinders being filled with the liquid whose viscosity 
has to be determined. This method has been used by Couette and Malloclc. 
The theory of the method is as follows : the particles of the fluid will 
describe circles round the common axis of the cylinders. Let PQ be points 
on a radius of the cylinders; 
after a time T, let P come to F, 
Q to Qf, let OF produced cut Q<? 
in Q ". Then the velocity gradient 
at P will be equal to (W'A')-i- 
FQ" ; if u is the angular velocity 
with which the particle at P de- 
scribes its orbit, w + 3w that of the 
particle at Q, then Q'Q" ^OQ cuT. 
J#t OP = r, OQ = r + or, then since 
FQ" = the velocity gradient at 

P is (r + or when hr is very 

small, ; hence the tangential 

stress acting on unit area of the 

surface at P is ijr-^. Now consider 
dr 
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the portion of liquid bounded by 

coaxial cylinders through P and R and by two parallel planes at right 
angles to the axes of the cylinders and at unit distance apart. This 
annulus is rotating with constant angular velocity round the axis of the 
cylinders, hence the moment about this axis of the forces acting upon the 
annulus must vanish. Now the moment of the forces acting on the inner 
face of this annulus is 

dr dr 

and this must be equal and opposite to the moment of those acting on the 
outer 8mface of the cylinder; now R may be taken anywhere; hence we 
6ee that this expie>sion must lie constant and equal to the moment of the 
couple acting on unit length of tho outer cylinder, which is, of course, equal 
and opposite to the moment of that on the inner. Let us call this moment 



T, then 



du 



Integrating this equation we find 



dr 



+0 

4^ 



where C is a constant. If the radii of the inner and outer cylinders are 
a and 6 respectively, and if the inner cylinder is at rest and the outer one 
rotates with an angular velocity O, then since w«0, when r-o, and - U 



when r= b, we find 



a?b 2 
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Hence, if we measure r for a given velocity CI, we can deduce the value of *j. 
This case presents the sime peculiarities as the flow of a viscous liquid 
through a capillary tube ; the law expressed by the preceding equation is 
only obeyed when CI is less than a certain critical value When CI exceeds 
thin value the motion of the fluid becomes turbulent, and for values of CI 
just above this value the relation between r and CI becomes irregular; it 
becomes regular again when CI becomes considerably greater , but r is no 
longer proportional to CI, but is of the form qil + /3ti' where a and ft are 
constants. Those fuels are well shown by the curve given in Fig. 1G4, 




Fig. 164. 



which represents the results of Couette's* experiments on the viscosity of 
water. The abscissa* are tho values of SI and the ordi nates the values 
of r JCl. The instability set in at B when the outer cylinder made about 
one tevolution per second ; the radii of the cylinders were 14 04 and 14 ^9 
rm. respectively. 

This method can bo applied to dctcrmino the viscosity of gases as well 
as of liquids. 

Method Of the Oscillating 1 DISC— Another method of determining 
t), which has been used by Coulomb, Maxwell, and 0. E. Meyer, is that of 
measuring tho logarithmic decrement of a horizontal disc vibrating over a 
fixed parallel disc placed at a short distance away, the space between the 
discs being filled with the liquid whose viscosity is required. The viscosity 

• Couette, AnnaUt de Chimie ct dt Phytiqut [6], 21, p. 433. 
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of the liquid gives rise to a couple tending to retard the motion of the 
disc proportional to the product of the angular velocity of the disc and 
the viscosity of the liquid: the calculation of this couple is somewhat 
difficult. We shall refer the reader to the solution given by Maxwell 




0 io no ao <H> 60 00 70 oo oo wo 

Fio. 166. 



(Cotkct'd raj rr*, vol. ii. p. 1). This method, as well as the preceding one, 
can ho used for gases as well as for liquids. 

Among other methods for measuring tj we may mention the determina- 
tion of the logarithmic decrement for a pendulum vibrating in the fluid 
(Stokes) ; the logarithmic decrement of a sphere vibrating about a diameter 
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in an ocean of the fluid ; the logarithmic decrement of a hollow sphere 
filled with the liquid and vibrating about a diameter (Helmholtz and 
Piotrowski, Helmholtz Collected Papers, vol. i. p. 172). 

Temperature Coefficient of Viscosity. — in all experiments on 

viscosity it is necessary to pay great attention to the measurement of the 
temperature, as the coefficient of viscosity of liquids diminishes very 
rapidly as the temperature increases. This is shown by the curve (Fig. 
165) taken from the paper by Thorpe and Rodger (Phil. Trans., 1894, A. 
Part ii. p. 397), which shows the relation between the viscosity of water 
and its temperature. It will be seen that the viscosity of water at 80° C. 
is only about one-third of its value at 10° 0. Thorpe and Rodger, who 
determined the co-efficients of viscosity of a large number of liquids, found 
the formula given by Slotte, n^Cftl + bt) n , where 17 is the co-efficient of 
viscosity at the temperature t and C, b and n are constants depending on 
the nature of the liquid, was the one that agreed best with their experi- 
ments. For water they found that 

•017911 

9' 



wh 



(1+0281200 ,MJB 

>re t is the temperature in degrees Centigrade. 
The following table, taken from Thorpe and 



Thorpe and Rodper's paper (Phil. 
Trans., A. 1894, p. 1), gives the value of in C.O.S. units for some liquids 
of frequent occurrence. The table gives the value of the constants C 6 n 
in Slotte's formula ' 



SrnsTAHCi 



Bromine . . 
Chloroform . . 
Carbon tetrachloride 
Carbon bisulphide 
Formic acid 
Acetic acid . 
Etbjl ether 
Benzene . . 
Toluene 

Methyl alcohol . 
Ethyl alcohol . 
Propyl alcohol . , 
Butyl alcohol : 

0" to 52° . 

62° to 114° . 
Inactive amyl alcohol : 

0* to 40' . 

40° to 80' 

80° to 128* . 
Active amyl alcohol : 

0° to 35* 

35' to 73* 

73° to 124" . 
Allyl alcohol 
Nitrogen peroxide . 



012535 


•008935 


1-4077 


•007006 


006316 


1-8196 


013466 


•010521 


1-7121 


004294 


005021 


1-6328 


029280 


•016723 


1 7164 


•016867 


•008912 


2 0491 


002864 


007332 


1-4644 


•009055 


•011963 


1-5554 


•007684 


•008850 


1 6522 


•008083 


•006100 


2-6793 


•017753 


•004770 


4 3731 


•038610 


•007366 


8-9188 


051986 


007194 


4 2452 


•056959 


•010869 


82150 


•085358 


008488 


4 3249 


•093 7H2 


•012520 


8 3395 


•152470 


•026540 


2 4618 


•111716 


009851 


4-3736 


124788 


■015463 


3 2542 


•147676 


•127583 


2 0050 


021736 


009139 


2-7925 


•005267 


007098 


1-7349 
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Warburg found that n for mercury at 1 7*2° is equal to *01 6329. A later 
determination by Umani (A r uov. Cim. [4] 8, p. 151) gives ij = '01577at 10°. 

The value of if for liquid carbonic acid is very small, being at 15° only 
1/14-6 of that of water. 

Effect of Pressure on the Viscosity.— The viscosity of water 

diminishes slightly under increased pressure, while that of benzol and 
ether increases. 

ViSCOSity Of Salt Solutions.— A large number of experiments 
have been made on the viscosity of solutions, but no simple laws con- 
necting the viscosity with the strength of the solution have been arrived 
at. In some cases the viscosity of the solution is less than that of water, 
and in many cases the viscosity of the solution is a maximum for a particular 
strength. 

ViSCOSity Of Mixtures. — Here again no general results have been 
arrived at, although considerable attention has been paid to this subject. 
In many cases the viscosity of a mixture of two liquids A, B is less than 
that calculated by the formula 

f a + o 

where i? A , ij b are respectively the viscosities of A and B, and a, 6 are the 
volumes of A and B in a volume a + b of the mixture. 

Lubrication. — When the surfaces of two solids are covered with oil 
or some other lubricant they are not in contact, and the friction between 
them, which is much less than when they are in contact, is due to fluid 
friction. The laws of fluid friction discussed in this chapter show that, 
if we have two parallel planes at a distance d apart, the interval between 
them being filled with a liquid, then if the lower plane in at rest and 
the upper one moving parallel to the lower one with the velocity V, 
if V is not too great there is a retarding tangential force acting on the 
moving plane, and equal per unit area to «|V/rf, where 17 is a quantity 
called the coefficient of viscosity of the liquid. If we regard this as a 
frictional force acting on the moving plate we see that the friction would 
depend upon the velocity, and would only depend upon the pressure between 
the bodies in so far as the pressure affected the thickness of the liquid 
layer and the viscosity of the lubricant. 

The laws of friction, when lubricants are used, are complicated, depending 
largely upon the amount of lubrication. When the lubricant is present 
in sufficiently large amounts to fill the spaces between the moving parts 
the friction seems to be proportional to the relative velocity of these parts. 
When the supply of lubricant is insufficient, part of it collect* as a pad 
between the moving parts, as in Fig. ICC; here the lower surface is at 
rest and the upper one rotating from left to right. Professor Osborne 
Reynolds* has shown that, as the breadth and thickness of this pad 
depend upon the pressure and relative velocity, it would be possible to get 
friction proportional to the pressure and independent of the relative 
velocity, even when the friction was entirely caused by the viscosity of a 
thin layer of liquid between the moving parts. 

ViSCOSity Of Gases. — Gases possess viscosity, and the forces called 
into play by this property are, as in the case of liquids, proportional to 
the velocity gradient; in fact, the definition of viscosity given on p. 205, 
• Reynolds, PhU. Tram., 1886, pt. i. p. 157. 
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applies to gases as well as to liquids. The most remarkable property of 
the viscosity of gases is that within wide limits of pressure the viscosity 
is independent of the pressure, being under ordinary circumstances the 
same at a pressure of a few millimetres of mercury as at atmospheric 
pressure. This is known as Maxwell's Law, as it was deduced by Maxwell 
from the Kinetic Theory of Gases; it has been verified by numerous 
experiments. Boyle has some claim to be regarded as the discoverer 




Fro. 16C. 



of this law, for about 1660 he experimented on the effect of diminishing 
the pressure on the vibrations of a pendulum, and found that the vibrations 
died away just as quickly when the pressure was low as when it wai 
high. This law follows very readily from the view of viscosity supplied 
by the Theory of Gases. Thus, suppose we have two layers of gas A 
and B at the same pressure, and that A has a motion as a whole from 
left to right, while B is either at rest or moving more slowly than A in 
this direction. According to the Kinetic Theory of Gases, molecules of 
the gas will be continually crossing the plane separating the layer A from 

A > " 



B 



Fro. 1G7. 

the layer B. Some of these molecules will cross the plane from A to B 
and an equal number, since the pressure of the gas remains uniform, from 
B to A. The momentum parallel to the plane of those which leave A 
and cross over to B is greater than that of those which replace them 
coming over from 7? to A ; thus the layer .4 is continually losing momentum 
while the layer B is gaining it. The effect is the same as if a force parallel 
to the plane of separation acted on the layer A, so as to tend to 
stop the motion from left to right, while an equal and opposite force acted 
on B t tending to increase its motion in this direction; these forces are 
the viscous forces we have been discussing in this chapter. If the distri- 
bution of velocity remains the same, the magnitude of these forces will 
be proportional to the number of molecules which cross the plane of sepa- 
ration in unit time. 

The molecules are continually striking against each other, the average 
free run between two collisions, called the mean free path of the molecules, 
being extremely small, only about 10" 5 cm. for air, at ixtmospherio 
pressure. This "free path varies, however, inversely as the pressure, and at 
the extremely low pressures which can be obtained with modern air- pump* 



Digitized by Google 



VISCOSITY OF LIQUIDS. 



219 



U,troyn 




can attain a length of several centimetres. When one molecile sti ikes 
against another its course is deflected, go that, although it is travelling at 
a great speed, it makes but little progress in any assigned direction. The 
consequence of this is that the molecules which cross in unit time the 
plane of separation between A a' d B can all be regarded as coming from 
a thin layer of gas next this plane, a definite fraction of the molecules 
in this layer crossing the plane. The lonyer the froe path of the molecules 
the thicker the layer, the 
thickness being directlv 
proportional to the mean 
free path. If n is the 
number of molecules per 
unit volume and t the 
thickness of the layer, 
the number of molecules 
which in unit time cross 
unit area of the plane 
separating A and B will 
be proportional to nt. 
L?t us consider the effect 
on this number of halving 
the pressure of the gas. 
This halves?* but doubles 
t ; t is proportional to the 
free path, which varies 
inversely as the pressure, 
hence the product nt, and 
therefore the viscosity, 
remains unalterod. This 
rationing holds until the 
thickness of the layer from 
which the molecules cross 
the plane of separation 
gets so large t hat the layer 
reaches to the sidos of 
the vessel containing the 
gas. When this is the 
case no further diminu- 
tion in the pressure can 
increase /, and as n dimin- 
ishes as the pressure 
diminishes, the product 

nt and, therefore tho viscosity, will foil as the pressure fulls. Thus in a 
vessel of given size tho viscosity remains unaffected by the pressuro until 
the pressure reaches a certain value, which depends upon the sire of the 
vessel and the nature of the gas; when this pressure is passed the 
viscosity diminishes rapidly with the pressure. Tin's is shown very clearly 
by the curves in Fig. lflS, based on experiments made by Sir William 
Crookes (Phil. Tram., 172, pt. ii. 387). In those curves the ordinates 
represent the viscosity and the abscissas the pressure of tho gas. 

The diminution in viscosity at low pressures is well shown by an incan- 
desceut electric lamp with a broken filament. If this be shaken while the 



Pressure 



Miii.anths of an Atmoiphtrt* 
FlO. 168. 
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lamp is exhausted it will be a long time before the oscillations die away ; 
if, however, air is admitted into the lamp through a crack made with a 
file the oscillations when started die away almost immediately. 

Another reason why the effects of viscosity are less at very low pressures 
than at higher ones is the slipping of the gas over the surface of the solids 
with which it is in contact. In the oase of liquids, no effects due to slip 
have been detected. Kundt and Warburg* have, however, detected such 
effects in gases even up to a pressure of several millimetres of mercury. 
The law of slip {see Maxwell, " Stresses in a Rarefied Gas," Phil Trans., 
187) may be expressed by saying that the motion in the gas is the same 
as if a certain thickness L were cut off the solids, and that the gas in 
contact with this new surface were at rest. This thickness L is propor- 
tional to the mean free path of the molecules of the gas. According to 
the experiments of Kundt and Warburg it is equal to twice the free 
path ; hence, as soon as the free path gets comparable with the distance 
between the solids in the gas, the slip of the gas over these solids will 
produce appreciable effects in the same direction as a reduction in 
viscosity. 

Mean Free Path. — If we know the value of the viscosity we can 
calculate the mean free path of the molecules of a gas : for if we calcu- 
late, from the principles of the Kinetic Theory of Gases, the rate at which 
momentum is flowing across unit area of the plane A, B t Fig. 1G7, we find 



that it is equal to 



dv 
dx 



where v is the velocity of the stratum at a height x above a fixed plane, 
X is the mean free path, p the density of the gas, c the "velocity of mean 
square" (this can be calculated from the relation p = \pc* where p is the 
pressure in the gas). The rate of flow of momentum across unit area 
is equal to the tangential stress at the plane AB ; hence, if tf is the viscosity 
of the gas, ij-'3bQcp\. Let us calculate from this equation the value 
of X for air; taking for the viscosity at atmospheric pressure and at 
15° C. ij = 1*9x10"*, p at pressure 10° and temperature 15° C, 
1-26 x 10"», wegetc = 4'88 x 10*, and X- -00001 cm. At the pressure of a 
millionth of an atmosphere the mean free path in air is 10 cm. 

The values of n for a few of the moit important gases are given in 
the following table ; the temperature is about 15° C. These numbers 
are given by O. E. Meyer ; they are deduced from his own experiments 
on the viscosity of air by the method of the oscillating disc and the expe- 
riments made by Graham on the relation between the rates of flow of 
different gases through capillary tubes : 



Qm 

Air . 
Hydrogen 
Marsh- gas 
Water- vapour . 
Ammonia 
Carbonic oxido 
Ethylene . 
Nitrogen . 
Oxygon . 
Nitric oxide INO) 



19 
93 
1-2 

•975 
1 08 
1-84 
109 
1-84 
212 
186 



Gas i,xl0t 

Sulphuretted hydrogen . 13 

Hydrochloric acid . .156 

Carbonic acid . . . 1 '6 

Nitrous oxide (N a O) . 16 

Methyl ether . . .1*02 

Methyl chloride . .116 

Cyanogen . .1*07 

Sulphurous acid (SOJ . 1 '38 

Ethyl chloride . .105 

Chlorine . . . . 1 41 



* Pugg. Ann., 155, p. 357. 
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Effect of Temperature upon the Viscosity of Gases.— Increase 

of temperature has opposite e fleets on the viscosities of liquids and of gases, 
for while, as we have seen, it diminishes the viscosity of liquids it increases 
that of gases. If 17 is the coefficient of viscosity, and if this is assumed 
to bo proportional to T" where T is the absolute temperature, then, according 
to Lord Rayleigh's* experiments, we have the following values for n : 



Air . 

Oxygen 
Hydrogen 
Helium 
Argon . 



n 

•754 
•782 
•681 
•681 
•815 



111 3 

128-2 
72-2 
72-2 

150-2 



The values of e relate to a formula suggested by Sutherland, according 
to which 1} = a Y+~f£ * * nu8 » a ^ ver y kigh temperatures, if this relation 

is true, 17 would vary as the squaro root of the absolute temperature. 
According to Koch,t the viscosity of mercury vapour varies much more 
rapidly with the temperature than that of any other known gas. He 
concluded from his experiments that for this gas i/ = aT r *. The results 
given above for helium and argon, both, like mercury vapour, monatomic 
elements, show that a rapid variation with temperature is not a necessary 
characteristic of monatomic gases. Lord Rayleigh found that the viscosity 
of argon was 1*21, and of helium 0*96 that of air. 

Coefficient Of Viscosity Of Mixtures.— Graham made an extensive 
series of experiments on the coefficients of viscosity of mixtures of gases 
by meisuring the time taken by a known volume of gas to flow through 
a capillary tube. He found that for mixtures of oxygen and nitrogen, and 
of oxygen and carbonic acid, the rate of flow through the tubes of the 
mixture was the arithmetical mean rate of the gases mixed ; with mixtures 
containing hydrogen the results were very different ; how different is shown 
by the following table, which gives the ratio of the transpiration time of 
the mixtures to that of pure oxygen : 



Hydrogen and Carbonic Acid. 



100 

97 5 
95 
90 
76 
60 
25 
10 
0 



0 

2 5 

5 
10 
25 
50 
75 
90 
100 



•4321 
•4714 
•5157 
•5722 
6786 
•7339 
•7535 
-7521 
•7470 



Hydrogen ami Air. 



100 
95 
90 
75 
60 
25 
10 
5 
0 



0 
5 
10 
25 
60 
75 
90 
95 
100 



•4434 

•52S2 
•58S0 
•7488 
•8179 
•8790 
•8880 
•8960 
•900 



It will be seen fiom this table that, while the addition of 5 percent, 
of air to pure hydrogen alters the time of effusion by about 20 per cent., 
the mixture of half hydrogen, half air, has a time of effusion which only 
differs from that of pure air by about 8 per cent. Thus the addition of 
hydrogen to air has little influence on the viscosity, while the addition 
of air to hydrogen has an enormous influence. 

Resistance to a Solid moving* through a Viscous Fluid.— When 
" moves through a fluid the portions of the fluid next the solid are 

• Rayleigb. Proc. Roy. Soc , 66, p. 68. 
f Koch, )Vicd. Ann., 19, p. 687. 
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moving with tho same velocity as the solid, while the portions of the fluid at 
some distance off are at rest. The movement of the solid thus involves 
relative motion of the fluid ; the viscosity of the fluid resists this motion, 
• ho that there is a force acting on the solid tending to resist its motion. 

Sir Georgo Stokes has shown that in the case of a sphere moving with 
a very small uniform velocity V through the fluid the force resisting the 
motion is equal to GirijaV whore a is the radius of the sphere, 17 the 
viscosity of the fluid through which it is falling. Consider now the case 
of a sphero fulling through a viscous fluid ; just after starting from rest the 
velocity will be small and the weight of the sphere will be greater than 
tne viscous resistance; the velocity of the sphere, and therefore the 
resistance, will increase until tho resistance is equal to the weight cf the 
sphere. When this velocity, which is called the critical velocity, is react) ed, 
the forces acting on the sphere will be in equilibrium, and the sphere will 
fall with a uniform velocity which may also be called the terminal velocity. 
Since the effective weight of the sphere is equal to 4ira?(p - (r)<?/3, where p is 
the density of the sphere and a that of the liquid through which it is moving, 
if V is the terminal velocity, 

o 

so that the terminal velocity is proportional to the square of the radius 
of the sphere. In the case of a drop of water falling through air for which 
ij = 1-8 x 10"\ we find, if the radius of the drop is 1/100 of a millimetre, 
V = 1*2 cm./sec. This result explains the slow rate at which clouds con- 
sisting of fine drops of water fall. Since tj is independent of the pressure, 
tho terminal velocity in a gas will, since a in this case is small compared 
with p, be independent of tho pressure. 

As an application of this formula we may mention that the size of small 
drops of water has been determined by measuring the rate at which they 
fell through air; from this the value of the radius can be determined by 
equation (1). The expression for the resistance experienced by the sphere 
falling through the viscous liquid is obtained on the supposition that the 
motion of the liquid is so slow that terms depending upon the squares of 
the velocity of the liquid em be neglected in comparison with those re- 
tained. Now, if V is the velocity, p the density of the liquid, the forces on 
tho liquid depending upon the squares of the velocity, are proportional to 
the gradient of the kinetic energy per unit volume — i.e., to the gradient of 
ipV ; the forces due to viscosity are proportional to the gradient of the 
viscous stress. If a i.s the radius of the sphere, the distance from the 
sphere at which the velocity may be neglected is proportional to a, hence 
the velocity gradient is of the order (V/a), aud the viscous stress i?V/a. 
Hence, if we can reject the effects depending on the squares of the 
velocity in comparison with the effects of viscosity, pV* must be small 
compared with ijV/a, or pVa must be small compared with 7. ITence, if 
the preceding solution holds, we see, by substituting for V tho value of 

the limiting velocity, that %^StZf)E must be small. Lord Rayleigk • 
• Lord Kaylc-.gh, Phil. Ala.j., [b] 36, r 3W. 
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has pointed out how much this restricts the application of Stokes' result ; 
thus, for example, in the caso of drops of water falling through air, the 
theory does not apply if the drops are more than about one-tenth of a 
millimetre in radius. When the velocity of the falling body exceeds a 
certain critical value the motion of the surrounding fluid becomes 
turbulent, just as when the velocity of a fluid through a capillary tube 
exceeds a certain value the flow ceases to be regular (aee p. 212). When 
this turbulent stage is reached the resistance becomes proportional to the 
square of the velocity. Mr. Allen,* who has recently investigated the 
resistance experienced by bodies falling through fluids, linds that this can 
be divided roughly into three cases — (a) where the velocity is very small, 
when the preceding theory holds, and the resistance is proportional to the 
velocity ; (b) a stage where the velocity is great enough to make the forces 
depending on the square of the velocity comparable with those depending 
on viscosity ; in this stage the resistance is proportional to the velocity 
raised to the power of 3/2 ; (c) a stage where the velocity is so great that 
the motion of the fluid becomes turbulent ; in this stage he finds the 
resistance to be proportional to the square of the velocity. When the 
resistance is proportional to the square of the velocity the method of 
dimensions shows that it does not for a given velocity depend upon the 
viscosity of the liquid. For, suppose the resistance is proportional to 
a'fA/'V", this expression must be of the dimensions of a force — i.e., 1 in 
mass, 1 in length, and - 2 in time ; hence we have 

1-y + » 

] «=x - :'>>/ - z + n 
- 2 «= - z - u 

so that *=->#, y = = 2 -n, 

and the resistance is proportional to ( Va/)/»;)"(i/7p) 5 thus, if n=»2 the 
resistance is proportional to Wp, and is independent of viscosity. The 
energy of the body is spent in producing turbulent motion in the liquid 
and not in overcoming the viscous resistance. 

A great deal of attention has been given to the resistance of bodies 
moving with high speeds, such as bullets. It is doubtful, however, if the 
viscosity of the fluid through which the bullet moves has any eflect upon 
the resistance; we shall not, therefore, enter into this subject, except to 
say that the most recent researches, those by Zahui, seem to indicate that 
tor velocities less than about i'OOOO cm. /sec. the resistance may be repre- 
sented by ur + tt' 1 , where a and b are constants. 

• Allen, Phil. J/ay., Sept. and Nov. l&QQ. 
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Acceleration doe to gravity, 7-24 
Air, deviai ions from Boyle's law as to, L2S 
Airy, hydrostatic theory of earth's crust, 
22 

Dolcoath experiment, 25 

Hart on pit experiment, 25 
Amagat, minimum value of pv., 126, 122 
Angle of shear, 66 

Arc, correction for pendulum swing, 16 
Atmolysis, 202 

Daily's Cavendish experiment, 21 
Bailie and Cornu's experiment, 28 
Bar?, bending of, 8. r ,-l02 

vibration of, 94 
Barymeter, von Sterneck'a, 2ft 
Bending of rods or bars, S5-102 
Bernouilli's correction for arc of swing 

of pendulum, 18 
Boiling-point, depression of, in solutions, 

121 

Borda's pendulum experiments, lA 
Bouguer's pendulum experiments, 16 

experiments on determination of 
density of earth, 22 

rule and exceptions, 22=3. 
Boyle's law, 125 

at low pressures, 12ft 

deviations of various gases from, 126 
Boys's Cavendish experiment, 40 
Braun's Cavendish experiment, 11 
Breaking-point of stretched wires, 55 
Bubbles and drops, measurement of 
surface tension by, 156. 161 

Camphor, movements of on surface of 

water, 162 
Capillarity, 135-181 

Laplace's theory of, T73 181 
Capillary tubes, rise of fluids in, IAD 
Carbonic acid, deviation of, from Boyle's 

law, 126 

Carlinfs pendulum experiment, 25 
Caasiui's and Borda's pendulum experi- 
ment, 12 
Cavendish experiment, 28 

by other observers, 23 

tee Earth, determination of density of 
Clai rant's theorem, 22 



Collision, B39 

duration of, on impact, 112 

of drops, H2 

s r e also Impact 
Colloids, 126 

Compressibility of liquids, nee Liquid* 
Computed times of pendulums, 15 
Contamination of films, 12H 
Critical velocity in viscous fluids, 222 
Crystalloids, 126 

Dekfo roes' pendulum, 18 
Degree of latitude, measurement of a, 
21 

Diaphragm, diffusion through, 1S6, 2M 
Differential gravity balance, 26 
Diffusion of gases tee Gates 

of liquids, sec Liquid* 

of metals 261 
Dilatation under strain, 61 
Dissociation of electrolytes, 124 

Earth, determination of density of, 21 
by Mry, 25 
Baily, 22 
Bouguer, 22 
Boys, 41 
Braun, 11 
Catlini, 25 
Cavendish, 26 
Cornu and Bailie, 29. 
von Jolly, 42 
Maskelyne, 22 
Mendctihall, 25 
Poynting, 12 

Richarz and lvrigar Mcnzcl, 12 
von Sterneck, 26 
Wilsing, 41 
Effusion, thermal, 262 
Elastic after-effect, 55 
curve, 25 
fatigue, 52 
limit, 53, 62 
Elasticity, 52 

modulus of, 69, 162 
tee also Young's Modulus 
Electrolytes, dissociation of, 121 
Ellipticity of earth, 22, 21 
Elongation under strain, 61 

P 



2^6 



INDEX 



Equilibrium of liquids in contact, 132 
Equivalent simple pendulum, 10 

Fatigue, elastic, 61 

Faye'a rule, 23 

Films, contamination of, 170 

cooling effects, on stretching, 103 
stability of cylindrical, HZ 

Flexure, 20 

Floating bodies, forces acting on, 153 
Fluid motion, effect of, on pendulums,!* 

surfaces, disruption of, 1 1 4 
Formulae for pendulum motion, 1 S-9-i 
Freezing-point, depression of in solu- 
tions, 123 

Galileo's observations respecting pen- 
dulums, 8 
Gaseous pressures and volumes, 121 
Gates, diffusion of, 1M 

kinetic theory as applied to the, 10B 
obstruction to. offered by perforated 

diaphragms, 200 
through porous bodies, 201 
Gases, passage of, through india-rubber, 
203 

through liquids, 203 

through red-hot metals, 201 
Gnt-es, viscosity of, 210. 218 

influence of temperature upon, 221 
Gravitation, constant, 20 

Newton's law, 23 

qualities of, 45-52 

sre also Earth, denrity of 
Gravity, acceleration of, 2 

history of research, as to, 2. 

Clairaut's theorem, 22 

Newton's theory of, 20 

Kichcr's observations on, 20 

Swedish and Peruvian expeditions 
of investigation, 21 
Giavitv balance, Tlirelfall and Pollock's, 
22 

Gravity meters, differential, 20 

Half-seconds pendulum, von Sterr.cck, 
21 

Hodgkinson's table of values of e on 

impact. Ill 
Homogeneous strain, 02 
Hooke's law. 02 

Hydrogen, deviations of, from Boyle's 

law, 120 
H) drostatic theory, 25 
Huygens' pendulum clock, 0 
theory of pendulums, 2 

Indian survey, experiments on pendu- 
lums, 23 
Impact, 100 

duration of collision on, 112 

kinetic energy of, lid 
Invariable pendulum, 23 



Jaegeb'S method of determining mean 

surface-tension, 162 
Jollv, von, experiments on gravitation 

12 

Eater's convertible pendulum, 12 
and Sabine's experiments, 23. 
Eelvin's table of thermal effects ac- 
companying strain, 131 
Einetic theory of gases, 213 

explanation of diffusion by the, 
103 

Laplace's theory of capillarity, 113 
Latitude, determination of length of 1± 
of, 21 

Liquids, capillarity of, 135 

compressibility of, 116. 122 
diffusion of, 133 
determination of co-efficient of 
131 

through membranes, 130 
in contact, 130 
films, stability of, 112 
flow of viscous, through cylindrical 

capillary tubes, 202 
potential energy of, due to surface 

tension, 132 
rise of, in capillary tubes, 110 
surface- tension of, 137 

relation between curvature nnd 

pressure of surface, 112 
methods of measuring, 155 
by bubbles and drops, 156. 101 
by ripples, 102 
temperature, effects on. 103 
table of compressibility of various, 
122 

tensile strength of, 122 

vapour-pressure over curved surface 
of, 103 

viscosity of, 205. 
Loaded pillar, stability of, 92 

wires, anomalous effects In, 58 
Lubrication, 212 

Mass, 3 

constancy of, 0 
definition of, 1 
unit of, 5 

Maxwell's law of gaseous viscosity, 218 
Mean free path, 218, 220 
Mendenhall's gravitation experiment, 35 
Mercury, compressibility of, 121 
Metals, diffusion of, through metals, 201 

elastic properties of, 53, £>Z 

viscosity of, £2 
Michell, tyev. J., 30 

Microstructure of metals under stress 

58 

Modulus of elasticity, 69^ 102 
Young's, 70, 73j 74, 10 
of rigidity, 2 
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Newton^ theory of gravitation, 28 

theory of gravity, 28 
Nitrogen, deviation of, from Boyle's law, 

Normal stress, 88 

Oil, effect of, on waves, 121 
Osmosis, 1M 
Osmotic pressure, 188 

Pendulums, Bessel's experiments, 11 
Bon la and Cassini's, 10 
clock, 2 
Defforgcs, IS 
formulae for, lfl-24 
Half-»econdg pendulum, 24 
Hujgens' theory of, 2 
Indian survey experiments, 28 
invariable, 23 
Rater's convertible, 12 
Newton's use of, 2 
Papers on the theory of, 1 
Repsold's, 18 
von Sterneck's, 24 
U.8. survey. 22 

variation in length of seconds, 2 

yielding of support of, 18 
Permanent set, £2 
Picard's pendulum experiments, 9 
Piezometer (the), 113 
Poiseuille's law, 202 
Poisson's ratio, 73, 87j 122 
Poynting's gravitation experiments, 42 
Pressure, effect of, on viscosity, 217. 
212 

on volume, 19* 
variations from Boyle's law at low, 
128 

Quartz thread gravity balance, Threl- 
fall's, 21 

Reich '8 Cavendish experiment, 22 
Repsold's pendulum, 18 
Resolution of strain, 88 
Reversible pendulum, theory of, 12 
Reversible thermal effects accompanying 

strain, 121 
Richer, observations on gravity, 22 
Rigidity, co-efficient of, 88 

modulus of, 12 
Ripples, measurement of surface-tension 

by, Ihl 

Rods, stresses and strains of, 71. 73, 79. 

834 85=122 

8abine'8 pendulum. 28 
Salt solutions, viscosity of, 217 
Schiehallion experiment, 22 
Shear, Gil 

angle of, 88 
Soap bubbles, 143 



Solutions, depression of boiling-point of, 

121 

of freezing-point of, 122 

vapour pressure of, 122 
Spiral springs, 101-108 

energy of, 104-108 
Stability of cylindrical films, 111 

of loaded pillar, 22 
Stemeck, von, Bar j meter, 28 

half-seconds pendulum, 24 

pendulnm experiments, 28 
Strain, 62 

anomalous effects of alternating, on 
wire, £2 

alteration of micro-structure con- 
sequent on, 62 
axes of, Q4 
homogeneous, 82 

resolution of a, £15 
in relation to work, 22 
thermal effects accompanying, 131 
Stresses, GS 

on bars, 21 
Stretched film, 144 

cooling due to stretching, M2 
Stretched wire, anomalous effects on 

loading, 62 
Surface-tension, 122 

effects between two liquids, 119 

in thick films, 178 
forces between 2 plates, due to, 182 
Surface-tension, Jaeger's method of 
measuring, lii2 
oscillations of a spherical drop 

under. 182 
of thin films, Mi 

measurement of by detachment of 
a plate, Ml 

Ripple method, 182 

Wilbelmy's method, Ml 
Swedish and Peruvian expeditions to 
determine length of 1! of lati- 
tude, 21 

Table of moduli of elasticity, M2 
thermal effects of strain, 121 

Tangential stress, 68 

Temperature, co-efficient of viscosity, 218 
effects of, on surface-tension, M3 
on breaking stress of wires, 21 

Tensile strength of liquids, 122 

Terminal velocity in viscous fluids, 222 

Thermal effects of strain, 121 
Kelvin's table of, 134 

Thermal effusion, 222 

Thickness of films, influence of, on 
surface-tension, 178 

Thin films, surface-tension of, 114 

Threlfall and Pollock's gravity balance, 
22 

Torsion, 28 

in cylindrical tubes, 28 
in solid rods, 12 



Diaiti 



-J 8 



INDEX 



IT.S. Survey pendulums, 2Q 

VAtOUR, diffusion of, UIZ 

Vapour pressure, of solutions, 1QQ 
on curved surfaces, lUfi 

Vibration of bars, 25 

Viscosity, 611 

temperature co-efficient of, 216 
determination of co - efficient of, 
212 

by oscillating disc, 214 
effects of pressure upon, 212 
gaseous, effect of temperature on, 

221 
of gases, 218 
of liquids, 202 
of metals, £2 
of mixtures, 221 
of salt solutions. 212 



Viscous fluids, resistance of, to motion of 
solids, 221 
Telocity in, 222 
Volume and pressure of gases, 124 

Watbb, compressibility of, 121 
Waves, calming of, by oil, ILL 
Weight, 1 

standards of, fi 
Wilhelmy's method of measuring sur- 
face-tension, 162 
Wilsing's gravitation experiments, 41 
Work in relation to strain, Zfl 

Yield point, 5a 
Young's modulus, 70, 13 
determination of, 1A 
by flexure, 

by optical measurement, Jfi 



Printed by Ballantyxb &L Co Limitm 
Tavistock Street, London 



A SELECTION FROM 
CHARLES GRIFFIN & CO.'S PUBLICATIONS 



SCIENTIFIC AND TECHNICAL WORKS. 




MESSRS. CHARLES GRIFFIN <fc COMPANY'S 
PUBLICATIONS may be obtained through any Bookseller in 
the United Kingdom, or will be sent Post-free on receipt of a 
remittance to cover published price. To prevent delay, Orders 
should be accompanied by a Cheque or Postal Order crossed 
"Union of London and Smith's Bank, Chancery Lane Branch." 

V* For INDEX, see next page. 




& COMPLETE TECHNICAL, MEDICAL, and GENERAL 
CATALOGUES forwarded Post-free on Application. 



LONDON: 
EXETER STREET, STRAND. 

II 11 10th 

m. r. 64. 



Digitized by Google 



PAOK 

ADAMS (W\ P.), Motor Mechanism, . 33 
ttlTKEN, (T.), Road Making, . . 79 
ALFORl) (J.). Mining Law, . 57 

ALLINHHAM (W>, Me teorology, . 41 
ANDREW'S (L.), Electricity Control, 48 
AM* LIN (8.), Design of Structure*. . 26 
ARCH BUTT A DEELEY. Lubrication, 32 
ATHERTON (Wm.i, Design of Beams, 27 
BARKER (D. WILSON ). Navigation, 41 

Seamanship, 40 

BAUER (M.), Precious Stones, . . 68 
BKIUNOER (J.J.AC.). Assaying. . 66 
B CHEL A LARSEN, Explosive. . 58 
BILES (Prof.). Marine Steam Turbine. 29 

BJoRLING, Peat 75 

BLACK MORE (E.), Mercantile Marine, 40 
BLOUNT (B. ) and BLOXAM (A. I*.), 
Chemistry for Engineers, . .46 

Chemistry for Manufacturers, 71 

BLYTH ( A. Wynter). Koodsand Poisons, 72 

BPHWSB 5 * : : U 

Trigonometry, 42 

BURNS (D.) Colliery Electricity, . 58 
BUTTERKIhlLIMW. J. A ), Gas, . 77 
CAIN A THORPE, Synthetic Dyestuffs, 82 
CARTER (H. R.). Long Fibre Spinning. 83 
CASTELL-EVANS, Chemical fables, 79 
CLAY WORKER'S HANDBOOK, . 75 
COLE ( Prof U. A. J.). Practical Geology, 53 

Open Air Studies in Geology, . . 85 

COLE ( W. H.), Light Railways, . . 30 
COLLINS, (H. P.), Lead and Silver, . 64 
COX (S. H.), Prospecting for Minerals, 55 
C R I M P ( W . S.), Sewage Disposal Works, 76 
C U N N I N (J H A M ( B.). Dock Engineering 27 
DAVEY (H.), Pumping Machinery, . 37 
DIXON (C.), Bird-Life, . . 85 

DON K IN ( Bryan ), Ctas and Oil Engines, 28 

Efficiency of Steam Boilers, . 28 

DOWSING (H. J.), Electrical Price*. 49 
DU ERR (Geo.), Bleaching, Ac, . . 84 
DU PRE A HAKE. Manual of Chemistry .70 
EICHHORN, Wireless Telegraphy, . 49 
FARNS WORTH, Cons. Steel W r ork. . 2« 
FIDLER (Prof.), Bridge-Construction, 26 
EI ELI) (E. R.), Mining Report Book. . 57 
KOSTER (SirC. Le Neve). Mining, . 58 

Elementary Mining 56 

A H ALDAN E Mine Air. . . 57 

OA1RNS (J. p.). Loco Compounding, 30 
GINSBURG (Dr.), Legal Duties of 

Shipmasters, 43 

GOLDINO (H. A.), Bonus Tables, . 31 
QROSSM ANN (J.), Chem. Engineering, 46 
GU RDEN ( R. ), Traverse Tables, . 31 
GUTTMANN (O.), Blasting. . .58 
H ANNAN (W.I). Textile fibres. . 83 
H ARBORD (P. u\i, Steel 65 
HARRISON (J. W.). Sanitation. '. '. 79 
HICKS (J. A ), Mineral Oil Testing, . 61 
HODGSON (R. B ), Emery Grinding, 33 
HUGHES (H. W.). Coal Mining, 56 
HURST (Chas.), Valves, . [31 

Hints on Engine Design. . 11 

HURST (G.H ). Painters' Colours, . 80 

Laboratory Guide to Paint*. . 80 

Garment Dyeing and Cleaning 84 

JAMIESON (Prof.), Manuals, . 34 

JOHN80N (J. a P.), Getting Gold, . 58 
JUDE(A.), Stpam Turb ne, . . . 28 
JULIAN (H p ) and SMART (E.). 
.,9£ a , n J. d . in * Oo'd»nd Silver Ores, . 59 
KASSNER <T.), (void Seeking. . . 59 
K ERR (G. L). Practical Coal-Mining, 58 
— Elementary Coal- Mining, . 58 

KNECHT A RAWSON, Dyeing, . . 82 
LAFAR. Technical Mycology, . . 74 



LAMBERT. Glue, Gelatine, Ac, . . 81 
LAWN (J. G.), Mine Accounts, . . 57 
LEEDS (P. H.), Acetylene, ... 77 
L1VERSIDGE. Engine- Room Practice, 29 
MACKENZIE<T.). Mechanics, . 42 

MACLEOD (W. A.) and WALKER 

(C). Metallurgical Chemistry, . 00 
M'M ILLAN < W.G.i, Electro-Meullurgy, »? 

A BO RC HERS, Electric Smelting, 67 

M'WILLIAM, Foundry Practice, . 68 
MIDDLETON (R. K ), Water Supply, 77 
M I LL ( Dr. R. H.) t New Lands, . 54 
MILLAR (W. J.), Latitude A Longitude, 43 
MITCHELL (C. A.>, Flesh Foods, . 74 

A HEP WORTH (T. C ). Inks, . 81 

MORGAN (J. J.), Metallurgical Tables, 66 
MUNRO A JAMIESON S Electrical 

Pocket- Book 48 

M U N RO ( R. D.). Steam-Boilers. . . 3S 
Kitchen Boiier Explosions, 



NAYLORtW.), Trades' Waste, . .76 
Smoke Abatement, 76 



NICHOLSON'(W.), 



NORTH (8A Oil Fuel, 

OPPENIIEIMER (C), Ferments, . 74 

Toxines and Antitoxines, . . 74 

OSMOND A STEAD. Micro. Analysis, 60 
PARK, (J.), Cyanide Process, . 59 

Mining Geology, . ... 65 

PEA ROE ( W. J.), Painting, . . . 80 
PETTIGREW (W. F. ), Loco. Eng., . 30 
PHILLIPSABAUERMAN,MeUllurgy,60 
POYNTING (ProfA Mean Density, 60 

A THOMSON, Physics, . . . 50 

PRAEGER { R. L.), Open Air Botany, . 86 
RANK IN ES Work., . . . 35. 36 
RAWSON, GARDNER, A LAYCOCk. 

Dictionary of Dyestufls, . . .82 
REDGRAVE (G. R), Cements, . . 76 
REDWOOD (Dr Boverton), Petroleum. 61 

A THOMSON, Handbook, . . 61 

REED (Sir E. J.), Stability of Ships, . S8 
REID (Geo.. M.D.), Sanitation, . 78 
RE'.MER, Shaft Sinking. . . 58 
RICHMOND (H. D.), Dairy Chemistry, 73 

Dairy Analysis, 73 

RILEY (W.). Bacteriology of Brewing, 76 
ROBERTS - AUSTEN. Metallurgy, . J 
ROBINSON (Prof.), Hvdraulic*. . . 37 
ROSE (T. K.), (told, Metallurgy of. . 63 
ROTH WELL (C. P. S.). Textile Printing. 83 
SCHWACKHOFER and BROWNE. 

Fuel and Water .47 

SCHWARTZ (Dr. von), Fire Risks, . 77 
SEATON (A. 6A Marine Engmeering. 44 

A ROUNTHWAITE; Marine 

Engineers' Pocket- Book, ... 44 
SEELEY (Prof.), Physical Geology, . 52 
SEXTON ( Prof.), Metallurgy, . . ^ 

Quantitative A Qualitative Analysis. 70 

SH ELTON < W. V.). Mechanic s Guide. 36 
SIM) ALL. Paper Technology, . . 81 
SMITH. (J.), Shipmaster's Medical Help. 43 
SMITH (Prof. R. H.), Calculus, . . 45 

Measurement Conventions, . . 45 

SOLOMON (H. G.). Electricity Meters, 49 
STRICKLAND (P.), Petrol Motors, . 33 
SUPLEE (H. H i, Mech. Pocket Book, 46 
S Y K ES (Dr. W. J.), Brewing, . . 75 
TRAILL (T. W.), Boilers, . . !» 
TURNER (T)i os.), Iron, Metallurgy of, 66 

Ironfounding ... 68 

WALTON(T ), Know Your OwnShip, 44 

Present- Day Shipbuilding, . . 38 

Steel Ships, 30 

WEBER(Dr.C.O ), India Rubber. . 81 
Sfhii Sl?:Jp& Engineering Drawing, 87 
«r \ L £Y ' T - B ». Jeweller's Art, . 68 

2^VPV« H BY < Dr - E S >• Mi'lk, . 73 
WOOD (Francis), Sanitary Engineering, 78 

£o\ R ,iU2 Q . HAM ' K'eetrieal Stations."' 48 
WRIGHT (Dr. A.), Oils and Pats, . 71 



Digitized by Google 



ENGINEERING AND MECHANICS. 



Griffin's Standard Publications 

Applied Mechanics, . Rankine, Browne, Jamikson, 35, 46*34 



Civil Engineering, . Prof. Rankine, 35 

Design of Structures, . S. Anglin, ... 26 

Bridge-Construction, . Prop. Fidlbr, 26 

Design of Beams, . W. H. Atherton, 27 

Dock Engineering, B. Cunningham, 27 

Engineering Drawing, . S. H. Wells, . 27 

Constructional Steelwork, A. W. Farnsworth, . 26 

Central Electrical Stations, C. H. Wordingham, , 48 

Electricity Control, L- Andrews, 48 

,, Meters, . H. G. Solomon, . 49 

Light Railways, . W. H. Cole, 30 

Sewage Disposal Works, 8anto Crimp, . . 76 

Sanitary Engineering,. F. Wood, . . 78 

Traverse Tables, . . R. L. Gurden, . . 31 

Locomotive Engineering, W. F. Pettigrbw, 30 

Locomotive Compounding, J. F. Gairns, . . 30 

Valves and Valve-Gearing, Ohas. Hurst, . 31 

Hints on Design, . Chas. Hurst, 31 

Marine Engineering, A. E. Sraton, . 44 

The Steam Turbine, Alexander Jude, 28 

Marine Steam Turbine, Prof. Biles, 29 

Engine-Room Practice, J- Gk Livbbsidge, . 29 
Pocket-Book, . Skaton and Rounthwaite, 44 

Present Day Shipbuilding, T. Walton, . 38 

Design Of Ships, • . Prop. Harvard Bilks, 38 

Steel Vessels, • T. Walton, . . 38 

Stability of Ships, Sir E. J. Rbrd, 38 

Nautical Series, Ed. by Capt. Blackmorb, 39 

The Steam-Engine, . Rankine, Jam i ebon, . 35, 34 

Gas, Oil, and Air-Engines, Bryan Donkin, . 28 



Boilers : Land and Marine, T. W. Traill, . 29 

Steam, . . R- D. Munro, . 32 

„ Kitchen, - R. D. Munro, . . 32 

„ Heat Efficiency Of, Bryan Donkin, . 28 

Oil Fuel, .... Sidney H. North, . 29 



Machinery and Millwork, Prop. Rankine, . 35 

Pumping Machinery, . H. Davey, ... 37 

Hydraulic Machinery, . Prop. Robinbon, 37 

Grinding Machinery, . R. B. Hodgson,. . 33 

Lubrication and Lubricants, Archbutt «fc Deblby, 32 

Rules and Tables, Rankinb and Jamieson, 36 

Bonus Tables, H. A. Golding, . . 31 

Electrical Pocket-Book, Munro and Jamieson, 48 

The Calculus for Engineers, Prop. Robt. H. Smith, 45 

Measurement Conversions, Prop. Robt. H. Smith, 45 

Chemistry for Engineers, Blount «fc Bloxam, 46 



LONDON : CHARLE8 GRIFFIN ft CO.. LIMITED, EXETER 8TREET STRAND 



*6 CHARLES GRIFFIN <fr CO.'S PUBLICATIONS. 

Fourth Edition, Revised, with Numerous Diagrams , Examples , 
Tables, and a Chapter on Foundations. In Large Svo. Cloth. I<w. 

THE DESIGN OF STRUCTURES: 

A Practical Treatise on the Bull dinar of Bridsrea, 



By S. ANGLIN, C.E., 

Muter of Engineering, Royal University of Ireland, Late Whirworth Scholar, Ac 

" We can unhesitatingly recommend this work not only to the Student, as the ass? 
Tkxt-Book on the subject, but also to the prof* 
TALi; ABU book of reference. ' —Michanical World. 



Third Edition, Thoroughly Revised. Royal Svo. With 
Illustrations and 13 Lithographic Plata. Handsome Cloth. Price 301. 

A PRACTICAL TREATISE ON 

BRIDGE-CONSTRUCTION: 

Being a Text-Book on the Construction of Bridges in 

Iron and Steel 

FOR THE U8E OF 8TUDENT8, DRAUGHTSMEN, AND EN8INEER8. 

By T. CLAXTON FIDLER, M.Inst.CK, 

Prof- of Engineering, UoJyersity College, Dundee. 

"The new edition of Mr. Fidler's work will again occupy the same oon- 
SFiouocs position among professional text-books and treatises as has been 
accorded to its predecessors. Sound, bimplk. and full. n — The Engineer. 



In Medium 8vo. Handsome Cloth. Pp. i-xv + 248, with over 
100 Illustrations. Price \os. 6d. net. 

CONSTRUCTIONAL STEELWORK : 

Being Notes on the Practical Aspect and the Principles of 
Design, together with an Account of the Present 
Methods and Tools of Manufacture. 

By A. W. FARNSWORTH, 

Associate Member of the Institute of Mechanical Engineers. 

"A worthy volume, which will be found of much assistance. ... A book of 
particular value." — Practical Engineer. 

"Will be found of value to all Architects and Engineers engaged in steelwork construc- 
tion."— Building Nrtvs 



10ND0N: CHARLES GRIFFIN & CO.. LIMITED, EXETER STREET, STRAND, 



ENGINEERING AND MECHANICS. 



In Large 8vo. Handsome Cloth, Gilt, Uniform with Stability of Ship* 
and SUel Ships (p. 38). With 34 Folding Plato* and 468 
Illustrations in the Text. 30a. net 

The Principles and Practice of 

DOCK ENGINEERING. 

By BRYSSON CUNNINGHAM, B.E., Assoc. M.Inst.C.E., 

Of the Engineers" Department, Mersey Docks and Harbour Board. 

GENERAL CONTENTS. 

Historical and Discursive. — Dock Design. — Constructive Appliances. — 
Materials. — Dock and Quay Walls. — Entrance Passages and Locks. — 
Jetties, Wharves, and Piers.— Dock Gates and Caissons. — Transit Shed* 
and Warehouses. — Dock Bridges. —Graving and Repairing Docks.— 
Working Equipment of Docks.— Index. 

" We have never seen a more profusely-illustrated treatise. It is a most important 
standard work, and should be in the hands of all dock and harbour engineers. '^-St<-a mth ip. 
" Will be of the greatest service to the exi*?rt as a Ixwk of I 



Fourth Edition. In Two Parte, Published Separately. 
A TEXT-BOOK OF 

Engineering Drawing and Design. 

Vol. I. — Practical Geometry, Plane, and Solid. 4s. 6d. 
Vol. II. — Machine and Engine Drawing and Design. 4b. 6d. 

BY 

SIDNEY H. WELLS, Wh.Sc, A.M.I.C.E., A.M.I.Mech.E., 

rtlndpal or the Batters** Polytechnic Institute, &c 

With many Illustration*, specially prevared for the Work, and numerous 

Example*, for the Use of Student* in Technical School* and College*. 

" A cartfai tsxt-booi, arranged on an ucsmurr ststbs, calculated to give an t»ie!lig«ni 
ituv of the subject, and not the mere facultr of mecbauical copying. . . . Mr. Wells ihowi 
how to make com rum woaKmo-aaawiriu*. di»cu.»«ing fully •■acIi »t«n In tbo do*(gn. — KUctrtcal 



In Large Crown Hvo. Handsome Cloth. With 201 Illustrations. 6s. net. 

AN INTRODUCTION TO 



GIRDERS, AND COLUMNS 

IN MACHINES AND STRUCTURES. 

With Examples in Graphic Statics. 

By WILLIAM H. ATHERTON, M.Sc, M.LMech.E. 

"A very useful source of information. ... A work which we commend Tory 
highly . . . the whole boiim Illustrated by a large collection of very well 
examples. "—S'ature. 

"There should be a strong demand for this concise treatise." -Page* Weekly. 



LONDON: CHARLES GRIFFIN & CO.. LIMITED, EXETER STREET, 8TRAN0- 



CHARLES GRIFFIN <fc CO.'S PUBLICATIONS. 



Just Published. In Handsome Cloth. With 252 Illustrations. 15s. net. 

THE THEORY OF THE STEAM TURBINE. 

A Treatise on the Principles of Construction or the Steam Turbine, 
with Historical Notes on Its Development. 

By ALEXANDER JUDE. 

O'Wtbkts — Fundamental. — Historical Note* on Turbine*..— The Velocity of Steam.— 
Type* of Steam Turbine*. — Practical Turbine*.— The Efficiency of Turbine* Type I. — 
Trajectory of the Steam. — Efficiency of Turbine*, Types II., III. and IV. — Turbine \ ane*. — 
Di»c and Vane Friction in Turbtnev— Specific Heat of Superheated Steam. — Strength 
of Rotating Discs. — Governing Steam Turbine*. — Steam Consumption of Turbines. — The 
Whirling of Shafts.— Speed of Turbines.— Index. 



Works by BRYAN DON KIN, M.Inst.C E., M.Inst.Mech.E.. &c 

Now Ready. Fourth Edition, Revised and Enlarged. With 
additional Illustrations. Large 8vo, Handsome Cloth. 25s. net 

A TREATISE ON 

GAS, OIL, AND AIR ENGINES. 

By BRYAN DONKIN, M.Inst.C.E., M.Inst.Mech.E. 

Contents.— Part I.— Gas Engines : General Description of Action and Parts.— 
Heat Cycle* and Classification of Gas Engines.— History of the Gas Engine.— The 
Atkinson, Griffin, and Stockport Engine*. — The Otto Gas Engine. — Modem British Gas 
Engines. — Modern French Gas Engines. — German Gas Engines. — Gas Production for 
Motive Power. — Utilisation of Blast-furnace and Coke-oven Gases for Power. — The Theory 
of the Gas Engine. — Chemical Composition of Ga* in an Engine Cylinder. — Utilisation ol 
Heat in a Gas Engine. — Explosion and Combustion in a Gas Engine. — Part II.— 
Petroleum Engines: The Discovery, Utilisation, and Properties ol Oil. — Method of 
Treating Oil.— Carlmrators. — Early Oil Engine*. — Practical Application of Gas and Oil 
Engines.— Part HI.— Air Engines.— Appendices.— Index. 

"The best book now published on Gas, Oil, and Air Engines."— Engineer. 
"A thoroughly reliable and exhaustive treatise ."- EnginetriHg. 



In Quarto, Handsome Cloth. With Numerous Plates. 25s. 

THE HEAT EFFICIENCY OF STEAM BOILERS 

(LAND, MARINE, AND LOCOMOTIVE). 

With many Tests and Experiments on different Types of 
Boilers, as to the Heating Value of Fuels, &c. with 
Analyses of Gases and Amount of Evaporation, 
and Suggestions for the Testing of Boilers. 

By BRYAN DONKIN, M.Inst.C.E. 

Gi vi ral Contents —Classification of Different Types of Boilers.— 4>5 Experiments on 
English and Foreign Boiler, with their Heat Efficiencies shown in Fifty Tables. — Fire 
Grates of Various Types.— Mechanical Stokers. — Combustion of Fuel in Boilers. — Trans- 
mission of Heat through Boiier Plates, and their Temperature. — Feed Water Heaters. 
Superheaters, Feed Pumps, &c. — Smoke and its Prevention. — Instruments used in Testing 
Boilers.— Marine and Locomotive Boilers.— Fuel Testing Stations.— Discussion of the Trials 
and Conclusions. — On the Choice of a Boiler, and Testing of Land, Marine, and Locomotive 
Boiler*. — Appendices. — Bibliography. — ] ndex. 

With Plaits illustrating Progress made during recent years, 

and the best Modem Practice. 

" Probably the von exbacsttve rtivm/ that has ever been collected. A raaonoai. 
Book by a thoroughly practical man "— /r o w and Crvil Trad ti Hrrtrtt 

"l0MD0N:CHARli8 GRIFFIN A CO.. LIMITED. EXETER 8TREET, STRAND. 



Digitized by Google 



ENGINEERING AND MEGHAN 108. 



29 



Just Pcbushed. In Large Crown 8vo. Handsome Cloth. With 

131 Illustrations. 

LECTURES ON THE MARINE STEAM TURBINE. 

By Prof. J. HARVARD BILES, M.Inst.N.A., 

Professor of NaTal Architecture in the I niverslty of Glasgow. 

Fourth Edition, Revised Pocket-Size, Leather, 12s. 6d. 

BOILERS, MARINE AND LAND: 

THEIR CONSTRUCTION AND STRENGTH. 
A Handbook or Roles, Formula, Tables, Ac, relative to Mateklal 
Scantlings, and Pressures, Safbtt Valves, Springs, 
flttinos and mountings, ao. 

FOR THE USE OF ENGINEERS, SURVEYORS, BOILEH-MAKERS, 

AND STEAM USERS. 

By T. W. TRAILL, M.Inst. O.K. F.E.R.N., 

Late Engineer Survoror-ln Chief to the Board of Trade. 
" Taa host vaioarls work on Boiler* published In England." — Stopping World. 
"Contains an Ekormods Qcaktitt or lsroRMATlos srrranged In a very convenient form. . . 
A most cbkji l VOLCMR . . . supplying information to be had nowhere el»e."— Tkt Kngitutr. 



Fifth Edition. Large Crown 8vo. With numerous 
Illustrations. Os. net. 

ENGINE-ROOM PRACTICE s 

A Handbook for Engineers and Officers in the Royal Navy 
and Mercantile Marine, Including the Management 
of the Main and Auxiliary Engines on 
Board Ship. 

By JOHN G. LIVERSIDGE, R.N., A.M.I.C.K 

Confeitfj. -General Description 0 f Marine Machinery —The Conditions of Service and 
Duties of Engineers of the Royal Navy —Entry and Conditions of Serrice of Engineer* of 
the Leading S.8. Companies.— Raisin? Steam — Dnties of a Steaming Watch on Ecg ne* 
and Boilers.— Shuttinir off Steam —Harbour Duties and Watches.— Adjustments and 
Repairs of Enginea— Preservation and Repairs of "Tank" Boiler* —The Hull and Its 
Fittings. — Cleaning and Painting Machinery.— Reciprocating Pumps, Feed Heaters, and 
Automatic Feed -Water Regulators. — Evaporators. — Steam Boats. — Electric Light 
Machinery.— Hydraulic Machinery.— Air-Compressinjj Pump*.— Refrigerating Machines 
-Machinery of Destroyers.— The Management of Water Tube Boiler*. -Regulations for 
Entry of Assistant Engineers, R.N. -Questions given in Examinations for Promotion of 
Engineers. R.N.— Regulations respecting Board of Trade Examinations for Engineers, Ac 

"This vaav usKrrt. book. . . . Illustrations are of great importa-icr in a work 
Of this kind, and It is satisfactory to find that bmcjal attevtion has been given in this 
respect."— Emjxnttrt OattU*. 



In Large Crown 8vo, Cloth. Fully Illustrated. 5s. net. 

OIL FUEL: 

ITS SUPPLY, COMPOSITION, AND APPLICATION. 

By SIDNEY H. NORTH, 

LATE EDITOR OP THE " PETROLEUM REVIEW.' 

CONTESTS. — The Sources of Supply.— Economic Aspect of Liquid Fuel.— Chemical 
Composition of Fuel Oils —Conditions of Combustion in Oil Fuel Furnaces.— Early 
Methods and Experiments.- Modern Hurners and Methods.— Oil Fuel for Marine Pur- 
poses.— For Naval Purposes — On Locomotives. -For Metallurgical and other Purpo.es. 
—Appendices. -Ini>kx. 

,J Everyone Interested In this important question will welcome Mr. North's excellent 
text-book."— Jfature. 



LONDON: CHARLES GRIFFIN A CO., LIMITED. EXETER STREET, STRAND. 



Digitized by Google 



30 



CHARLES GRIFFIN 4 CO.'S PUBLICATIONS. 



Second Edition, Revised. With numerous Plates reduced from 
Working Drawings and 280 Illustrations in the Text. 21s. 

A MANUAL OF 

LOCOMOTIVE ENGINEERING: 

A Practical Text-Book fop the Use of Engine Builders, 
Designers and Draughtsmen, Railway 
Engineers, and Students. 

By WILLIAM FRANK PETTIGREW, M.Inst.C.E. 
With a Section on American and Continental Engines. 

By ALBERT F. RAVENSHEAR, B.Sc., 

Of His Majesty's Patent Office. 

Conttnlt, — Historical Introduction, 1763-1863. Modern Locomotive* : Simple.— 

Modem Locomotives: Compound. Primary Consideration Id Locomotive Design.— 
Cylinders, Steam Chests, and Stuffing Boxes.— Piatona, Piston Rods. Crossheed*. and 
Slide Bar*.— Connecting and Coupling Hod a— Wbeela and Axles. Axle Boxea, Bornblocks, 
and Bearing Springs. -Balancing— Valve Gear— Slide Valvea and Valve Gear Detalla.— 
Framing. Bootes and Axle 1 rucks. Radial Axle Boxea.— Boilers.— Smokebox. BlaKt Pipe, 
Firebox Fittings.— Boiler Mountings —Tenders. Railway Brakes.— Lubrication. -Con- 
■atnption of Fuel. Evaporation ana Engine Kfflciency.— American Locomotive* — Con- 
tinental Locomotives — Repairs. Running, Inspection, and Renewals —Three Appendices. 
—Index. 

"The work contaixs all that cam be lkakst from a book upon such a subject It 
will at onoe rank as th i stakdaad woaa uroii this ntrontASTtvwJMCT ."-Railway Ma^ 



At Press. In Larirc 8vo. Fully Illustrated. 

LOCOMOTIVE COMPOUNDING AND SUPERHEATING. 

By J. F. 6AIRNS. 



Contents.— Introductory.— Compounding and SnperhcatiiiK for 
Claaaincation of Com pound Systems for Locomotives.— The History and Development of 
the Compound Locomotive. — Two-Cylinder Non-Automatic Systems. — Two-Cylinder 
Automatic Systems.— Other Two-Cyltndcr Systems.— Three-Cylinder Systems.— Four- 
Cylitider Tandem Systems. Four-Cylinder Two Crnnk Systems (other than Tandeui).— 
Four-Cylinder Ualauced Systems.- Four-Cylin ler Divided and Balanced Systems.— 
Articulated Compound Enuines.— Triple-Expansion Locomotives— Compound Rack 
Locomotives. -Concluding Hemarks Concerning Compound locomotives.— The Use of 
Supcrluau-.j MeHiii f..i I.om •motives. Ismx. 



In Large 8ro. HancUome Cloth. With Plates and Illustrations. 16s. 

LIGHT RAILWAYS 

AT HOME AND ABROAD. 

By WILLIAM HENRY COLE, M.Inst.O.E., 

Late Deputy-Manager, North* Western Railway, India. 

Contents.— Discvisaon of the Term "Light Railways."— English Railways, 
Rates, and Fanners. — Light Railways in Belgium, France, Italy, other 
European Countries, America and the Colonies, India, Ireland.— Road Trans* 
port as an alternative.- The Light Railways Act, 1896.— The Question of 
Gauge.— Construction and Working.— I-ocomotives and Rdling-Stock.— Light 
Railwajrs in England, Scotland, and Wales.— Appendices and Index. 

" Will remain, for soma time yet a Stasdakd Work in everything relating to Light 
Railways."— hngimttr. 

" The whole snblect is aXBArrrivKLT and practically considered. The work can be 
cordially recommended as ixdisfki«*ablb to those wbose duty it la to become acquainted 
witb one of the prime necessities of the immediate future." — Railway Official Qauttt 
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ENGINEERING AND ME0HANIC8. 3» 

Foubth Edition, Thoroughly Revised and Greatly Enlarged. 
With Numerous Illustration*. Price 10a. 3d. 

VALVES AND VALVE-GEARING: 

A PRACTICAL TEXT-BOOK FOR THE USE OF 
ENGINEERS, DRAUGHTSMEN, AND STUDENTS. 

By CHARLES HURST, Practical Draughtsman. 

Part I.— Steam Engine Valves. Part III.— Air Compressor Valves 

PART II.— Gas Engine Valves and Gearinu 



Gears. 



Part IV. -Pomp Valves. 



"Ma. Hcrstk VAivts and YAiTB-oaawitO will prove a very valuable aid, and tend to the 
prodaetlonorEnclDeaoraciaiiTiric paatoi and aooHOMtCAi, woaxiaa. . . . Will be largely 
■ought after by Students and Designers."— Atari** t: winner. 

" As a practical treatlKe on me subject, tho book stand* without a rival."— Mechanical 
World. 

Hints on Steam Engine Design and Construction. By Charlks 
Hcrst, "Author of Valves and Valve Geariug." Second Edition, 
Revised. In Paper Boards, 8vo., Cloth Back. Illustrated. Price 
Is. 6d. net. 

Contests. — I. Steam Plpee.— II. Valves. — III. Cylinders,— IV. Air Pnmpp and Cou- 
dens*rs.-V. Motion Work.— VI. Crank Shafts and Pedestals— VII. Valve dear.— VIIL 
Lubrication —IX Miscellaneous Details —Index. 

"A handy volume which every practical young engineer should \o**r**.' —T7u Model 



Sixth Edition. Folio, strongly half-bound, ais. 

TRAYERSE TABLES: 

Computed to Pour Places of Decimals for every Minute of Angle 
up to 100 of Distance. 

For the Use of Surveyors and Engineers. 
By RICHARD LLOYD GURDEN, 
Authorised Surveyor for the Governments of New South Wales and Victoria. 
\* Ihtblisked with tht Concurrence of the Surveyors- General for New Sou/A 

Wales and Victoria. 

"Those who have experience in exact Sukvsy-wobk will best know how to appreciate 
the enormous amount of labour represented by this valuable book. The computations 
enable the user to ascertain the sines and cosines for a distance of twelve miles to within 
half an inch, and this by kbfbjucncb to but Onb Taslb. in place ot the usual Fifteen 
minute computations required. This alone is evidence of the assistance which the Tables 
ensure to every user, and as every Surveyor in active practice has felt the want of such 
assistance raw knowing op thbik publication will kbmain without thbm." 

— Engineer. 

Strongly Bound in Super Royal 8vo. Cloth Boards, "s. 6d. net. 



For Calculating- Wages on the Bonus or Premium Systems. 

For Engineering, Technical and Allied Trades. 
By HENRY A. GOLDING, A.M.Inst.M.E., 

Technical AnUtnnt to Messrs. Bryan Doukln and Clench, Ltd.. and Assistant I 
In Mechanical EnirtueerlnR at the Northampton Institute. London, K.O. 



"Cannot fail to prove practically serviceable to those for whom they have 
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CHARLES O BIFFIN £ CO.'S PUBLICATIONS. 



Just Ready. Second Edition. Large 8vo, Handsome Cloth. With 

Illustrations, Tables, ko. 

Lubrication & Lubricants: 

A TREATISE ON THE 
THEORY AND PRACTICE OF LUBRICATION 

AND ON THE 

NATURE, PROPERTIES, AND TESTING OF LUBRICANTS. 

By LEONARD ARCHBUTT, F.I.O., F.O.S., 



i to the Midland Railway 1 
AND 

R. MOUNTFORD DEELEY, MXMech.E., F.G.S., 



Friction of Solids.-II. Liquid Friction or Viscosity, and Plastic 
Friction.— IIL Superficial Tension.— IV. The Theory of Lubrication.— V. Lubricant*, 
their Sources, Preparation, and Properties.— VI. Physical Properties and Methods of 
Examination of Lubricant*.— VII. Chemical Properties and Methods of Examination 



of Lubricant*.— VIIL The Systematic Testing of Lubricants by Physical and 
Methods.— IX. The Mechanical Testing of Lubricants.— X. The Design and " 
of Bearings.— XL The Lubrication of Machinery.— Index. 



' Destined to become a CLASSIC on the subject."-/wfi«rriM and Iron. 

ALL that is KNOWN on the subject Deserves the careful 



Fourth Edition. Very fully Illustrated. Ololh, 4*. M. 

STEAM - BOILERS; 

THEIR DEFECTS, MANAGEMENT, AND CONSTRUCTION. 

By R D. MUNRO, 

C*»s/ Engineer of the Scottiek Boiler Insurance and Engine Inspection Company 

General Contents.— I. Explosions caused (i) by Overheating of Plates— <•) By 
Defective and Overloaded Safety Valves — (3) By Corrosion, Internal or External — (4) By 
Defective Design and Construction (Unsupported Flue Tubes; Unstrengthened Manholes ; 
Defective Staying ; Strength of Rivetted Joints; Factor of Safety)— II. Construction op 
Vertical Boilkrb: Shells — Crown Plates and Uptake Tubes — Man-Holes, Mud-Holes, 
and Fire-Holes — Fireboxes — Mountings — Management — Cleaning — Table of Bunting 
Pressures of Steel Boilers — Table of Rivetted Joints — Specifications and Drawings of 
Lancashire Boiler for Working Pressures {a) 80 lbs. ; (/) a 00 lbs. per square inch respectively. 

" A valuable companion for workmen and engineers engaged about 
to be carefully studied, and always at HAND." — Cell. Guardian. 

" The book is vkrv useful, especially to steam users, artisans, and 
Engin/er. 

By the same Author. 

KITCHEN BOILER EXPLOSIONS: Why 

they Occur, and How to Prevent their Occurrence. A Practical Hand- 
book based on Actual Experiment. With Diagram and Coloured Plate. 
Price 3s. 
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In Crown Svo, Cloth. Fully Illustrated. 5 J - 

EMERY GRINDING MACHINERY. 

A Text-Book of Workshop Practice in General Tool Grinding, 'and the 
Design, Construction, and Application of the Machines Employed. 

By R. B. HODGSON, A.M.Inst.Mech.E. 

Introduction. — Tool Grinding. — Emery Wheels. — Mounting Emery Wheels. 
— Emery Rings and Cylinders. — Conditions to Ensure Efficient Working.— 
Leading Types of Machines. —Concave and Convex Grinding. —Cup and Cone 
Machines. — Multiple Grinding. — " Guest" Universal and Cutter Grinding 
Machines.— Ward Universal Cutter Grinder.— Press.— Tool Grinding. — Lathe 
Centre Grinder.— Polishing.— Index. 

" Eminently practical . . . cannot fail to attract the notice of the users of this class of 
•nachinery, and to meet with careful perusal "—Chrrn. Trade Journal. 



In Three Parts. Crown 8vo, Handsome Cloth. Very Fully Illustrated. 

MOTOR-CAR MECHANISM AND MANAGEMENT. 

By W. POYNTER ADAMS, M.Inst.RE. 

1 1ST thirieie parts. 

Part I. —The Petrol Car. Part II. -The Electrical Car 
Part III.— The Steam Car. 



PART I.— THE PETROL CAR. 5$ net 

Contents.— Section I.— The Mechanism of the Petrol Car.— 
The Engine. — The Engine Accessories. — Electrical Ignition and Accessories. 
— Multiple Cylinder Engines. — The Petrol. —The Chassis and Driving Gear. 
— Section II. — The Management ok the Petrol Car. — The Engine.— 
The Engine Accessories. — Electrical Ignition. — The Chassis and Driving 
Gear. — General Management. —Glossary. —Index. 

" Should be carefully studied by those who have anything to do with motor*."— Auto- 
mobile and Carriage Builders' Journal . 



At Press. In Large 8vo. Handsome Cloth. Very Fully Illustrated. 
A MANUAL OF 

PETROL MOTORS AND MOTOR-CARS. 

Comprising the Designing, Construction, and Working of Petrol Motors. 

By F. STRICKLAND. 

General Contents.— Part I.: Engines.— Historical.— Power Required.— General 
Arrangement of Engines.— Ignition. —Carburettor*. — Cylinders, Pistons, Valves, Ac— 
Crank Shafts, Crank Chamber*. Cams, Runners. Guides, Ac. — Ptimpe. — Fly wheels. — 
Pipe Arrangements.— 8ilencers.— Engine Control, Balancing.— Motor Cycle Engine*.— 
Marine Motors.— Two-Cycle Motors.— Paraffin Carburettors.— Gas Producers. PART 
II.: Cars.— General Arrangements —Clutches. — Transmission.— Differential Gears — 
Cnlveraal Joints.— Axles. — Springs. — Radius Rods. — Brakes. — Wheels. — Frames. — 
Steering Gear. — Radiator. — Steps, Mudguards, Bonnets, Ac. — Lubrication. — Ball 
Bearings.— Bodice.— Factors of Safety.— Calculations of Stresses. —Special Change Speed 
Gear*. -Special Cars.— Commercial Vehicles.— Racing Cars.-lNDEX. 
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WORKS BY 

ANDREW JAMIESON, MJnst.C.E., M.I.E.R, F.R.S.&, 

Formerly Profttior of Electrical Engineering, The Glut, and W. of Scot. Ttck. Coll. 



PROFESSOR JAMIESON'S ADVANCED TEXT BOOKS. 

In Large Crown Hvo. Fully Illustrated. 

STEAM AND STEAM-ENGINES, INCLUDING TURBINES 

AND BOILERS. For the Use of Engineers and for Students preparing 
for Examinations. With 800 pp., over 400 Illustrations, 11 Plates, many 
B. of E., C. and G., Questions and Answers, and all Inst. C.E. Exams, 
on Theory of Heat Engines. Fifteenth Edition, Revised. 10s. 6d. 
" Tbe Best Book yet published for the uie of Student*." — Engineer. 

APPLIED MECHANICS & MECHANICAL ENGINEERING. 

Including All the Inst. C.E. Exams, in (1) Applied Mechanics; 
(2) Strength and Elasticity of Materials ; (3a) Theory of Structures ; 
(ii) Theory of Machines; Hydraulics. Also B. ofE. ; C. and G. Questions. 

Vol. I. — Comprising 568 pages, 300 Illustrations, and Questions: 
Part I., The Principle of Work and its Applications; Part II.: Friction, 
Lubrication of Bearings, &c. ; Different kinds of Gearing and their Appli- 
cations to Workshop Tools, &c. Fifth Edition. 8s. 6d. 
" Fully maintains the reputation of the Author."— Pract. Engineer. 

Vol. II. — Comprising Parts III. to VI., with over 800 pages, 371 Illus- 
trations; Motion and Energy, Theory of Structures or Graphic Statics; 
Strength and Elasticity of Materials ; Hydraulics and Hydraulic 
Machinery. Fifth Edition. 12s. 6d. 

"Wrll and lucidly writtrn." — The Engineer. 

V Each of the above xvlumet it complete in itself, and told separately. 



PROFESSOR JAMIESON'S INTRODUCTORY MANUALS 

Crown Svo. With Illustrations and Examination Papers. 

STEAM AND THE STEAM-ENGINE (Elementary 

Manual of). For First-Year Students, forming an Introduction to the 
Author's larger Work. Eleventh Edition, Revised and Enlarged. 3/6. 
14 Should be in the hands of bvsky engineering apprentice-" — Practical Engineer. 

MAGNETISM AND ELECTRICITY (Practical Elementary 

Manual of). For First- Year Students. With Stud Inst.C. E. and B. of E. 
Exam. Questions. Seventh Edition, Revised and Enlarged. 3/6. 

" A thoroughly trustwokthy Text-book, Practical and clear."— Nature. 

APPLIED MECHANICS (Elementary Manual oO. 

For First-Year Students. With B. of E., C.andG. ; and Stud. Inst. C.E. 
Questions. Sevknth Edition, Revised and Greatly Enlarged. 3/6. 
" The work has very high qualities, which may be condensed into the one word 
' clear/ m — Science and Art. 



i POCKET-BOOK of ELECTRICAL RULES and TARLES. 

For the Use of Electricians and Engineers. By John Munro, C.E., 
and Prof. Jamieson. Pocket Size. Leather, 8s. 6d. Eighteenth 
Edition. [See p. 48. 
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WORKS BY 

W. J. HACQUORN RANKIHE, LL.D., F.R.S., 

LaU Rag I us Professor of QMt Engineering In tne Unloertltg of Glasgow. 
THOROUGHLY REVISED BT 

W. J. MILLAR, C.E., 

Late 8eeretanj to the Institute of Engineers and Shipbuilders In Scotland. 



A MANUAL OF APPLIED MECHANICS: 



Principles of Stati« and Cinematics, and Theory of 
Mechanism, and Machines. With Numerous 
Crown 8vo, oloth. Seventeenth Edition. 12s. 6cL 



A MANUAL OF CIVIL ENGINEERING : 

Comprising Engineering Surveys, Earthwork, Foundations, Masonry, Car- 
pentry, Metal Work, Roads, Railways, Canals, Rivera, Waterworks, 
Harbours, Ac. With Numerous Tables and Illustrations. Crown 8vo. 
oloth. Twenty-Second Edition. 16a. 



A MANUAL OF MACHINERY AND MILL WORK : 

Comprising the Geometry, Motions, Work, Strength, Construction, and 
Objects of Machines, Ac. Illustrated with nearly 300 Woodcuts, 
Crown 8vo, oloth. Seventh Edition. 12s. 6d. 



A MANUAL OF THE STEAM-ENGINE AND OTHER 

PRIME MOVERS : 

With a Section on Gas, Oil, and Air Engines, by Bryan Donkin, 
M.Inst. C.E. With Folding Plates and Numerous Illustrations. 
Crown 8vo, oloth. Sixtbbnth Edition. 12s. 6d. 
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?xow. Rankinb's Works — (Co 

USEFUL RULES AND TABLES : 

for Architects, Builders, Engineers, Pounders, Mechanics, Shipbuilder*, 
Surveyors, Ac. With Appendix for the use of Electrical Engine kr* 
By Professor Jamibson, F.R.S.E. Skvbnth Edition. 10s. 6<L 



A MECHANICAL TEXT-BOOK: 

A Practical and Simple Introduction to the Study of Mechanics. By 
Professor Rankinb and E. F. Bambkk, C.E. With Numerous Illns 
trstions. Crown 8vo, cloth. Fifth Edition. 9b. 

V THt " MbchaitigjU. Text-Booe " mat dengmd *jr Prorauar JLuncwn <m am Imrmo- 
n^OTlos to the ttwn Sftttt of Manual*. 



MISCELLANEOUS SCIENTIFIC PAPERS. 

Royal 8vo. Cloth, 31s. 6d. 

Part I. Papers relating to Temperature, Elasticity, and Expansion of 
Vapours, Liquids, and Solids. Part II. Papers on Energy and its Trans- 
formations. Part III. Papers on Wave-Forms, Propulsion of Vessels, Ao. 

With Memoir by Professor Tait, M.A. Edited by W. J. Millab, C.E, 
With tine Portrait on Steel, Plates, and Diagrams. 

" No more enduring Memorial of Professor Ranlcine could be devised than the publica- 
tion of thevc papers in an accessible form. . . The Collection is most valuable oo 
account of the^ nature of his discoveries, and the beauty and completeness of his analysis, 

in our time."— Architect. 



By W. VINCENT SHELTON (Foreman to 

the Imperial Ottoman Gnu Factories, Constantinople) : 

THE MECHANIC'S GUIDE: A Hsnd-Book for Engineers and 
Artisans. With Copious Tables and Valuable Recipes for Practical Use 
Illustrated. Second Edition. Crown 8vo. Cloth, jf6. 
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Third Edition, Thoroughly Revised and Enlarged. With 60 Plates and 
Numerous Illustrations. Handsome Cloth. 343. 

HYDRAULIC POWER 

AND 

HYDRAULIC MACHINERY. 

BY 

HENRY ROBINSON, M. Inst. C.E., F.G.S. 

FELLOW Or KING'S lulLRGB, LONDON | 1»*0» >. KMKK1TVS OF CIVIL ENGINEERING, 
KINGS COLLEGE, KTC. . RTC 

Contents —Discharge through Orifices.— Flow of Water through Pipes.— Accumulators. 
—Presses and Lifts.— Hoists.— Rams.— Hydraulic Engines.— Pumping Engines. — Capstans. 
— Traversers. — Jacks. — Welching Machines. — Riveters and Shop Tools. — Punching, 
Shearing, and Flanging Machines. —Cranes. —Coal Discharging Machines. — Drills and 
Cutters.— Pile Drivers, Excavators, &c — Hydraulic Machinery applied to Bridges, Dock 
Gates, Wheels and Turbines.— Shields. — Various Systems and Power Installations — 
Meters, &c— Index. 

"The standard work on the application of water power."— Cauur's Magaxitu. 



Second Edition, Greatly Enlarged. With Frontispiece, several 
Plata, and over 250 Illustrations. 21 8. net. 

THE PRINCIPLES AND CONSTRUCTION OF 

PUMPING MACHINERY 

(STEAM AND WATER PRESSURE). 

With Practical Illustrations of Engines and Pumps applied to Mining, 
Town Water Supply, Drainage of Lands, &c, also Economy 
and Efficiency Trials of Pumping Machinery. 

By HENRY DAVEY, 

Member of the Institution of CItU Engineer*. Member of the Institution of 
Mechanical Engineers, P.O. 8., Ac. 

Contents — Early History of Pumping Engines — Steam Pumping Engine* — 
Pumps and Pump Valves — General Principles of Non-Rotative Pumping 
Engines — The Cornish Engine, Simple and Compound — Types of Mining 
Engines — Pit Work — Shaft Sinking — Hydraulic Transmission of Power in 
Mines — Electric Transmission of Power— Valve Gears of Pumping Engines 
— Water Pressure Pumping Engines — Water Works Engines — Pumping 
Engine Economy and Trials of Pumping Machinery— Centrifugal and other 
Low-Lift Pumps— Hydraulic Rams, Pumping Mains, kc~ Indkx. 

" By tbe 'one English Engineer who probably knows more about Pamping Machinery 
than ant other." ... A volume kkcordho the results or loss experience and 
STUDY." — Tht hngiuter. 

" Undoubtedly the best^jlkd m<>st practical treatise on Pumping Machinery that ba* 
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tonal 800, Hand torn* Cloth. With numerous Illustrations and Tables. 25* 

THE STABILITY OP SHIPS. 

BY 

SIR EDWARD J. REED, K.C.B., F.R.S., M.P., 



IMPERIAL OIDIU OF ST. STANILAUS OP RUSSIA; 
AUSTRIA ; MBDJIDIE OP TURKEY ; AKO KISING SUN OP JAPAK : 
PRESIDENT OP THE INSTITUTION OP NAVAL ARCHITECTS. 

" Sir Edward Reed's ' Stability op Skips ' is invaluable. The Naval Architect 
will find brought togetner and ready to his hand, a mass of information which he would other- 
wise hare to seek in an almost endless variety of publications, and some of which he would 

1 at all elsewhere."— Sua mskir 



THE DESIGN* AND CONSTRUCTION OF SHIPS. By John 
Harvard Biles, M.Inst.N.A., Professor of Naval Architecture in the 
University of Glasgow. [/» Preparation. 

THIRD Edition. Illustrated with Plates, Numerous Diagrams, and 
Figures in the Text. 18s. net, 

STEEL SHIPS: 

THEIR CONSTRUCTION AND MAINTENANCE. 

A Manual for Shipbuilders, Ship Superintendents, Students, 
and Marine Engineers. 

By THOMAS WALTON, Naval Architect, 

AUTHOR OP " KNOW YOUR OWN SHIP." 

Contents.— I. Manufacture of Cast Iron, Wrought Iron, and Steel. — Com- 
position of Iron and Steel, Quality, Strength, Teste. Ac. II. Classification of 
Steel Ships. III. Considerations in making choice of Type of Vessel.— Framing 
of Ships. IV. Strains experienced by Ships. — Methods of Computing and 
Comparing Strengths of Shins. V. Construction of Ships.— Alternative Modes 
of Construction. — Types of Vessels. — Turret, Self Trimming, and Trunk 
Steamers, Ac. — Rivets and Rivetting, Workmanship. VL Pumping Arrange- 
ments. VII. Maintenance.— Prevention of Deterioration in the Hulls of 
Ship. —Cement, Paint, Ate,— Index. 

6 80 thoronKQ and wed written is every chapter Id the book that It i» dliflcalt to select 
any of them as being worthy of exceptional pnnse. Altogether, the 
will prove of (treat value to those for whom It is intended.™— TV 



At Press. In Handsome Cloth. Very fully Illustrated. 

PRESENT-DAY SHIPBUILDING. 

For Shipyard Students, Ships' Officers, and Engineers. 

By THOS. WALTON, 
Author of "Know Your Own Ship." 

General Contents.— Classification. —Materials used in Shipbuilding. — 
Alternative Modes of Construction. — Details of Construction. — Framing, 
Plating, Rivetting, Stem Frames, Twin-Screw Arrangements, Water 
Ballast Arrangements, Loading and Discharging Gear, Ac. — Types of 
Vessels, including Atlantic Liners, Cargo Steamers, Oil carrying Steamers, 
Turret and other Self Trimming Steamers, Ac — Index. 
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GRIFFIN'S NAUTICAL SERIES. 

Edited by EDW. BLACKMORE, 

taer, First Class Trinity House Certificate, Aaaoc Inst. N.A. ; 
And Writtbh, maiwit, by Sailors tor Sailors. 



"THIS ADMIRABLE 8KB IKS." — Fairplay. "A VRRT 

"Kvrrt SHIP should have the wuoLR SERIES as a Reference Librart 
IKI.Y BOUND, CLRARLT PRINTKI) and ILLUSTRATED." — Liverpool J, 



The British Mercantile Marine : An Historical Sketch of its Rise 

and Development. By the Editor, Capt. Blaokmork. Si. 8d. 

"Captain Hlitckroore ■ SPLENDID book . . . contain a parajn-aphs on every point 
of Interest to tho Merchant Marine. The 243 pages of this book are THK MOST VALU- 
able to the sea capUin that have EVER been compilkp. '— JfereAonl 



Elementary Seamanship. By D. Wilbon-Barrrk, Master Mariner, 

F.R.S.B., F.R.O.S. With numerous Plates, two in Colours, and Frontispiece. 
Fourth EDITION, Thorou K hly Revised. With additional Illustrations 6s. 
'This admirable manual, by Capt. Wilson Barker, of the ' Worcester, seems 

—VI BWlQVVD.-'-Ath. n.Tum. 



Know Tour Own Ship : A Simple Explanation of the Stability, Con- 
struction, Tonnage, and Freeboard of 8hlpa. By Thos. WALTON, Naval Architect. 
With numerous Illustrations and additional Chapters on Buoyancy, Trim, and 
Calculations. NINTH EDITION. 7s. Sd. 

" Mr. Walton s book will be found vbrt usKPUL- '-TAe 



Navigation : Theoretical and Practical. By D. Wilson 

and William Allinoham. Sboond Edition. Revised. 8s. fid. 
" Precisely the kind of work required for the New Certificates of cc 
Candidate* will find it IN V A lu able. " — Dund*w A dor niter. 

Marine Meteorology : For Officers of the Merchant Navy. By 

t!7 W f * i SJ A S a vaein a u KM s, 411 . _ » _ . 



IL , U »," ALLINOHAM, Fim Class Uonours, Navigation, Science and Art Department. 
~> ll t!d tr * U0IU ' MaP "' Dl "* fnim *' and f^mUs reproduction of log page. 
" Quite the bkst publication on this subJect/'-SAiprnfy GautU. 

Latitude and Longitude : How to And them. By W. J. Millar, 

C.K. Second Edition, Revised. U. 

"Canuot but prove an acquisition to those studying Navigation. "—Marine Bnginser, 

Practical Mechanics: Applied to the requirements of the Sailor. 
By Thos. Mackenzie, Master Mariner, F.R.A.S. Skcond Edition, Revised. 3s. 6d. 
Wkll worth the money . . . kxckbdinolt helpful. " — Shipping World. 



Trigonometry : For the Young Sailor, Ac/ By Rich. C. Buck, of the 
fhanus Nautical Training College, &.M.S. " Worcester." Third Edition, Revised. 
Price 3a. 6d. 

"This KMINKNTLT PRACTICAL and reliable volume."— Schoolmaster. 

Practical Algebra. By Rich. C. Buck. Companion Volume to the 
above, for Bailors and others. Second Edition, Revised. Price 8s. 6d 
" It is JUST THE book for the young sailor mindful of progress. "-iVauii 



The Legal Duties of Shipmasters. By Bkmkdict Wm. > 

M.A., LL.D., of the Inner Temple and Northern Circuit: Barrister-at-Law. 
Edition, Thoroughly Revised and Enlarged. Price 4a. fld. 
" Invaluable to masters. . . . We can fully rec ommend lu "-Shipping QauM. 

A Medical and Surgical Help for Shipmasters. Including Fint 

Aid at Sea. By WM. JOHNSON SMITH, F.R.C.8., Principal M« 



..-Inclpal Medical Officer, Seamen's 
Hospital, Oreeuwlch. Third Edition, Thoroughly Revised 0*. 
"Sound, judicious, rrallt helpful. The; Lancet 
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GRIFFIN'S NAUTICAL SERIES. 



Introductory Volume. Price Ss. 6d. 
THE 

British Mercantile Marine. 

By EDWARD BLACKMORE, 

MASTER MARINER; ASSOCIATE OF TUB INSTITUTION OF NAVAL ARCHITECTS; 
MBMBBR OF THE INSTITUTION OF ENGINEERS AND SHIPBUILDERS 
IN SCOTLAND; EDITOR OF GRIFFINS "NAUTICAL SERIES." 

General Contents. Historical : From Early Times to 1486— Progress 
under Henry VIII.— To Death of Mary— During Elizabeths Reign— Up to 
the Reign of William III— The 18th and 19th Centuries— Institution of 
Examinations — Rise and Progress of Steam Propulsion — Development of 
Tree Trade- Shipping Legislation, 1862 to 1876— " Lockaley Hall*" Case— 
Shipmasters' Siwieties— Loading of Ships— Shipping Legislation, 1884 to 1894— 
Statistics of Shipping. The Personnel : Shipowners— Officera- Mariners- 
Duties and Present Position. Education : A Seaman's Education: what it 
should be— Present Means of Education— Hints. Discipline and Duty — 
Postscript — The Serious Decrease in the Number of British Seamen, a Matter 
demanding the Attention of the Nation. 

" Interesting and Ihstbcctivr . . . may be read with profit Rod ebjotmebt."- 
Qlatgoa Herald. 

"Evkrt branch of the subject In dealt with in a way which shows that the writer 
' knows the ropes' familiarly."— Scotsman. 

"This admirable book . . . tresis with useful information— Should be In the 
bands of every Sailor."— Wttttrn Homing Jfnt$. 



Fourth Edition, Thoroughly Revised. With Additional 
Illustrations. J 'rice 6s. 

A MANUAL OsF" 

ELEMENTARY SEAMANSHIP. 

BT 

D. WILSON-BARKER, Master Mariner; F.R.S.&, F.R.G.S..&0., Jto. 

TOCKOBR BROTHER OF THE TRINITT H0U8B. 

With Frontispiece, Numerous Plates (Two in Colours), and Illustration* 

in the Text. 

General Contents.— The Building of a Ship; Parts of Hull. Masts, 
Ac— Ropes, Knots, Splicing, &c. — Gear, Lead and Log, Ac. — RiggiDg, 
Anchors — Sailmaking — The Sails, Ac. — Handling of Boats under Sail — 
Signals and Signalling — Rule of the Road— Keening and Relieving Watch — 
Points of Etiquette— Glossary of Sea Terms and Phrases — Index. 

••• The volume contains the hew rcles or the road. 

"This admirable maecau by Oapt. Wilsoh-Bareer of the • Worcester,' seems to us 
mrscTLT designed, and holds its place excelleDtly In ■ aEirmt s Nactical Series.' . . . 
Although ^Intended for those who arejto become Officers of the Merchant Navy, It will be 

V For complete List of Gritfim's Nactical Series, see p. 39. 
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GRIFFIN'S NAUTICAL SERIES. 

Second Edition, Revucd and Illustrated. Price S». 6d. 

NAVIGATION: 

PRACTICAL AND THEORETICAL. 

By DAVID WILSON-BARKER, RN.R., F.R.S.E., <fec., <fea, 

AND 

WILLIAM ALLINGHAM, 

VTR8T-CLA88 HONOURS, NAVIGATION, 8CJKHCR AND ART DKHARTMNHT. 

TKHtb Humeroua Slluatrationa ani> Br.amtnat.on aueetfon*. 

Genrral Contents. — Definitions — Latitude and Longitude — Instrument* 
of Navigation — Correction of Courses — Plane Sailing — Traverse Sailing — Day's 
Work — Parallel Sailing — Middle latitude Sailing — M creator's Chart — 
Mercator Sailing— Current Sailing— Position by Bearings— Great Circle Sailing 
—The Tides-Questions— Appendix : Compass Error— Numerous Useful Hint* 
Ac — Index. 

" Prbcxskly Uie kind of work required for the New Certificates of competency in g rides 
from Second Mate to extra Master. . . . Candidates will find it uivalcarlr"— Duudu 

"A CArrrAL little book . . . specially adapted to tbe New Examinations. The 
Author* are Oapt. Wilson-Barickr (Captain-Superintendent of the Nautical College. H.M.H 
' Worcester,' who has had great experience in the highest problems uf Navigation), and 
Ma Au.iNOHAM.ii well-known writer on tbo Science of Navigation ami Nautical Astronomy " 
-Shipping World. 



Handsome Cloth. Fully Illustrated. Price 7s. 6d. 

MARINE METEOROLOGY, 

FOB OFFICERS OF THE MERCHANT NAVY. 

By WILLIAM ALLINGHAM, 

Joint Author of " Navigation, Theoretical and Practical." 

With numerous Plates, Maps, Diagrams, and Illustrations, and a facsimile 
Reproduction of a Page from an actual Meteorological Log-Book. 

SUMMARY OF CONTENTS. 

INTRodcotort. — Instruments Used at 8ea for Meteorological Purposes.— Meteoro- 
logical Log-Book*.— Atmospheric Pressure.— Air Temperatures.— Sea Temperatures.— 
Winds.— W ind Force Scales.- History of the Law of Storms.— Hurricanes, Seasons, and 
Storm Tracks.— Solution of the Cyclone Problem.— Ocean Currents.— Icebergs.— Syn. 
enronoos Charts.— Dew, Mists, Fogs, and Hare.— Clouds.— Rain, Snow, and Hail. — 
Mirage, Rainbows, Coronas, Halo*, and Meteors.— LlKhtning. CqxisiiaU, and Auroras.— 
Ql'KHTlGNS.— APPRNDIX. -INDRX. 

"<JnIte the bbst publication, and cerUinly the most ixtsssstirc, on thU subject ever 
pn sented to Nautical me n.--.SA.ppt«o Oasrt/e. 

For Complete List of Griffin's Nautical Skrirs, see p. 39. 
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GRIFFIN'S NAUTICAL SERIES. 

Saxx>SD Edition, Revised. With Numerous Illustrations. Price 3*. 6d. 

Practical Mechanics: 

Applied to the Kequirements of the Sailor. 

By THOS. MACKENZIE, 

Matter ilarimr, F.R.A.B. 
General Contents.— Resolution and Composition of Forces- Work done 
by Machines and Living Agents— The Mechanical Powers: The Lever; 
Derricks as Bent Levers— The Wheel and Axle: Windlass ; Ship's Capstan ; 
Crab Winch— Tackles : the "Old Man"— The Inclined Plane; the Screw— 
The Centre of Gravity of a Ship and Cargo — Relative Strength of Rope : 
Steel Wire, Manilla, Hemp, Coir — Derricks and Shears— Calculation of the 
Cross- breaking Strain of Fir Spar — Centre of Effort of Sails— Hy< 
the Diving-bell ; Stability of Floating Bodies ; the Ship's Pump, a 
" This excellent booe . . . contains a la roe amount of " 
— Naturt. 

" Well worth the money . . . will be found exceepinolt 



* r No" Ships' Ofticers' bookcase will henceforth be complete without 
Captain Mackenzie's ' Practical Mechanics.' Notwithstanding my many 

Cra' experience at sea, it has told me how much more there u to acquire" — 
tter to the Publishers from a Master Mariner). 
" I must express my thanks to you for the labour and care you have taker 
In 1 Practical Mechanics.' . . . It u a life's experience. . . 
What an amount we frequently Bee wasted by rigging purchases without I 
and accidents to spars, &c, &c ! 'Practical Mechanics ' would save 
this."— (Letter to the Author from another Master Mariner). 



WORKS BY RICHARD C. BUCK, 

of the Thames Nautical Training (A liege, li M s • Woreesl 

A Manual of Trigonometry: 

With Diagrams, Examples, and Exercises. Price 8s. 6d. 

Third Edition, Revised and Corrected. 

\* Mr. Buck's Text-Book has been specially prepared with a view 
to the New Examinations of the Board of Trade, in which 
is an obligatory subject. 

"Thta UUUTLT PRACTICAL An 1 



— ScA*x4maitrr 



A Manual of Algebra. 

u'gned to meet the Requirements of Sailors and others. 



Second Edition, Revised. Price 3«. 6d. 

These elementary works on algebra and 

bo will have little opportunity of oousulting a Teacher. They are hooka' (or "sslp 
All hot the simplest explanations have, therefore, been avoided, and amwxss U 



the Exercise* are (riven. Any person may readily, by careful study, become master of tbet 
contents, and thus lay the foundation for a further mathematical course. If detired. It la 
hoped that to the younger Officers of oar Mercantile Marine they will be found decidedly 
services). > The Examples snd Exercbe* are taken from the Examination Papers set fo? 
the Cadets of the " Worcester." 

"Clearly arranged, and well got up. . . A 
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GRIFFIN'8 NAUTICAL SERIES. 

Second Edition, Thoroughly Revised and Extended. In Crown 8vo. 
Handsome Cloth. Price 4s. 6d. 

THE LEGAL DUTIES OF SHIPMASTERS. 

BY 

BENEDICT WM. GINSBURG, M.A., LL.D. (Cantar), 

Of the Iuner Temple and Northern Circuit; " 



General Contents.— The Qualification for the Position of Shlpmaster-The 
tract with the Shipowner— The Master's Duty In respect of the Crew : Engagement ; 
Apprentices; Discipline; Provisions, Accommodation, and Medical Comforts; Payment 
of Wages and Dlschanre— The Master's Duty in respect of the Passengers -The Master's 
Financial Responsibilities— The Master's Duty In respect of the Cargo — The Master's 
Duty In Case of Casualty— The Master's Duty to certain Public Authorities — The 
Master's Duty In relation to Pilots, Signals, Flags, and Light Dues— The Master's Duty 
upon Arrival at the Port of Discharge— Appendices relative to certain Legal Matters : 
Board of Trade Certificates, Dietary Scales, Stowage of Grain Cargoes, Load Line Regula- 
tions, Life saving Appliances, Carriage of Cattle at Sea, Ac., Ac. — Copious Index. 

" No intelligent Master should fail to add tills to his list of necessary books. A few lines 
of It may save a lawvi a s raa, hbsihes bn dlb&s woakt. " — Lirerpooi Journal of Comment. 
" Sbmsibls. plainly written. In cl*ai and mos-tkchnicai. lakgoaoe, and will be found of 
; by the , Shipmaster, --brim* Trad* iierte*. 



Second Edition, Revised. With Diagrams. Price 2a. 

Latitude and Longitude: 

How to Find the 



By W. J. MILLAR, C.E., 

halt Secretary to the In$L of Engineer t and Shipbuilden in 

" Concisely and clearly writtkn . . . cannot but prove an acquisition 
to those studying Navigation."— Marine Engineer. 

Young Seamen will find it HAMD1 and USEFUL, simple and CLEAR."— Tht 



FIRST AID AT SEA. 

Third Edition, Revised. With Coloured Plates and Numerous 111 ast ra- 
tions, and comprising the latest Regulations Respecting the Carriage 
of Medical Stores on Board Ship. Price 6s. 

A MEDICAL AND SURGICAL HELP 

FOR SHIPMASTERS AND OFFICERS 
IN THE MERCHANT NAVY. 

By WM. JOHNSON SMITH, F.R.O.S., 

Principal Medical Officer, Seamen's Hospital, Greenwich. 

*,* The attention of all Interested In our Merchant Nary is requested to this exceedingly 
asefnl and valuable work. It is needless to say that It Is the outcome of many years 
practical sxPKKiBNCB atnon<rst Seamen. 

'• Soumd, judicious, ssax.lt mUfUt "— The Lanctt. 

• # * For Complete List of Griffin's Nactical Series, aee p. 39. 
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GRTFFIWS NAUTICAL SERIES. 

Ninth Edition. Revised, with Chapter* on Trim, Buoyancy, and Calcula- 
tions. Numerous Illustrations, handsome Cloth, Crown 8vo. Price 7s. 6oU 

KNOW YOUR OWN SHIP. 

By THOMAS WALTON, Naval Architect. 

Specially arranged to suit the requirements of Ships' Officers, Shipowner*, 
Superintendents, Draughtsmen, Engineers, and Others, 

This work explains, in a simple manner, such important subjects ai : — Displacement. 
— DeiidweiKht.— Twnna«*.— Freeboard.— Moments.— Buoyancy.— Strain.— Structure. — 
Stability. — Rolling.— Ballasting.— Loading — >liifting Cargoes.- AdmiMion of Water.— 
Sail Area. — Ac. 

The little book will be found ixcbbdixolt Bahdy by moit officers and officials eon 
with shinning. ... Mr. Walton's work will obtain lastijio secerns, because ot iU i 
Otness for those (or whom It has bveu writtcu." Shippino HorW. 

BY THE SAME AUTHOR. 



Steel Ships: Their Construction and Maintenance. 

(See page 38.) 

Fifteenth Edition, Thoroughly Rcrited, Greatly Enlarged, and Reset 
Throughout. Large Hvo, Cloth, pp. i-xxiv + 708. With 280 Illustra- 
tion*, reduced from Working Drawing*, and 8 Plate*. 21s. net. 

A MANUAL OF 

MARINE ENGINEERING: 

COMPRISING THE DESIGNING, CONSTRUCTION, AND 
WORKING OF MARINE MACHINERY. 

By A.E. SEATON, M.I.C.E., M.I.Meeh.B., M.I.N.A. 

General Contents. — Part I.— Principle* of Marine Propulsion. 
Part II. — Principles of Steam Engineering. Pakt III. — Detail* of 
Marine Engines : Design and Calculations for Cylinders, Pistons, Valves* 
Expansion Valves, &c. Part IV.- Propellers. Part V. — Boilers. 
Pa rt VI. — M iscellftiieous. 

"The Student, Draughtsman, and Engineer will find this work the most valuablr 
Hanprook ot Koferenoe on tb* Marine Kn f ine now in existence."— Marimr E*<jtneer. 



Ninth Edition, Thoroughly Revised. Pooket-Siae, Leather. 8s. 6d. 

A POCKET-BOOK OF 

MARINE ENGINEERING RULES AND TABLES, 

FOR TUB U8K or 

Marine Engineers, Naval Architects, Designers, Draughtsmen, 
Superintendents and Others. 

By A.E. SEATON, M.I.O.E., M.I.Mech.E., M.I.N.A., 
H. M. ROUNTHWAITE, M.I.Mech.E., M.I.N.A. 

" The best book of its kind, and the information is both up-to-date and reliable." — 
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WORKS BY PROF. ROBERT H. SMITH, Assoc.M.I.C.E., 

M.LkLE.. M.LKLE., lLLHlg.lL, Whit 8ch., kLOnLMelji. 

THE CALCULUS FOR ENGINEERS 
AND PHYSICISTS, 
Applied to Technical Problems. 

WITH EXTENSIVE 

CLASSIFIED REFERENCE LIST OF INTEGRALS. 

By PROF. ROBERT H. SMITH. 

ASSISTED BY 

R. F. MUIRHEAD, M.A., B.Sa, 

Formerly Clark Fellow of Glasgow University, and Lecturer on Mathematics at 

Mason College, 

In Crown Bvo, extra, with Diagrams and Folding' Plate. 8e. 6d. 
" Ptor. R. H. Smith's book will be serviceable In rendering a bard road as east as txxciic- 

ABLI for the nan-inatncinattcal Sliuicut and Engineer "— Athrntrvm 

- Interesting diagrams, with practical Illustration! of actual occurrence, are to be found here 
In abnmlanee. Ths vk»y cojjfuts CLAeemzp rktehf^ck taislk will prove vrrj usofu) In 
tavrng the time of those who want an integral In a hnrry."-T»* i«<,.n«r. 



MEASUREMENT CONVERSIONS 

(English and French): 

43 GRAPHIC TABLES OB DIAGRAMS, ON 28 PLATES. 

Showing at a glance the Mutual Conversion of Measurements 

in Different Units 

Of Lengths, Areas, Volumes, Weights, Stresses, Densities, Quantities 
of Work, Hone Powers, Temperatures, <feo. 

For ths utt of Engtnssrt. Survtyon, Anhlttctt, ana Contractors. 

In 4to, Boards. 7a. 6d. 

Prof. Smith's Conversion-Tables form the most unique and com- 
prehensive collection ever placed before the profession. By their use much 
time and labour will be saved, and the chances of error in calculation 
diminished. It is believed that henceforth no Engineer's Office will be 
considered complete without them. 



Pocket SUe.Leather Limp, with Gilt Edges and Rounded Corners, printed on Special 
Thin Paper, with Illustrations, pp. i-xil + ti&i. Price 18s. net. 

(THE NEW " NYSTROM ") 
THE MECHANICAL ENGINEER S REFERENCE BOOK 

A Handbook of Tables, Formula and Methods for Engineers, 
Students and Draughtsmen. 

By HENRY HARRISON SUPLEE, B.Sa, M.E. 

" We feel sure It will be of great service to mechanical engineers. "—Engineering. 
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Second Edition. In Large 8vo. Handsome Cloth. 16s. 

CHEMISTRY FOR ENGINEERS. 

BERTRAM BLOUNT, and A- G. BLOXAM, 

F.LC. F.C.8 , A.I.C.K. F.I.C.. F.C.8. 

GENERAL CONTENTS. -Introduction Chemistry of the Chief Material! 
of Construction— 8ource8 of Energy Chemistry of s team-raising— Chemis- 
try of Lubrication and Lubricants— Metallurgical Processes used In the 
Winning and Manufacture of Metal-. 

"The authors have •cocskdrd beyond all expectation, and hare prod need a work which 
•noold give fk*»h eowaa to the Engineer and Manufacturer."— 77* Timu. 



By the same Authors, "Chkmistry fob Manufacturers," aee p. 71. 



In Handsome Cloth. With about 50 Illustrations. 3s. Gd. net. 

THE ELEMENTS OF CHEMICAL ENGINEERING. 

Bv J. GROSSMANN, M.A., Ph.D., F.I.C. 

WITH A PREFACE BY 

Sir WILLIAM RAMSAY, K.C.B., F. R. S. 

CONTENTS— The Beaker and its Technical Equivalenta.-Distilling Flasks, Lieblg'a 
Condensers.— Fractionating lubes ami their Technical EquivalenU— The Air -Bath and 
ta Technical Equivalents. -The Wowpipc and Crucible and their Technical Equivalents. 
— The Mteam Boiler and other Sources of Power.— General Remarks on the Application 
of Ileal In Chemical Engineering.— The Funnel and its Technical Equivalent*.— The 
Mortar and its Technical Equivalents.— Measuring Instruments and their Technical 
Equivalents.— Materials l'se«l in Chemical Engineering nnd their Mode of Application.— 
Technical Research and the Designing of Plant.— Conclusion.— Chemicals and Materials. 
— ISDKX. 

"Excellent. . . . Eveiy student of chemistry attending a technical course should 
obtain a copy."— Chem teal AVirx. 



Works by WALTER R. BROW NE, M.A., M.Inst.C.E. 

THE STUDENT'S MECHANICS: 

An Introduction to the Study of Force and Motion. 

With Diagrams. Crown 8vo. Cloth, 4s. 6d. 

" Clear tn style and practical in method. 'Ths Student's Mechanics' is cordially to be 
recommended from all points of view."— Athnurum. 



FOUNDATIONS OF MECHANICS. 

Papers reprinted from the Engineer. In Crown 8yo, is. 



Demy 8vo, with Numerous Illustrations, 9s. 

FUEL AND WATER: 

A Manual for Users of Steam and Water. 

By Prof. FRANZ SCHWACKHOFER of Vienna, and 
WALTER R. BROWNE, M.A., C.E. 

Gbnhhai Content*.— Heat and Combustion— Fuel, Varieties of- Firing Arrange neats : 
Furnace, Flues, Chimney — The Boiler, Choice of — Varieties — Feed-water Heaters- 
Steam Pipes— Water: Composition, Purification- Prevention of Scale, &c, &c. 
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GRIFFIN'S LOCAL GOVERNMENT HANDBOOKS. 

WORKS SUITABLE FOR MUNICIPAL AND COUNTV ENGINEERS, 
ANALYSTS, AND OTIIERS. 

See also Davie*' Uygiene, p. 00, arid MacLeod's Calculation*, p. 110. 

Gas Manufacture (The Chemistry of). A Handbook on the Pro- 

duction. Purification, and Testing of Illuminating Gaa, and the Assay of Bye-Pro- 
duct*. By W J. A. Buttkrfiklij, M.A., F.I.C.. F.CS. With Illustration*. FoCHTH 
Edition, Revised. Vol. I., 7*. (id. net. Vol. II., »n preparation. [See page 77. 

Water Supply : A Practical Treatise on the Selection of Sources and the 
Distribution of W ater. By Reginald E. Middlrton, M.Iust.C.E., M.Inst.Mech.E . 
F.S.I. With Numerous Plates and Diagrams. Crown 8vo. S». 0d. net. [See page 77. 

Central Electrical Stations : Their Design, Organisation, and Manage, 
ment. By C. II. Wordingmam, A.K.C., M.I.C.E. Second Edition. 24*. net. (See p. 43. 

Electricity Control. Bv Leonard Andrews, A. M.Iust.C.E., M.I.E.K. 

Vl9. G>1. net. I Sec- page 48. 

Electricity Meters. Bv Henky G. Solomon, A.M. Inst. E.E. ir> 8 . 

|S,.« page 49. 

Trades* Waste : Its Treatment and Utilisation, with Special Reference 
to the Prevention of Rivers' Pollution. Jlj W. Navi.or, PCS., A.M.Inst.CE. 
With Numerous Plates, Diagram*, and Illustration*. 21s. net. (See page 76. 

CalcareOUS Cements: Their Nature, Preparation, and Uses. With 
some Remark* upon Cement Testing. By GILBERT REDGRAVE, Assoc. Inst.C.K,, 
and CHAS. Spaceman, F.CS. With Illustrations, Analytical Data, and Appendices 
on Coats, Ac. lis. net. [See page 76. 

Road Making and Maintenance : A Practical Treatise for Engineers, 
Surveyors, and others. With an Historical Sketch of Ancient and Modern Practice. 
By Tiiomas Aitkkn, Assoc. Ml nstcE.. M. Assoc. Municipal and County Engrs.; 
M. San. Inst. Second Ed. Tlo,\\ Kevised. Full) Illustrated. (See page 79 

Llg-ht Railways at Home and Abroad. Bv William Hksby Colk, 

M.In*t.C.E.. late Deputy Manager. North western Railway, India. Large 8vo, 
Handsome Cloth, Plates and Illustrations. 10*. (See page 30. 

Practical Sanitation : A Handbook for Sanitary Inspectors and others 
interested in Sanitation. By Lite. Rkio, M.D., D P II., Medical OMcer, StJuTordshire 
County Council. With Ap|»eudfx on Sanitary Law, by Herbert Mauley, M.A., M. B., 
D. P. U. Thirteenth Edition, 'thoroughly Revised. 0s. [See page 78. 

Sanitary Engineering: A Practical Manual of Town Drainage and 

Sewage and Refuse Disposal. By Francis Wood, A M.Inst.CE., F.G.S. Second 
Edition, Bevised. Fully Illustrated. 8s. 6d. net. (See page 7&. 

Dairy Chemistry: A Practical Handbook for Dairy Managers, Chemists, 
and Analysts. By H. Droop Richmond, F.I.C., chemist to the Aylesbury Dairy 
Company. With Tables, Illustrations, Ac. Handsome Cloth, lt>s. [See page 73. 

Dairy Analysis: The Laboratory Book of. By H. Droop Richmond, 
F.I.C. Fully Illustrated, Cloth. Js. tic], net. (Sec page 73. 

Milk: Its Production and Uses. With Ch apters on Dairy Farming, 

The Diseases of Cattle, and on the Hygiene and Control of Supplies. By Edward P. 
Wilia>UUUuv, M.D. (Loud.), D.P.H. (Loud, and Camb.), Inspector of Farms and 
General Scieiitlllc Adviser to Welford A Sons, Ltd. tis. net. (See page 73. 

Flesh Foods: With Methods for their Chemical, Microscopical, and 
Bacteriological Examination. A Handbook for Medical Men, Inspectors, Analysts, 
and others. By C. Ainswortu Mitchell, B.A.. F.I.C, Mem. Council soc. of Public 
Analysts. With numerous Illustrations and a coloured Plate. 10*. ed. [See page 74. 

Foods: Their Composition and Analysis. By A. Wynter Blyth, 
M.R.C.8., F.C.S., Public Analyst for the County of Devon, and M. W BLTTn, 
B.A., B.Sc. With Tables, Folding Plate, and Frontliploce. FIFTH Edition, 
Thoroughly Revised. '21s. (See page 72. 

" AX ADMIRABLB DIGEST of the most recent state of knowledge.' —Chemical Sew*. 
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CHARLES OR IF FIN dc OO.'S PUBLICATIONS. 



ELECTRICAL ENGINEERING. 

Second Edition, Revised. In Large Svo. Handsome Cloth. Projusely 
Illustrated with Plates, Diagrams, and Figures. 24J. net. 

CENTRAL ELECTRICAL STATIONS: 

Their Design, Organisation, and Management. 

By CHAS. H. WORDINGHAM, A.K.C., M.Inst.C.E., M.Inst.Mech.E., 

Late Metnb. of Council InsLE.E., and Electrical Engineer to the City of Manchester : 
Electrical Enginccr-in-Chicf to the Admiralty. 

ABRIDGED CONTENTS. 

Introductory -Central Station Work as a Profession. —As an Investment -The Estab- 
lishment of a Central Station —Systems of Supply.— Site.— Architecture.— Plant.— Boilers — 
Systems ot Draught and Waste Heat Economy. — Coal Handling, Weighing, and Storing - 
The Transmission of Steam. — Generators. — Condensing Appliances. — Switching Gear, 
Instruments, and Connections.— Distributing Mains. — Insulation, Resistance, and Cost. — 
Distributing Networks — Service Mains and Feeders. — Testing Mains. — Meters and 
Appliances. — Standardising and Testing Laboratory — Secondary Batteries. — Street Light- 
ing. — Cost. — General Organisation — Mains Department — Installation Department. — 
Standardising Department — Drawing Office — Clerical Department. — The Consumer. — 
Routine and Main Laying.— Indkx. 

*' One of the most valuable contributions to Central Station literature we have had 
for some lime." — Electricity. 

In Large 8vo. Handsome Cloth. Profusely Illustrated. 12s. 6d. net. 

ELECTRICITY CONTROL. 

A Treatise on Electric Swltchgear and Systems of Electric Transmission. 
By LEONARD ANDREWS, 

Associate Membei of the Institution of Civil Engineers, Member of the Institution of 

Electrical Engineers, &c' 

General Principles of Switchgear Design.— Constructional Details —Circuit Breakers or 
Arc Interrupting Devices.— Automatically Operated Circuit Breakers. — Alternating Reverse 
Current Devices. — Arrangement of 'Bus Bars, and Apparatus (or Parallel Running. — 
General Arrangement of Controlling Apparatus for High Tension Systems. — General 
Arrangement of Controlling Apparatus for Low Tension Systems. — Examples of Complete 
Installations. — Long Distance Transmission Schemes. 

" Not often docs the specialist have presented to him so satisfactory a book as this. . . . 
We recommend it without hesitation to Central Station Engineers, and, in fact, to anyone 
interested in the subject." — P<m>rr. 



Eighteenth Edition. Leather, Pocket Size. 8s. 6d. 

A POCKET-BOOK 

OF 

ELECTRICAL RULES & TABLES 

FOR THE USE OF ELECTRICIANS AND ENGINEERS. 
By JOHN MUNRO, C.E., & Prof. JAMIESON, M.Inst.C.E., F.R.S.B. 

GENERAL CONTENTS 

Units of Measurement. — Measures. — Testing. — Conductors. — Dielectrics. — Submarine 
Cables. — Telegraphy. — Electro-Chemistry. — Electro-Metallurgy. — Batteries. — Dynamos and 
Motors. — Transformers. — Electric Lighting. — Miscellaneous. — Logarithms. — Appendices. 

" Wondbrpul.lv PnncT. . . . Worthy of the highest commendauor, we can 
give it." — Electrician. 
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In Largo 8vo. Profusely Illustrated. 8*. 6d. net. 

WIRELESS TELEGRAPHY. 

By OUSTAVE EICHHORN, Ph.D. 

Contents. — Oscillations. — Closed Oscillation Systems. — Open Oscillation 
Systems. —Coupled Systems. — The Coupling Compensating the Aerial Wire. — 
The Receiver. — Comparative Measurement in the Sender.— Theoretical Results 
and Calculations in respect of Sender and Receiver.— Closely-Coupled Sender 
and Receiver.— Loose-Coupled Sender and Receiver.— Principal Formula?.— 
The Ondameter. — Working a Wireless Telegraph Station. — Modern Api>aratus 
and Methods of Working- — Conclusion.— Bibliography. — Index. 

"Well written . . . and combine* with a go<Kl deal of description a careful 
investigation of the fundamental theoretical phenomena."— Jfa' tire. 



Large 8vo, Handsome Cloth, with 334 Pages and 307 Illustrations. 

16s. net. 

ELECTRICITY METERS. 

By HENRY G. SOLOMON, A.M.In«t.E.E. 

Contents. — Introductory. — General Principles of Continuous - Current 
Meters.— Continuous-Current Quantity Meters.— Continuous-Energy Motor 
Meters.— Different Types. — Special Purposes, ie., Battery Meters, Switchboard 
Meters, Tramcar Meters. — General Principles of Single- and Polyphase Induc- 
tion Meters.— Single -phase Induction Meters. — Polyphase Meters. — Tariff 
Systems.— Prepayment Meters. — Tariff and Hour Meters.— Some Mechanical 
Features in Meter Design. —Testing Meters.— Index. 

" An esroost and successful attempt to deal comprehensively with modern methods or 
measuring current or power in electrical Installations." — Bnginttring. 

"Trustworthy information. . . . We can confidently recommend the book to every 
electrical engineer. "-Ettctricitf. 



Second Edition, Cloth, 8s. 6d. Leather, for the Pocket, 8s. 6d. 

GRIFFIN'S ELECTRICAL PRICE-BOOK : For Electrical. Civil, 

Marine, and Borough Engineers, Local Authorities, Architects, Railway 

Contractors, &c, &c. Edited by II. J. Dowsing. 

" The Electrical Pricr-Book rrwovrs all mystery about the coat of Electrical 
Power. By its aid the rxkrnsr that will be entailed by utilising electricity on a large or 
small saJe can be discovered. "-Artkittct. 



ELECTRIC SMELTING AND REFINING. By Dr. W. Bouchers 
and W. G. McMillan. Second Edition, Revised and Enlarged. 
21s. net. [See page 67. 

ELECTRO - METALLURGY, A Treatise on. By Walter (i. 
McMillan, F.I.C., F.C.S. Second Edition, Revised and in 
Part Re- Written. 10s. 6d. [See page 0". 

ELECTRICAL PRACTICE IN COLLIERIES. By D. Burns, M.E., 
M.Inst.M.E. Second Edition, Revised and greatly Enlarged. 
7s. 6d. net. [See page 5S. 

CONDON: CHARLES GRIFFIN & CO.. LIMITED, EXETER STREET, STRAND. 



Digitized by Google 



50 CHARLES GRIFFIN A CO.'S PUBLICATIONS. 



By PROFESSORS J. H. POYNTING ft J. J. THOMSON. 

In Five Volume*. Large 8vo. Sold Separately. 

A TEXT-BOOK OF PHYSICS. 

J. H. POYNTING, J. J. THOMSON, 

•CD., F.E.B., AND 

University, of Canibrtdire. 



Introductory Volumk. Third Edition, Revised. Fully Illustrated. 

10s. 6d. 



Ooram — Qravitstlon. — The Acceleration of Gravity. — Elasticity.— Stresses and 
Strain*.— Torsion.— Rondinjc of Rod*.— Spiral SpringB —Collision.— Compressibility of 
Liquids. — Pressures and Volumes of Gases,— Thermal Effects Accompanying Strain. — 
Capillarity.— Surface Tension.— Laplsce's Theory of Capil artty.— 1 'iff union of Liquids — 
Diffusion of Omen - Viscosity of Liquid*.— Isnitx. 

" Students of physic* cannot full to derive benefit from the book."— KuGtKl'dgf. 
"Vie r*?»rd thU book a* quite indispensable not merely to teachers but to physicists of 
(Trude above the lowest."— I nifrmity VorrtsivmUnt. 



Volume EL Fourth Edition. Fully Illustrated. Price 8s. 6d 

SOUND. 

Oohtknts. — The Nature >.f Sound and its chief Characteristic* — The Velocliy of Sound 
In Air and other Media. — KoftVclon and Refraction of Sound. — Frequency and Pitch of 
Notes. Resonance and Forced Oscillations— Analysis of Vibrations. — The Trans vena 
Vibrations of Stretched Strings or Wires —Pipes and other Air CaTitte*.— Rods — Plate*. 
—Membranes.— Vibrations maintained by Heat.— Sensitive Flames and Jets — Musical 
Hand.— The Superposition of Waves.- Iki» x. 

"The work . . . maybe recommended to anyone desirous of possessing an kast 
CT-to-datk Staxdako Treatise on Acoustics."— Literature 

" Very clearly writieu. . . . The names of the authors are a guarantee of the 
I accuracy and th-tu datk chahactkb of the work ."- Educational Timet. 



Volume III. Second Edition, Revised. Fully Illustrated. Price 15s. 

EAT. 



CoKTKSTS. —Temperature. - Expansion of .Solids — Liquids. —Oases. — Circulation 
and Convection.— Quantity of Heat; Specific Heat.- Conductivity.— Forms of Energy; 
Conservation ; Mechanical Equivalent of Heat.- The Kinetic Theory —Change of State; 
Liquid Vapour. — Critical Points. — Solids and Liquids. — Atmospheric Conditions.— 
Radiation — Theory of Exchanges. — Radiation and Temperature.— Thermodynamics.— 
Isothermal and Adial.atic Cholines.- Thermodynamic* of Changes of State, and Solu- 
tions. -Thermodynamic* of Radiation. - iNKEX. 

" Well up-to-date, and extremely clear and exact throughout. ... As clear a* 
It.WOUld be possible to make sucli a text-book."— Xature. 

Remaining Volumes in Preparation — 
LIGHT ; MAGNETISM AND ELECTRICITY. 



THE MEAN DENSITY OF THE EARTH : An Essay to which the 
Adams Prize w as adjudged in 1893 in the University of Cambridge. By J. H. 
Poyntino, Sc.D., F.R.H., Late Fellow of Trinity College, Cambridge; Professor of 
Physics, Birmingham University. In Large 8vo, with Bibliography, Illustrations in 
the Text, and Seven Lithographed Plate*. 12*. Gd. 
" Cannot x* til to be of okkat and general interest."— Atfienmun. 
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Criffln'8 Geological, Prospecting, Mining, and 
Metallurgica Publications. 

PAOK 

Geology, Stratigraphical, R. Etheridge, F.R.8., . . 52 

Physical, . Pbof. H. G. Seklry, . . 52 

„ Practical Aids, Prof. Grbnville Oolb, . 53 

,, Open Air Studies, „ „ 85 

Mining Geology, . James Park, F.G.S., . . 55 

Prospecting for Minerals, S. Herbert Cox, A.R.S.M., . 55 

Food Supply, . . . Robt. Bruce, ... 54 

New Lands, H. R. Mill, D.Sc., F.R.S.E., 54 

Ore and Stone Mining, . Sir C. Lb Neve Foster, . 56 

Elements of Mining, . „ 56 

Coal Mining, . . . H. W. Hughes, F.G.S., . 56 

Practical Coal Mining,. G. L. Kerr, M.lnstM.E., . 58 

Elementary „ „ „ 58 

Electrical Coal Mining, D. Burns, .... 58 

Mine-Surveying, Bennett H. Brough, A.R.S.M., 57 

Mine Air, Investigation of, Foster and Haldane, 57 

Mining Law, C. J. Alford, ... 57 

Blasting and Explosives, O. Guttmann, A.M.I.C.E., . 58 

Testing Explosives, • Rich el and Larsen, . 58 

Mine Accounts,. . Prof. J. G. Lawn, . . 57 

Mining Engineers' Pkt.-Bk., E. R. Field, M.Inst.M.M., . 57 

Petroleum, • • • . Sir Boverton Redwood, . 61 

A Handbook on Petroleum, Thomson and Redwood, 61 

Oil Fuel, .... Sidney H. Nortu, . . 29 

Metallurgical Analysis, • Macleod and Walker, 60 

Microscopic Analysis, F. Osmond & J. E. Stead, F.R.S., 60 

Metallurgy (General), Phillips and Bauebman, 60 

(Elementary), Pbof. Humboldt Sexton, . 66 

Getting Gold, . J. C. F. Johnson, F.G.S., 59 

Gold Seeking in South Africa, Theo Kassner, ... 59 

Cyanide Process, . . James Park, F.G.S., . . 59 

Cyaniding, Julian and Smart, 59 

Electric Smelting, . Borchers and McMillan, . 67 

Electro-Metallurgy, W. G. M°Millan, P. I.e., . 67 

Assaying, J. J. <fc C. Bbrinher, . 66 

Metallurgical Analysis, J. J. Morgan, F.C.S., . . 66 
Metallurgy (Introduction to), Sir W. Roberts- Austen, K.O.B., 63 

Gold, Metallurgy of, Br. Kirke Rose, A.R.S.M., 63 

Lead and Silver, „ H. F. Collins, A.R.S.M., . 64 

Iron, Metallurgy of, Thos. Turner, A.R.S.M., . 65 

Steel, „ F. W. Harbord, ... 65 

Iron-Founding, . . Prof. Turner, ... 68 

Precious Stones, Dr. Max Bauer, 68 



LONDON : CHARLES GRIFFIN A CO., LIMITED, EXETER STREET, STRAND. 



Digitized by Google 



CHARLES GRIFFIN * OO.'S PUBLICATIONS. 



Demy 8vo, Handsome cloth, 18s. 

Physical Geology and Palaeontology, 

0JV THE BASIS OF PHILLIPS. 

BY 

HARRY GOVIER SEELEY, F. R.S., 

moPBssoa or geography in king's college, london. 

WUtb frontispiece In Gbromo*I4tbO0rapb£, and Sllustrattone. 

4 * It is impossible to praise too highly the research which Professor Srklky s 
* Physical Geology evidences. It is par more than a Text-book— it is 
a DIRECTORY to the Student in prosecuting his researches." — Presidential Ad' 
dress lo the Geological Society, by Rev, Pro) Bonney ■■ D.Sc., LL.D., F.R.S. 

" Professor Seeley maintains in his ' Physical Geology ' the high 
reputation he already deservedly bears as a Teacher." — Dr. Henry Wood- 
ward, F.R.S. t in (he ** Geological Magazine" 

" Professor Shelby's work includes one of the most satisfactory Treatises 
on Lithology in the English language."— American Journal oj Engineering. 



Demy 8vo, Handsome cloth, 34s. 

Stratigraphical Geology & Paleontology, 

OJi THE BASIS OF PHILLIPS. 

BY 

ROBERT ETHERIDGE, F. R. S., 

OF THE NATURAL HIST. DRPARTMBNT. BRITISH MUSBUM. LATR PALEONTOLOGIST TO TH» 
GEOLOGICAL SURVBY OF GREAT BRITAIN, PAST PRESIDENT OF THE 
GEOLOGICAL SOCIETY, ETC 

Tjmttb d&ap, 'numerous Gables, ano Gblrtr>»0ti plates. 

" No such compendium of geological knowledge bat ever been brought together before."— 
]Vtttmintt*r Review. 

" If Prop. Sreley's volume was remarkable for its originality and the breadth of its views, 
Mr. Etherioge fully justifies the assertion made in his preface that his book differs is con- 
struction and detail from any known manual. . . . Must take HIGH RANK among works 



OPEN-AIR STUDIES 15 GEOLOGY: 

An Introduction to Geology Out-of-doors. 

By PROFESSOR GRENVILLE COLE, M.R.I.A., F.G.S. 

For details, see Griffin's Introductory Science Series, p. 85. 
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Crown &vo. Handsome Cloth. 2s. 6d. 

RESEARCHES ON THE PAST AND PRESENT HISTORY 

OK 

THE EARTH'S ATMOSPHERE. 

Including the latest Discoveries and their Practical Applications. 

By DR. THOMAS LAMB PHIPSON. 

PART I.— The Earth's Atmosphere in Remote Geological Periods. 
PART II.— The Atmosphere of our Present Period. 
Appendices; Index. 

Dr. Phipson's work presents, amidst much which is of interest to the 
Scientist ami the General Reader alike, a short risum/ of his discovery of the 
origin of Atmospheric Oxygen, the existence of which he attributes wholly to 
the action of Solar Radiation upon vegetable life. The book will be found 
eeplete with much that is new, curious, and interesting, both in connection with 
Weather Lore, and with Scientific Meteorology.— Jiidlisher's Note. 

"The book should prove of Interest to (fenrral reader*, aa well at to meteorologist* 
and other student* of •cieoce."— Xature. 



By GRENVILLE A. J. COLE, M.R.I.A., F.G.S., 

Processor of Geology in the Royal College of Science for Ireland, and Examiner in the 

University of London. 

See also the two following pages (54, 55), and page 85. 



AIDS IN 

PRACTICAL GEOLOGY: 

WITH A SECTION ON PALAEONTOLOGY. 

By PROFESSOR GRENVILLE COLE, M.R.I.A., F.G.S. 

Fifth Edition, Thoroughly Revised. With Frontispiece and 
Illustrations. Cloth. 10s. 6d. 

GENERAL CONTENTS. — 

PART I. — Sampling of the Earth's Crust. 
PART II.— Examination op Minerals. 
PART III.— Examination of Rocks. 
PART IV.— Examination of Fossils. 

"Prot. Cole treats of the examination of mineral* and rocks in a way that has never 
been attempted before . . . observing of thb highest fraiss. Here indeed are 
' Aids' INKUMMABU and ihvaluabi n. AU the directions are given with the utmost clear- 
aeit and precision.*" — M thtxtTMtit* 

"That the work deserves its title, that it is lull of 'Aids,' and in the highest degree 
' practical,' will be the verdict of all who use it. Nnturt. 

" ThU BXCCLLBNT MANUAL . . . Will be A VERY GRRAT HELP. ■ ■ ■ The SeCtlOB 

on the Examination of Fossils is probably the but of its kind yet published. . . Full 
of well-digested information from the newest sources and from perianal research." — Ahk+Ji 
•f Nat. Hittery 
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GRIFFIN'S "NEW LAND" SERIES. 

Practical Hand-Books for the Use oj Prospectors, Explorers, 
Settlers, Colonists, and all Interested in tit* opening 
up and Development of New Lands. 

Edited bt GRENVILLE A. J. COLE, M.R.I.A., F.G.S., 

Professor of Geology In the Royal College of Science for Ireland, and Examiner In 

the University of London. 



In Croum 8vo. Handsome Cioth. 5*. 
With Numerous Maps Specially Drawn and Executed /or this Work. 

NEW LANDS: 

THEIR RESOURCES AND PROSPECTIVE 

ADVANTAGES. 

By HUGH ROBERT MILL, D.Sc, LL.D., F.R.S.E., 

iKTBODtrcTORT.— The Development of New Lauds.— The Dominion of 
Canada. — Canada, Eastern Provinces. — Canada, Western Provinces and 
Territories. — Newfoundland. —The United States. — Latin America. Mexico. — 
Latin America, Temperate Brazil and Chili. — Latin America, Argentina. — 
The Falkland Island*.— Victoria.— New South Wales.— Queensland.— South 
Australia — Tasmania — Western Australia.— New Zealand.— The Resources 
of South Africa.— Southern Rhodesia.— In DKX. 

" Paisbtakmo . . . complktb . . . of Kreat rUACTiCAL amistaxob.' — r*< FU14. 
"A want admirably supplied. . . . Has the advantage of being written by a pro- 
fessed Geographer. " —Geographieal Journal. 



With many Engravings and Photographs. Handsome Cloth, 4s. 6d. 

FOOD SUPPLY. 

By ROBERT BRUCE, 

Agricultural Superintendent to the Royal Dublin Society. 

With Appendix on Preserved Foods by C. A. Mitchell, B.A., F.LC. 

Gbnkral Contents. — Climate and Soil — Drainage and Rotation" of 
Crops — Seeds and Crops — Vegetables and Fruits — Cattle and Cattle 
Breeding — Sheep and Sheep Rearing— Pigs— Poultry — Horses — The Dairy 
—The Farmer's Implements— The Settler's Home. 

" BRiBTua with isroRMAnos. '-FarwMrn- Gazette. 

" The work la one which will appeal to those intending to become farmers at home 
or In the Colonies, and who desire to ohuln a general Idea of the true principles ol 
farming In ALL ITS branches."— Journal of the Royal Colonial ln*1. 

" A most kkadablk and valuable book, and merits an RXTRNsmt sale." — Scottith 
farmer. 

" Will prove of service In ant part or thk world."- Nature. 
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GRIFFIN'S " NEW LAUD" SERIES . 

Fourth Edition, Revuted. With Illustrations. Handsome Cloth, 5s. 

PROSPECTING FOR MINERALS. 

4 Practical Handbook for Prospectors, Explorers, Settlers, and all 
interested in the Opening uo and Development of Netv Lands. 

By S. HERBERT COX, Assoc. R.S.M., M.Inst.M.M., F.G.S., 

Professor of Mining at the Royal School of Mines. 

General Contents. — Introduction and Hints on Geology — The Determina- 
tion of Minerals : Use of the Blow-pipe, Ac — Rock-forming Minerals and Non- 
Metallic Minerals of Commercial Value : Rock Salt, Borax, Marbles, Litho- 
graphic Stone, Quartz and Opal, Ac, Ac. — Precious Stones and Gems — Stratified 
Deposits: Coal and Ores- Mineral Veins and Lodes— Irregular Deposits- 
Dynamics of Lodes : Faults, Ac.— Alluvial Deposits— Noble Metals : Gold, 
Platinum, Silver, Ac— Lead — Mercury — Copper — Tin— Zinc— Iron — Nickel, 
Ac — Sulphur, Antimony, Arsenic, Ac — Combustible Minerals — Petroleum — 
General Hints on Prospecting— Glossary — Index. 

"This ADMIRABLE LITTLE WORE . . . written With SCIEHTIFIO ACCURACY in S 

clear and lucid style. ... An important addition to technical literature . . . 
—Mining Journal. 



IN PREPARATION. 

BUILDING CONSTRUCTION in WOOD, STONE, and 
CONCRETE. By James Lyon, M.A., Professor of En- 
gineering in the Royal College of Science for Ireland ; 
sometime Superintendent of the Engineering Department in 
the University of Cambridge; and J. Taylor, A. R. C.S.I. 

%* Other Volumes, dealing with subjects of Primart Importance in the Examin- 
ation and Utilisation of Lands which have not as yet been fully developed, are In 
preparation. 



Crown 8vo. Handsome Cloth. Illustrated. 6s. 

MINING GEOLOGY. 

A TEXT-BOOK FOR MINING STUDENTS AND MINERS. 

By PROF. JAMES PARK, F.G.S., M.Inst.M.M., 

Professor of Milling and Diiector of the Otago University School of Mines ; late Director 
Thames School of Mines, and Geological Surveyor and Mining Geologist to the 
Government or New Zealand. 

Grnrral Contknts.— Introduction. - Classification of Mineral Deposit*.— Ore Veins, 
their Filling, Age, and Structure.— The Dynamics of Lodes and Beds. -Ore Deposits 
Genetically Considered— Ores nnd Minerals Considered Economically.— Mine Sampling 
and Ore Valuation.— The Examination and Valuation of Mines.— Is i>kx. 

"A work which should find a place in the library of every mining engineer."— 
Mining World. 
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Sixth Edition. With Frontispiece and 716 Illustrations. Price 34a. 

ORE & STONE MINING. 

By Sir C. LE NEVE FOSTER, D.Sc, F.R.S., 

LATE PKOKKSSOK OP MIKING, ROYAL COU.HGB OP SC1KNCB. 

Revised, and brought up-to-date 
By BENNETT H. BROUGH, F.G.S., Assoc.R.S.M. 

GENERAL CONTENTS. 

INTRODUCTION. Mode of Occurrence of Minerals.— Prospecting— Boring. 
—Breaking Ground.— Supporting Excavations.- Exploitation.— Haulage or 
Transport. Hoisting or winding. Drainage. - Ventilation. - Lighting.— 
Descent and Ascent.— Dressing Principles of Employment of Mining Labour. 
— Legislation afTecting Mines and Quarries. - Condition of the Miner.— 
Aecidents.-Index. 

" We have seldom had the pleasure to review a work so thorough and complete aa 
the present one. Both in manner and in matter it is far superior to antthixg on 

ITS SPECIAL SCBJKCT HITHKRTo PUBLISHED IS Kuans!*."— AthnuTHm. 

" Not only is this work the acknowledged text-hook on metal minim; in Great Kritain 
and the Colonies, but that it is so regarded in the United States of America is evidenced 
by the faci that it la the book on that subject recommended to the students in most of 
the mining schools of that country."— The Timet. 

In Crown 8vo. Handsome Cloth. With nearly 300 Illustrations, many of 
them being full page reproductions of views of great interest. Price 7a. 6d- net. 

THE ELEMENTS OF MINING AND QUARRYING. 

An Introductory Text-Booh for Mining Students. 
By Sir C. LE NEVE FOSTER, D.Sc, F.R.S., 

Professor of Mining at the Royal College of Science, London, with which is Incorporated 
the Royal School of Mines; lately one of H.M. Inspectors of Mines. 

General Contents. — Introduction. — Occurrence of Minerals. — Pro- 
specting.— Boring. — Breaking Ground. — Supporting Excavations.— Exploita- 
tion —Haulage or Transport.— Hoisting or Winding.— Drainage.— Ventilation. 
—Lighting.— Descent and Ascent —Dressing, &c— Index. 

*' A remarkably clear survey of the whole field of mining operations."— Engineer. 

" Rarely does it fall to the lot of a reviewer to have to accord such unqualltl. «l praise as 
this lxjok deserves. . . . The profession generally have every reason to be grateful to 
8ir C. Le Neve Poster for having enriched educational literature with so admirable an 
elementary Text-book."— Mining Journal. 



Fifth Edition, Revised and Greatly Enlarged. With 4 Plates and 
670 Illustrations. Price 24s. net. 

A TEXT-BOOK OF GOAL-MINING : 

FOR THE USE OF COLLIERY MANAGERS AND OTHERS 
ENGAGED IN COAL-MINING. 

By HERBERT WILLIAM HUGHES, F.G.S., 

As.voc. Royal School of Mines, General Manager of Sandweil Park Colliery. 
GENERAL CONTENTS. 
Geology.— Search for Coal — Breaking Ground. — Sinking.— Preliminary 
Operations. — Methods of Working. — Haulage. — Winding. — Pumping. — 
Ventilation. — Lighting. — Works at Surface. — Preparation of Coal for Market 
— Index. 

"Quite the dbst book of its kind ... as practical in aim as a book can be . 
The illiuirations we rxcrllkht."— Atfumrum, 

" We cordially recommend the work. " — CollUry Guardian. 

" Will soon come to be regarded as the standard work of it* kind."— Birmingkum 

Dailv Gazttlr. 
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TWELFTH Edition, Revised. With Numerous Diagrams. 

Cloth, 7s. 6d. 

A TREATISE ON MINE-SURVEYING: 

For the use of Manager* of Mines and Collieries, Students 
at the Royal School of Mines, do. 

By BENNETT H. BROUGH, F.G.S., Assoc.R.S.M., 

Formerly Instructor of Mine-Surveying, Royal School of Mines. 

' Itl CLEARNESS of STYLB. LUCIDITY of DESCRIPTION, and KULNRSS of DETAIL h*Tc long ago won 



for it a pUcc unique in the literature of this branch of mining engineering, and the pretent editi. -n fully 

Vsummt. and to the mining engineer alike. ITS 



_ J of it* predecesvors. To the 
VALUB is inestiinablo. The illustrations are excellent."— The Mtmm Journal. 



In Large Crown 8vo. Fully Illustrated. 6s. net. 

THE INVESTIGATION OF MINE AIR: 

An Account by Several Authors of the Nature, Significance, and Practical 
Methods of Measurement of the Impurities met with in the 
Air of Collieries and Metalliferous Mines. 

EDITED HY 

Sir CLEMENT LE NEVE FOSTER, D.Sc, F.R.S., 
And J. S. HALDANE, M.D., F.R.S. 

" We know of nothing essential that has been omitted. The book is liberally supplied 
with illustrations of apparatus." — Colliery Guardian. 



• J ' uiiuuin ... .... i 1 -i. ......... , 

Contents.— The Principle* of Mining Law.— The Mining Law of (Irei 
Britain. ^British India — Ceylon.— Burma.— The Malay Peninsula — Briti* 
North Borneo.— Egypt —Cyprus. -The Dominion of Canada. — BritU 



In Crown 8vo, Handsome Cloth. Ss. 6d. net. 

MINING LAW OF THE BRITISH EMPIRE. 

By CHARLES J. ALFORD, F.G.S., M.Inst.M.M. 

ireat 

-British 
■British 

Guiana.— The Gold Coast Colony and Ashanti. — Cape of Good Hope. — 
Natal. — Orange River Colony. — Transvaal Colony. — Rhodesia. — The 
Commonwealth of Australia. — New Zealand, &c. — Index. 

' Should be specially useful to all those engaged, in the direction of mining enter- 
prises."— Financial Timet. 
"Cannot fail to be useful . . . we cordially recommend the book."— Mining World 

In Large 8»o. Foitktu Epition. Price 10*. 6d. 

Mine Accounts and Mining Book-Keeping. 

For Students, Managers, Secretaries, and others. 
With Examples taken from Actual Practice of Leading Companies. 
By JAMES GUNSON LAWN, A.R.S.M., A.M.Inst.C.E., F.G.8., 

Profenor of Mining at the South African School of Mines. 

Edited by Sir C. LE NEVE FOSTER, D.Sc., F.R.S. 

"It teem* imi-osmblk to suggest how Mr. Lawn's book could be made more ooxrun or 
more valcabl*. careful, and exhaustive.'"— Accountant* Magatxnt. 



THE MINING ENGINEERS' REPORT BOOK AND DIRECTORS' 

AND SHAREHOLDERS' GUIDE TO MINING REPORTS. By 

Edwin R. Fikld, M.Inst.M.M. With Notes on the Valuation of 

Mining Property and Tabulating Reports, Useful Tables, &c., and 

provided with detachable blank pages for MS. Notes. Pocket Size, 

Strongly Bound in Leather. 3s. od. 

"An ADMIRABLY compiled book which Mining Engineers and Managers will find 
CXTKRMKI.T U8KPUL."— Mining Journal. 
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Second Edition. In Crown Svo. Handnome Cloth. With 30 New 

Illustrations. 7*. 6rf ne/. 

ELECTRICAL PRACTICE IH COLLIERIES. 

By D. BUKNS, M.E., M.Inst.M.E., 
o rtlfl «u, com.,, m« w , ^^fi 10 ^ 0tawr " d Wwt * 

Units of Measurement, Conductors, 4c. — The Theory of the Dynamo. — The 
Dynamo, Details of Construction and Working. — Motors. — Lighting Installa- 
tions in Collieries. — Pumping by Electricity. — Electrical Haulage. — Coal 
Cutting. — Miscellaneous Applications of Electricity in Mines. — Coal Mines 
Regulation Act (Electricity).— Indkx. 

"A clesr and concise introduction to electrical practice In collieries.'*— Mining 
J(mmaL 



Fourth Edition, Thoroughly Revised and Greatly Enlarged. Re -set 
throughout. Large Crown 8vo. Handsome Cloth. 12s. 6d. 

PRACTICAL COAL-MINING: 

A MANUAL FOR MANAGERS. UNDER- MANAGERS, 
COLLIERY ENGINEERS, AND OTHERS. 

With Worked-out Problems on Haulage, Pumping, Ventilation, dee. 
By GEORGE L. KERR, M.E., M.Inst.M.E. 

••An imsistiaixt rsacTicxi woas. and can be confidently recommended. No 1 
of Coal-Minlug baa been overlooked."— E»gi*ttr»' Oamttu. 



ELEMENTARY COAL-MINING : For the Use of Student*, Miners, and 
others preparing for Examinations. By George L. Kkku, M.E., 
M.Inst.M.E., Author of "Practical Coal Mining." In Crown 8vo. 
Handsome Cloth. With 200 Illustrations. 3s. 6d. 



1 of inrornutiou cwiverod in a popular an attractive form. . . . Will be 
of great um to all who arc tn any way luUrraLed in co»l mining. "-.$co«i*A Critic. 

BLASTING : and the Use of Explosive). A Handbook for 

Engineers and others Engaged in Mining, Tunnelling, Quarrying, Ac. 
By Oscar Guttmann, M.Inst.C.E., Mem. Soc of Civil Engs. and 
Architects of Vienna and Budapest, Cor. Mem. Imp. Roy. Geo). Inst, 
of Austria, Ac. Second Edition, Revised. In Large 8vo, with 
Illustrations and Folding- Plates. 10s. 6d. 

"Should prove a paJe-m<c*t* to Mining Engineers and all engaged in practical work. 
-trim and Coal TraJts Rtvirn.. 







TESTING EXPLOSIVES. By C. E. Biciiel and Axel Larsen. 
Contents. —Historical — Testing Stations — Power Gauges — Products 
of Combustion — Heat of Decomposition— Rate of Detonation — Rate 
and Duration of Flamo — After Klame Rates— Transmission of Explo- 
sion—Efficiency, he. In Medium Svo. Fully Illustrated. 6s. net. 

"Its bristle with sukj.-. »t|.,iig and actual experimental results to an extc .t 

seldom found in » volume of 11 ve times it» r\ix."—Arw» ami ExpUxirx* 

SHAFT SINKING IN DIFFICULT CA8ES. By J. Reimer. 

Translated from the German by J. W. BkO't.h. A.M.Inst.C E. 
With 18 Figures in the Text, and 19 Plates. Large Svo. At Press. 
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In Medium 8vc. With Numerous Plates, Maps, and Illustrations. 

21*. net. 

CYANIDINC GOLD & SILVER ORES. 

A Practical Treatise on the Cyanide Process ; its Application, 
Methods of Working, Design and Construction of 
Plant, and Costs. 

By H. FORBES JULIAN, 

Mining and Metallurgical Bntrinr«r : Snecfaliat in Gold : Lute Technical Adviser of the 
Deutsche Gold and Sllber Scheldt Anitalt, Frank fort-on- Maine. 

And EDGAR SMART, A.M.I.O.E., 

Civil and Metallurgical Bnirlaeer. 

" A handsome volume of 400 pnges which will be a valuable book of reference for ail 
associated with the process."— M ining Journal. 

"The authors are to be congratulated upon the production of what should prove to be 
a standard work."— Page'* Magazint. 



In Large Croicn Svo. With 13 Platen and many Illustration* in the Text, 

THE CYANIDE PRoSIf GOLD EXTRACTION. 

A Text-Book for the Use of Metallurgists and Students at 
Schools of Mines, &c. 

By JAMES PARK, F.G.S., M.Inst.M.M., 

Professor of Mlulng and Director of the Otago University School of Mines ; late Director 
Thames School of Mines, and Geological Surveyor and Mining Geologist 
to the Government of New Zealand. 

Foukth English Edition. Thoroughly Revised and Greatly Enlarged. 
With additional details concerning the Siemens-Halske and other 
recent processes. 

"Deserves to be ranked as amongst the BUST op KXISTI.no TP. eat is es." — U ining Journal. 



Third Edition, Revised. With Plates and Illustrations. Cloth, 3*. to. 

GETTING GOLD: 

A GOLD-MINING HANDBOOK FOR PRACTICAL MEN. 

By J. 0. F. JOHNSON, F.G.S., A.I.M.E., 

Life Member Australaalan Mine- Managers' Association. 

(tKNERAl Contents.— Introductory : Prospecting (Alluvial and General)— 
Lode or Reef Prospecting — Genesiology of Gold— Auriferous Lodes— Drifts— 
Gold Extraction— Li xiviation— Calcination— Motor Power and its Transmission 
—Company Formation — Mining Appliances and Methods — Austmlmuan 
Mining Regulations. 

"Practical from beginning to end . . . deals thoroughly with the Prospecting, 
Sinking, Crushing, and Extraction of gold."— Brit. Au$tralatian. 



In Crown Hvo. Illustrated. Fancy Cloth Boards. 4*. 6d. 

COLD SEEKING IN SOUTH AFRICA: 

A Handbook of Hints for intending Explorers, Prospectors. 

and Settlers. 

By THEO KASSNER, 

Mine Manager. Author of the Gruloiclcal SkcU-h Map of tbo Do Kaap Gold Fleme. 

With a Chapter on the Agricultural Prospects of South Africa. 

As fascinating as anything ever peuned by Jules Verne."— African Cbmmtrtt. 

LONDON : CHARLES GRIFFIN ft CO., LIMITED, EXETER STREET, STRAND 



Digitized by Google 1 



6o 



CHARLES GRIFFIN & CO.'S PUBLICATIONS. 



Large 8vo. Handsome Cloth. With Illustrations*. 
12s. 6d. net. 

METALLURGICAL ANALYSIS & ASSAYING: 

A THREE YEARS* COURSE 

FOR STUDENTS OF SCHOOLS OF MINES. 

By W. A. MACLEOD, B.A., B.Sc, A.O.S.M. (N.Z.), 

Formerly Assist. -Director. Thames School of Mines N Z.), and Lecturer In Chemistry, University 
of Tasmania ; Director of Qurenslaud Government School of Mines, Charters Towers ; 

And CHAS. WALKER, F.C.S., 

onnerly Assist. -Demonstrator tn Chemistry, Sydney University: Lecturer n Ch em If try 
and Metallurgy, Charters Towers School of Mines 

Part I. — Qualitative Analysis and Preparation and Properties of Gases. 

Pabt 11.— Qualitative and Quantitative Analysis. Part III. — Assaying, 

Technical Analysis (Gas, Water, Fuels, Oils, Ac). 

"The publication of this volume tends to prove that the teaching of metallurgical 
analysis and assaying in Australia rests in competent hands."— Suture. 



In Crown 8vo, Beautifully Illustrated with nearly 100 
Microphotographs of Steel, Ac. 7s. 6d. net. 

MICROSCOPIC ANALYSIS OF METALS. 

By FLORIS OSMOND A J. E. STEAD, F.R.S., F.I.C. 

Contents.— Metallography considered as a method of Assay. — Micro- 
graphic Analysis of Carbon Steels. — Preparation of Specimens.— Polishing. 
— Constituents of Steel ; Ferrite; Cementite; Pearlite; Sorbite; Marteusite: 
Hardenite; Trooetite; Austenite. —Identification of Constituents.— Detailed 
Examination of Carbon Steels. —Conclusions. Theoretical and Practical. — 
Apparatus employed.— Appendix. 

"There has been no work previously imblished In English calculated to I* so useful to 
the student in metellographk research.' — /ron and Steel Trad**' Journal. 



Third Edition. With Folding Plates and Many Illustrations. 36a. 
EXjEsUffESlVXS Of 

METALLURGY. 

A PRACTICAL TREATISE ON THE ART OF EXTRACTING METAL8 
FROM THEIR ORES. 

By J. ARTHUR PHILLIPS, M.Inot.O.E., F.C.S., F.G.8., Ac. 

And H. BAUERMAN, V.P.G.S. 

General Contents. — Refractory Materials. — Fire-Clays. — Fuels, Ac- 
Aluminium. — Copper. — Tin. — Antimony. — Arsenic. — Zinc. — Mercury. — 
Bismuth. —Lead.— Iron.— Cobalt — Nickel. — Silver.— Gold.— Platinum. 

" Of the Third Edition, we are still able to say that, as a Text-book of 
Metallurgy, it is the best with which we are acquainted.''- Engineer. 

M A work which is equally valuable to the Student as a Text-book, and to the 
practical Smelter as a Standard Work of Reference. . . . The Illustrations 
are admirable examples of Wood Engraving." — Chemical Newt. 
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8eoond Edition, Revised, Enlarged, and Re set Throughout on Larger Page. 
With Valuable Bibliography, New Maps, Illustrations, <frc. 45s. net. 

IN TWO VOLUMES. 

A t:r eatise on 

IP IE T IR. O L E TJ IMI . 

By SIR BOVERTON REDWOOD, 

D.So.. F.R.S.E., Assoc. Is st. O.E ■ F LO.. 
Hon. Mem. Am. Phil. Soe. : II >a. Mem. Imp. Rum. Tech. 8oc. : Adviser on Petroleum to the 
Admiralty sad Home Office : Consulting Adviser to the Corporation of London nndsr -* 
the Petroleum Acts: Adviser on Petroleum Transport to the Thsmes Conservancy. 

Contents. — Section I.: Historical Account of the Petroleum Industry.— Skction II.: 
Oeological and Oeogrsphicsl Distribution of Petroleum and Natural Oas. — Section III.: 
The Chemical and Physical Properties of Petroleum and Natural Oas. -Section IV. : 
The Origin of Petroleum and Natural Oas. — Section V.: The Production of Petroleum, 
Natural Oas, and Ozokerite.— Section VI.; The Refining of Petroleum —Section VII.: 
The Shale Oil and Allied Industrie*.— SECTION VIII. : The Transport, Storage, and Dis- 
tribution of Petroleum.— Section IX. : The Testing of Crude Petroleum. Petroleum and 
Shale Oil Products, Ozokerite, and Asphalt.— Section X. : The Uses of Petroleum and 
its Products.— Section XI. : Statutory, Municipal, and other Regulations relating to 
the Testing, Storage, Transport, and Use of Petroleum and its Product*.— Appendices. 

— BlBLIOGRA PHY. — INI'EX. 



Second Edition, Revised. WUh Illustrations. Price 8*. 6d. net. 

A HANDBOOK ON PETROLEUM. 

FOR INSPECTORS UNDER THE PETROLEUM ACTS. 

And for those engaged in the Storage, Transport, Distribution, and Industrial 
Use of Petroleum and its Products, and of Calcium Carbide. With 
suggestions on the Construction and Use of Mineral Oil Lamps. 

By CAPTAIN J. H. THOMSO.N, 

H.M. Chief Inspector of Explosives, 

And SIR BOVERTON REDWOOD, 

Author of " A Treatise on Petroleum." 
OoircssTa.— I. Introductory.— II. 8ouroes of Supply.— III. Production.— IV. Chemical Pro- 
ducts. Shale Oil, and Coal Tar— V. Flaih Point and Fire Test.— VI. Testings.— VII. Existing 
L^vUlatlon relating to Petroleum. — VIII — IX. —Precautious Necessary.— X. Petroleum oa 
Lamp*.— XL Carbide of Calcium and Acetylene.— Appendices.— Isdsx. 

"A volume that will enrich the world's petroleum literature, and render a service to the 
British branch of the industry. . . . Reliable, Indispensable, a brilliant contribution. "- 



In Crown 8vo. Fully Illustrated. 2s. Gd. net. 

THE LABORATORY BOOK OF MINERAL OIL TESTING. 

By J. A. HICKS, 

Chemist to Sir Boverton Redwood 

Contents. - Specific Gravity. - Flaahiug Point. - Test*. - Viscosity. - Colour. — 
Apparatus.— Detection of Petroleum Vapour.— Capillary Test— Melting Point of Paraffin 
Scale and Wax.— Oil in Scale.— Estimation of Sulphur, of Watcr.-Calorllic Value.— 
T»bles.-lNl)BX. 



OIL FUEL. Bv SIDNEY H. NORTH. (See page 29.) 



THE PETROLEUM LAMP: Its Choice and Use. A Guide 
to the Safe Employment of the Paraffin Lamp. By Capt. J. H. 
Thomson and Sir Boverton Redwood. Illustrated, is.net. 

"A work which wUl meet every purpose for which It has been written.-- Pefrolnnn. 
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CHARLES Q RIFF IN <fc CO.'S PUBLICATIONS. 



(Sriffm s IJletallurgical <8mes. 
STANDARD WORKS OF REFERENCE 



Metallurgists, Mine-Owners, Assayers, Manufacturers, 
and all Interested in the development of 
the Metallurgical Industries. 

EDITED BT 

Sir W. ROBERTS-AUSTEN, K.C.B., D.C.L., F.R.S. 

In Large 8w, Handsome Cloth, With Illustrations. 



INTRODUCTION to the STUDY of METALLURGY 

By the Editor. Fifth Edition. i8s. (Seep. 63.) 

GOLD (The Metallurgy of). By Thos. Kirke Rose, 

D.Sc, Assoc. R.S.M., F.C.S., Chemist and Assayer of the Royal 
Mint. Fifth Edition. 21s. (Seep. 63.) 

LEAD AND SILVER (The Metallurgy of). By H. F. 

Collins, Assoc. R.S.M., M.InstM.M. Part I., Lead, 16s; Part 
II., Silver, 16s. (See p. 64.) 

IRON (The Metallurgy of). By T. Turner, A.R.S.M., 
F.I.C., F.C.S. Third Edition, Revised. 16s. (See p. 6$. ) 

STEEL (The Metallurgy of). By F. W. Harbord, 

AssocR.S.M., F.I.C., with a Section on Mechanical Treatment by 
J. W. Hall, A.M.Inst.C.E. Second Edition. 25s. net. (See 
P- 65.) 

Will be Published at Short Intervals. 

METALLURGICAL MACHINERY : the Application oi 
Engineering to Metallurgical Problems. By Henry Charles Jenkins, 
Wh.Sc, Assoc. R.S.M., Assoc. M. Inst. C.E., of the Royal College of 
Science. (See p. 64). 

COPPER (The Metallurgy of). By Thos. C. Cloud, Assoc. 

R.S.M. 

ALLOYS. By Edward T. Law, AssocR.S.M. 

%* Other Volumes in Preparation. 



CONDON: CHARLE8 GRIFFIN & CO.. LIMITED, EXETER STREET. STRAND- 



Digitized by Google 



METALLURGICAL WORKS. 



GRIFFIN'S METALLURGICAL SERIES. 



Fifth Edition, thoroughly Revised and considerably Enlarged. Large 
8vo, with numerous Illustrations and Micro- Photographic 
Plates of different varieties of Steel. 18s. 

An Introduction to the Study of 



BY 

Sir W. ROBERTS-AUSTEN, K.C.B., D.C.L., F.R.S., A.R.S.M., 

I.ate Chemist and Assay er of the Royal Mint, and Professor o( Metallurgy 
to the Royal College of Science. 

Gknbral Contents.— The Relation of Metallurgy to Chemistry.— Physical i 
of Metals.— Alloys. The Thermal Treatment of Metals.— Fuel and Thermal Mea* 




—Materials and Products of Metallurgical Processes.— Furnaces.— Means of 
to Furnaces.— Thermo- Chemistry.— Typical Metallurgical Processes.— The Micro-: 
of Metals and Alloys. — Economic Considerations. 

' No English text-book at all approaches this in the completeness with 
which the most modern views on the subject are dealt with. Professor Austen's 
will be invaluable, not only to the student, but also to those 
of the art is far advanced."— Chemical News. 



Fifth Edition, Revised, Considerably Enlarged, and in part Re written. 
With Frontispiece and numerous Illustrations. 21b. 

THE METALLURGY OF GOLD. 

BY 

T. KIRKE ROSE, D.ScLond., Assoc.R.S.M., 

Chemist and A Mayer of the Royal Mint, 

General Contests.— The Properties of Gold and iU Alloys.— Chemistry of the 
Compounds of Gold.— Mode of Occurrence and Distribution of Gold.— Shallow Placer 
Deposits.— Deep Placet Deposits.— Quarts Crushing in the Stamp Battery.— Amalgam- 
ation in the Stamp Batter*.— other Forms of Crushing and Amalgamating Machiuery. 
—Concentration in Gold Mill*. — Dry Crushing.— Re-grinding.— Roasting.— Chlorination : 
The Platlner Process, The Barrel Process, The V at -Solution Process.— The Cyanide 
Process.— Chemistry of the Cyanide Process.— Refining and Parting of Gold Bullion. 
— Assay of Gold Ores.— Assay of Gold Bullion.— Statistics of Gold Production.— Biblio- 
graphy.— INDEX. 

' A coatraxHKSstVB practical trratisk on this Important subject."— Tht Time*. 
'The most oomplktk description of the oslokuution pbockss which ha* yet been pob- 
II sued " - JfMaf Journal 

1 for all who are Interested lo the Gold Mining Industry, being free from tech- 
far as poMsible, bat is more particularly of value to those engaged the 
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QBIXTIN'S METALLURGICAL 

Edited by SIR W. ROBERTS- AUSTEN, K.C.R, P.R.S., D.C.L. 
In Large Svo. Handsome Cloth. With Illustrations. 



In Two Volumes, Each Complete in Itself and Sold Separately. 

THE METALLURGY OF LEAD AND SILVER. 

By H. F. COLLINS, Assoc. R.S.M., M.Ikst.M.M. 

Part I. L E A r> : 

A Complete and Exhaustive Treatise on the Manufacture of Lead, 
with Sections on Smelting and Desilverisation, and Chapters on the 
Assay and Analysis of the Materials involved. Price 16s. 

. Summary of Contents.— Sampling sod As-taring Lead and Silver. — Properties and 
Compounds of Lead.— Lead Ores. — Lead Smelting. — Reverberatorie*. — Lead Smelting In 
Hearths. — The Boasting of Lead Ores. — Blast Furnace Smelting; Principles, Practice, 
and Examples; Products.— Flue Dust, its Composition, Collection and Treatment.— 
Costs and Losses, Purchase of Ores.— Treatment of Zinc, Lead Sulphides, Desilverisation, 
Softening anl Refining.— The Pattlnson Process.— The Parke* Process.— Cupellation and 
Refining, Ac, Ac. 

"A thoroughly sourd and useful digest. Slay with evert confidence b» 
recommended."— Mining Journal. 



Part II.— SILVER. 

Comprising Details regarding the Sources and Treatment of Silver 
Ores, together with Descriptions of Plant, Machinery, and Processes of 
Manufacture, Refining of Bullion, Cost of Working, 4c. Price 16s. 

SUMMARY of Contents.— Properties of Silver and its Principal Compounds. — Silver 
Ore*.— The Patio Process.— The Koxo, Pondon, Krobnke, and Tina Processes. — The Pan 
Process. — Roast AniulK&tnaUon. — Treatment erf Tailings and Concentration. — Retorting, 
Melting, and Assaying — Chlorldising-Roasting.— The Augustlu, Clamlot, and Zlemxjel 
Processes.— The Hypo-Sulphite Leaching Process.— Refining.— Matte Smelting.— Pyritlc 
Smelting.— Matte Smelting in Reverberatories. -Silver -Copper Smelting and Refluing.— 
Index. 

" The author has focuased A large amount of vamtablk information into a 
convenient form. . . . The author has evidently considerable practical experience, 
and describe* the various processes clearly and well. -Mining Journal. 



METALLUMCAr MACHINERY: 

The Application of Engineering to Metallurgical Problems. 

By HENRY CHARLES JENKINS, 

Wh.Sc, Assoc. R.S M., Assoc M.Inst.C.E. 
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GRIFFIN'S METALLURGICAL SERIES. 



Second Edition, Revised. With Numerous Illustration*. Large 8vo. 

Handsome Cloth. 25s. net. 

With Additional Chapter on The Electric Smelting of Bteei. 

THE METALLURGY OF STEEL. 

By F. W. HARBORD, Assoc.RS.M., F.I.C., 

Consulting Metallurgist and Analytical Chemist to the Indian Government, 
Royal Indian Engineering College, Coopers Hill. 

With 37 Plates, 2S0 Illustrations in the Text, and nearly (100 Micro- 
Sections of Steel, and a Section on 
THE MECHANICAL TREATMENT OP STEEL. 

By J. W. HALL, A.M.Inst. C.E. 

Abkidokd CoHTKrrs.— The Plant, Machinery. Methods and Chemistry of the Be**etner 
tad of Ice Open Hearth Procaines (Acid and Basic). — The Mecbanlcal Treatment of Steel 
com prising Villi Practice, Plant and Machinery. — The Influence of Metalloids, Heat 
Treatment, Special Steels, Miorostracture, Testing, and Specifications. 

" A work which we venture to commend m an Invaluable compendium of information upon 
th* metallurgy or steel."— Iron and Cval Tradt* Rtvinc. 
The 



. at the conclusion of » review of this book :— "We cannot conclude without 
earnest)* recommending all who may be Interested as makers or users of steel, which practically 
means the whole of the engineering profesilon, to make themselves acquainted with it as speedily 
aa pownble, and this may be the more cosily done as the published price, considering the sise 



Thibd Edition, Revised. Shortly. 

THE METALLURGY OF IRON. 

By THOMAS TURNER, Assoc.R.S.M., F.I.C, 

Professor of Metallurgy in the University of Birmingham, 

In La rob 8vo, Handsome Cloth, With Numbbous Illustrations 

(many from Photographs). 

Qtneral Content*.— Early History of Iron.— Modern History of Iron —The Age of (Reel. 
—Chief Iron Ores.— Preparation or Iron Ores. -The Blast Faruaos.-The Air need In the 
Blast Kurnnre.— Reactions of the Blunt Kurnare. — The Pnel need In the Blant Kuniooe. — 
Biases and Fnxes of Iron Smelting.- Properties of Oast Iron. -Foundry Practice.— Wrought 
Iron —Indirect Production of Wrought Iron.— The Puddling Process.— Further Treatment 
of Wrought Iron. -Corrosion of Iron and Steel. 

" A most valuable SUMMARY of knowledge relating to every method and stage 
in the manufacture of cast and wrought iron . . . rich in chemical details. . . , 
ExHAiiBTTva and thoroughly cp-to-datk." — Bulletin of the American Iron 
and SUd Association. 

" This is A DKLiuiiTPt'L book, giving, as it does, reliable information on a Bubject 
becoming every day more elaborate." — Colliery Guardian. 

"A THOROUGHLY USEFUL BOOK, which brings the subject UP TO DATS, Op 

valuk to those engaged in the iron industry."— Mining Journal. 
*»* For Professor Turner's I/tctures on Iron-f'ouiuling, see page 68. 
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A TEXT- BOOK OF ASSAYING: 

For the use of Students, Mine managers, As say era, Ac 
By J. J. BERINGER, F.I.C., F.C.S., 

Public Analyst for, and Lecturer to the Mining Association of, Cornwall. 

And C. BERINGER, F.C.S., 

Late Chief Assayer to the Rio Tinto Copper Company, London, 
With numerous Tables and Illustrations. Crown 8vo. Cloth, ios. *<L 

Tenth Edition. 

Gemrral Contents. — Part I. — Introductory; Manipulation : Sampling ; 
Drying; Calculation of Results— Laboratory-books and Reports. Methods : Dry Grayi- 
metnc; Wet Gravimetric— Volumetric Assays: Titrometnc, Colorimetric, Gasometric— 
Weighing and Measuring — Reagents — Formula;, Equations, &c. — Specific Gravity. 

Part II. — Metals • Detection and Assay of Silver, Gold, Platinum, Mercury, Copper, 
Lead, Thallium, Bismuth, Antimony, Iron, Nickel, Cobalt, Zinc, Cadmium, Tin, Tungsten, 
Titanium, Manganese, Chromium, Sc. —Earths, Alkalies. 

Part III.— Non-Metals : Oxygen and Oxides; The Halogens— Sulphur and Sul- 
phates—Arsenic, Phosphorus, Nitrogen— Silicon, Carbon, Boron— Useful Tables. 

"A really meritorious work, that may be safely depended upon either for systematic 
instruction or for reference." — Naturt- 

"This work is one of the best of its kind."- Enginttr. 



Fourth Edition, Revised. Handsome Cloth, With Numerous 

Illustrations, 6s. 

A TEXT-BOOK OF 

ELEMENTARY METALLURGY. 

Including the Author's Practical Laboratory Coursk. 
Bt A. HUMBOLDT SEXTON, F.I.C., F.O.S., 

Professor of Metallurgy in the Glasgow and West ot Scotland Technical College. 

GENERAL CONTENTS. — Introduction. — Properties of the Metals.— Combustion. 
—Fuels. — Refractory Materials. — Furnaces. — Occurrence of the Metals in Nature. — 
Preparation of the Ore for the Smelter. — Metallurgical Processes. — Iron. — Steel. — 
Copper. — Lead. — Zinc and Tin. — Silver. — Geld. — Mercury. — Alloys. — Applications 
of Electricity to Metallurgy. — Laboratory Course. 

" Jnst tbe kind of work for Students commknciho the study of Metal- 
lurgy, or for K no in kkrimo Students." — Practical Engineer. 
" ExcBLUtirrLT got-up and wbll-akranord. "—Chemical Trade Journal. 

In Large 8vo. Handsome Cloth. Price 4a. 

QUANT1TATIYE A METALLURG?CAL ANALYSIS. 

FOR LABORATORY USE. 
ON THE PRINCIPLE OF "GROUP" SEPARATIONS. 
By J. JAMES MORGAN, F.O.S., M.S. 0.1. 

" The Author may be congratulated on the way his work has been carried out "— 
The Bnat titer. 

"Will commkmi) itself highly in Laboratory Practice. Ita clearness and pebcwior 
mark the book out as a highly useful one. ' -i/ini*? Journal. 
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Second Edition, Revised, Enlarged, and in part He- written. 
With Additional Sections on Modern Theories of Electrolysis • 

Costs, Ac. Price 10s. 6d. 

A TREATISE ON 

ELECTRO-METALLURGY: 

Embracing the Application of Electrolysis to the Plating, Depositing, 
Smelting, and Refining of various Metals, and to the Repro- 
duction of Printing Surfaces and Art- Work, Ac. 

BY 

WALTER G. M U M1LLAN, F.I.C., F.C.8., 

Secretary to the Institution of Electrical Bngineer$: late Lecturer in Metallurgy 
at Mown College, Birmingham. 

With numerous Illustrations. Large Crown 8vo. Cloth. 
«* This excellent treatise, . . . one of the best and most complete 
manuals hitherto published on Electro -Metallurgy." — Electrical Review. 
This work will be a standard."— Jeweller. 
"Any metallurgical process which reduces the cost of production 
must of necessity prove of great commercial importance. . . We 
recommend this manual to all who are interested in the PRACTICAL 
application of electrolytic processes. "—Nature. 



Second Edition, Thoroughly Revised and Enlarged. In large 8vo. 
With Numerous Illustrations and Three Folding- Pistes, 21s. net. 

ELECTRIC SIELTIM & REFJJIM: 

A Practical Manual of the Extraction and Treatment 
of Metals by Electrical Methods. 

Being the " Elektro-Metallurgik " of Dr. W. BORCHERS. 

Translated from the Latest German Edition by WALTER G. M'MILLAN, 

F.I.C., r.c.8/ 

CONTENTS. 

Part I. — Alkalies and Alkaline Earth Metals: Magnesium, 
Lithium, Beryllium, Sodium, Potassium, Calcium, Strontium, Barium, 
the Carbides of the Alkaline Earth Metals. 

Part II. — Thb Earth Metals: Aluminium, Cerium, Lanthanum, 
Didymium. 

Part IIL — The Heavy Metals: Copper, Silver, Gold, Zinc and Cad- 
mium, Mercury, Tin, Lead, Bismuth, Antimony, Chromium, Molybdenum, 
Tungsten, Uranium, Manganese, Iron, Nickel, and Cobalt, the Platinum 
Group. 

"Comprehensive and authoritative . . . not only full of valuable infor- 
mation, but gives evidence of a trorough insight Into the technical value and 
possimlitiks of all the methods discussed. '— The Electrician. 

" Dr. BORCHERS' WELL-KNOWN WORK . . . must OF NECESSITY BE ACQUIRED by 
every one Interested In the subject. EXCELLENTLY put Into English with additional 
matter by Mr. M«Millan."— Mature. 

" Will be of GREAT 8KRVICK to the practical man and the Student." — Electric Smelting 
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In Large ito, Library Style. Beautifully Illustrated with SO Plate*, many 
in Colour*, and 94 Figure* in the Text. £2, 2s. net. 

PRECIOUS STONES: 

Their Properties, Occurrences, and Uses. 

A Treatise for Dealers, Manufacturers, Jewellers, and for all 
Collectors and others interested in Oems. 

By Dr. MAX BAUER, 

Profeuor In the University of Marburg, 

Translated by L. J. SPENCER, M. A. (Cantab.), P.G.8. 

" The plates are remarkable for their beauty, delicacy, and truthfulness. A glance at 
them alone h a lesson on precious atones, whilst the perusal of the work itself should 
add a new Interest to any casket of Jewels or cabinet of gems, or even to a jewellers' 
window."— Athenteum. 



In Large Crown 8vo. With Numerous Illustration*. 8*. 6d. 

The Art of the Goldsmith and Jeweller 

A Manual on the Manipulation of Gold and the Manu- 
facture of Personal Ornaments. 

By THOS. B. WIGLEY, 

Headmaster of the Jewellers and Silversmiths' Assoc. Tech. School, Birmingham. 

Assisted by J. H. STANSBIE, B.Sc. (Lond.), F.I.O., 

Lecturer at the Birmingham Municipal Technical School. 

Okneral Contkmts.— Introduction.— The Ancient Goldsmith's Art. — Metallurgy of 
Gold.— l"rices, Ac— Alloys.— Melting, Rolling, and Slitting Gold.— The workshop and 
Tools.— Wire Drawing. — Kings. — < iiains and Insignia. —Antique Jewellery and its 
Revival — Etruscan Work.— Pkkcious Stonks.— Cutting. — Polishing and Finishing.— 
Chasing, Embossing, and Repousse Work.— Colouring and Finishing.— Enamelling.— 
Engraving —Moulding and Casting Ornaments, Ac — Muxes. Ac. — Recovery of the 
Precious Metals. — Refining and Assaying. — Gilding and Electro Deposition. — Hail- 
Marking.— Miscellaneous.— Appendix. 



Extra Crown Hvo. With 48 Illustrations. " 3*. 6rf. net. 

LECTURES ON IRON-FOUNDING. 

By THOMAS TURNER, M.Sc, A.R.S.M., F.I.C., 

Professor of Metallurgy in the University of Birmingham} 

CosTENTd. — Varieties of Iron and Steel.— Application of Cast Iron.— History.— Pro- 
duction. — Iron Ores. — Composition. — The Blast Furnace. — Materials. — Reactions. — 
Grading Pig Iron. — Carbon, Silicon, Sulphur, Phosphorus, Manganese, Aluminium, 
Arsenic, Copper, and Titanium.— The Foundry. — General Arrangement. — Re-melting 
Cast Iron. — The Cupola. — Fuel Used. — Changes due to Re-melting. — Moulds and 
Moulding.— Foundry Ladles.— Pouring and Pouring Temperature.— Common Troubles.— 
Influence of Shape and Btafl OH Struiirth of Castings. Tests. 

" Ironfounders will find much Information in the book."— Iron Trade Circular 
(Kylarul'it). 



In Medium 8v0. Handsome Cloth. Fully Illustrated. 

GENERAL FOUNDRY PRACTICE: 

A Practical Handbook for Iron, Steel and Brass Founders, 
Metallurgists, and Students of Metallurgy. 

By A. C. M'WILLIAM, A.R.S.M., and PERCY LONGMUIR. 
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Third Edition, Revised, Enlarged, and Re- issued. Price 6s. net. 

A SHORT MANUAL OF 

INORGANIC CHEMISTRY. 

BY 

A. DUPRE, Ph.D., F.R.S., 

AND 

WILSON HAKE, PhD., F.I.O., F.C.S., 

Of th« Westminster Hospital Medial School 

" A well-written, dear and accurate Elementary Manual of Inorganic Chemmry . . . 
We agree heartily with the system adopted by Drs. Dupe* and Hake. Wiu. ham Kxpoi- 
MBNTAl Work truly intbrrsting brcausr intrlugislr." — Saturday Rtvirai 

" There is no question that, given the frrfrct grounding of the Student in his Science, 
the remainder comes afterwards to him in a manner much more simple an>i eaiily acquired 
The work IS AN KXAMP1-B Of TMB AOVANTAGBS OP THB SYSTEMATIC TrBATMBNT of ■ 

Science over the fragmentary style so generally followed, Bv A long way thi best of the 



LABORATORY HANDBOOKS BY A. HUMBOLDT SEXTON, 

■ of Metallurgy In the Glasgow And Wert of Scotland Technical Ooileg* 



OUTLINES OF QUANTITATIVE ANALYSIS. 

FOR THE USB OF STUDENTS. 

With Illustration*. Fourth Edition. Crows 8vo, Cloth, 3*. 

" A compact laboratory QUVDK for beginner* was wanted, and tbs 
, SUPPLIKD. ... A good and unetul book."— J 



OUTLINES OF QUALITATIVE ANALYSIS. 

FOR THE USE OF STUDENTS. 

With Illustrations. Fourth Edition, Revised. Crown 8vo, Cloth, 8a. 6d. 

" rhe work of a thoroughly practical chemist." — British Medical Journal. 
" Compiled with great car*, and will supply a want."— Journal of Education. 



ELEMENTARY METALLURGY: 

Including the Author's Practical Laboratory Course. With many 

Illustrations. [See p. 66. 

Fourth Edition, Revised. Crown 8vo. Cloth. 6s. 
" Just the kind of work for students commencing the study of metallurgy. 
Practical Engineer. 
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"The authors bars soccbkdiu inroad all expectation*, and have produced a work which 
should givf fexdh powsa to the Engineer and Mauufactawr."'— TKt Timta. 

In Two Vols., Large 8vo. With Illustrations. 8old Separately. 

CHEMISTRY FOR ENGINEERS 
AND MANUFACTURERS. 

A PRACTICAL TEXT-BOOK. 

BY 

BERTRAM BLOUNT, F.I.C., <fc A. G. BLOXAM, F.I.C. 

VOKiUME) I. Prloa lOa. e«*. 

CHEMISTRY OP ENGINEERING, BUILDING, AND 

METALLURGY. 

General Content*. — INTRODUCTION Chemistry of tho Chief Materials 
of Construction -Sources of Energy -Chemistry of Steam-ralBlng— Chemla 
try of Lubrication and Lubricants -Metallurgical Processes used In the 



1 13 II. Price 18a. 

Second Edition, Thoroughly Revised. Illustrated. 16s. 

THE CHEMISTRY OP MANUFACTURING 

PROCESSES. 

General Content*,— Sulphuric Acid Manufacture— Alkali, Ate. — Destructive 
DlBtlllatlon —Artificial Manure— Petroleum— Lime and Cement — Clay and 
Glass — Sugar and Starch — Brewing and Distilling — Oils, Resins, and 
VarnlBhes— Soap and Candles — Textiles and Bleaching — Colouring 
Matters, Dyeing, and Printing — Paper and Pasteboard — Pigments and 
Paints - Leather, Olue, and Size — Explosives and Matches — Minor 
Manufactures. 

"Certainly a oooo and tokful book. constitutinK a practical otm>s for stadenls by 
affording a dear conception of tbe numerous proe**«sa &* a whole."— Chtmietl Trad* 
Journal. 



Second Edition. In Large 8vo. Handsome Cloth. With 8oo pages 
and 154 Illustrations. 25s. net. 

OILS, FATS. BUTTERS, AND WAXES : 

THEIR PREPARATION AND PROPERTIES, AND MANUFACTURE THERE- 
FROM OF CANDLES, SOAPS, AND OTHER PRODUCTS. 

By C. R. ALDER WRIGHT, D.Sc., F.R.S., 

Late Lectuw^OO^eiPtfto^ St^Marv^ospita in^tuTe." ^ **" 

Thoroughly Revised, Enlarged, and in Part Rewritten 

By C. AINSWORTH MITCHELL, B.A., F.I.C, F.C.S. 

"Will be found absolutely indispensable."— Tk* Amtfjtt. 
"Will rank at the Standakd English Authority on Oils and Fats for many 
fears to come. '—Industriti amd/rcn. 
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Fifth Edition, Thoroughly Revised, Greatly Enlarged and Re-written. 
With addition*! Tables, Plates, and Illustrations. 21s. 

FOODS: 

THEIR COMPOSITION AND ANALYSIS. 

By A. WYNTER BLYTH, M.R.C.S., F.IO., F.C.S., 

Barriiter-at-Law, Public Analyst for the County of Devon, and 
Medical Officer of Health for St Marylebone. 

And M. WYNTER BLYTH, B.A., B.Sc., F.C.S. 

General Contents. — History of Adulteration. — Legislation. — Ap- 
paratus.—" Ash."— Sugar. —Confectionery. — Honey. — Treacle. — Jama 
and Preserved Fruits.— Starches. — Wheaten-Flour. — Bread. — Oats. — 
Barley. — Rye. — Rice. —Maize. — Millet. — Potatoes. — Peas. — Lentils. — 
Beans. — Milk.— Cream. — Butter. — Oleo-M argarine. — Cheese. — Lard. — 
Tea. — Coffee. — Cocoa and Chocolate. — Alcohol. — Brandy. — Rum. — 
Whisky. — Gin. — Arrack. — Liqueurs. — Absinthe. — Yeast. — Beer. — Wine. 
— Vinegar. — Lemon and Lime Juice. — Mustard. — Pepper.— Sweet and 

Bitter Almonds.— Annatto.— Olive Oil.— Water Analysis.— Appendix : 

Adulteration Acts, 4c. 
" Simply nrnisnRSAmu In the Analyst's laboratory."— Th* LancH. 

"A new edition of Mr. Wynter Blvths Standard work, kxbichkp with all the mckjtt 

nisoOYttiKS avd MtrxovKitEim, will be accepted as s boon."— Chtmical Attn. 



Foubtii Edition, Thoroughly Revised. In Largo 8vo, Cloth, with 

Tables and Illustrations. 

POISONS: 

THEIR EFFECTS AND DETECTION. 

By A. WYNTER BLYTH, M.R.C.S., F.I.C., F.O.S., 

Ban-tater-at-Law, Public Analynt for the County of Devon, and 
Medical Officer of Health for St. Marylebone. 

GENERAL CONTENTS. 

I. — Historical Introduction. II. — Classification — Statistics — Connection 
between Toxic Action and Chemical Composition— Life Tests— General 
Method of Procedure — The Spectroscope — Examination of Blood and Blood 
Stains. III. — Poisonous Gases. IV. — Acids and Alkalies. V. — More 
or leas Volatile Poisonous Substances, VI. — Alkaloids and Poisonous 
Vegetable Principles. VII.— Poisons derived from Living or Dead Animal 
Substances. VIII.— The Oxalic Acid Group. IX.— Inorganic Poisons. 
Appendix : Treatment, by Antidotes or otherwise, of Cases of Poisoning. 

" Undoubtedly TBS MOST COM rum WOAK on Toxicology in our laueuace,."— TJU Analy* (on 
thf Thtni Kdition) 

"As a raAcnCAL otnvs, we know no bbttkk work."— 7 'Ac Lanerl (on (At Third Kdition) 

%* In the Thied Edition. Enlanrod And partly Re-wrltten, Niw Abaittjcal Method* bar* 
boen introduced, ami the Cadavbrk: Alkaloids, or Ptomaines, bodies j>l»yinjf so treat a put Id 
Food-polaoning and In the Manifestation! of Dlscanc, have received B|>rckal attention. 
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With Numerous Tables, and 22 Illustrations. 16s. 

DAIRY CHEMISTRY 

FOB DAIRY MANAGERS, CHEMISTS, AND ANALYSTS 
A Practical Handbook for Dairy Chemists and others 
having Control of Dairies. 

By H. DROOP RICHMOND, F.I.C., 

CHEMIST TO THE AYLESBURY DAIRY COMPANY. 

Conttnts.~—\. Introductory. — The Constituents of Milk. II. The Analysis of 
Milk III. Normal Milk: its Adulterations and Alterations, and their Detection. 
IV The Chemical Control of the Dairy. V, Biological and Sanitary Matters. 
VI. Butter. VII. Other Milk Products. VIII. The Milk of Mammals other 
than the Cow.— Appendices.— Tables.— Index. 

" . . . In our opinion the book is the bust contribution om the subject that 
has yet appeared in the English language."— L*nctt. 



Fully Illustrated. With Photographs of Various Breeds of Cattle, &o. 

6s. net. 

MILK: ITS PRODUCTION & USES. 

With Chapters on Dairy Farming, The Diseases of Cattle, and on the 
Hygiene and Control of Supplies. 

By EDWARD F. W1LLOUGHBY, 

M.D. (Lond.), D.P.H. (Loud, and Camb.), 
Late Inspector of Farms and General Scientific Adviser to Welford and Sons, Ltd. 

" A Kood investment to those In the least Interested In dairying. Excellently bound ; 
printed on good paper, mid well illustrated. rumuiiK to 249 page*, the purchaser get* at 
the price of a novel a work which will stand good as a work of reference for some years 
to come."— Agrieult, Gazette. 

We cordially recommend It to everyone who has anything at all to do with milk."— 
Dairy World. 

In Crown 8vo, Fully Illustrated. 2s. 6J. net. 
THE LABORATORY BOOK OF 

DAIRY ANALYSIS. 

By H. DROOP RICHMOND, F.I.C., 

Analyst to the Aylesbury Dairy Co., Ltd. 
Contents. — Composition of Milk and its Products. — Analysis ot Milk. — 
Analysis of Liquid Products. — Application of Analysis to the Solution of 
Problems. — The Analysis of Mutter. — Analysis of Cheese. — Tables for Calcu- 
lation.— Standard Solutions. — Indkx. 

" Without doubt the best contribution to the literature of its subject tti.it lias ever been 
written.' — Me.tt at Timtt. 



In Large 8vo. Handsome Cloth. 

AGRICULTURAL CHEMISTRY AND ANALYSIS: 

A PRACTICAL HANDBOOK FOR THE USE OF AGRICULTURAL 8TUDENT8. 

By J. M. H. MUNRO, D.Sc, F.I.C., F.C.S., 

Professor of Chemistry. Downton College of Agriculture. 

[In Preparation. 
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Crown 8vo, Handsome Cloth. Fully Illustrated. ios. 6d. 

FLESH FOODS: 

With Methods for their Chemical, Microscopical, and Bacterlo* 

logical Examination. 
A Practical Handbook for Medical Men, Anal y ate, Inspectors and others. 
By C. AINSWORTH MITCHELL, B.A., F.I.C., F.C.S., 

M ember of Council, Society of Public Analysts. 
With Numerous Tables, Illustrations, and a Coloured Plate. 

CONTENTS.— Structure and Chemical Composition of Muscular Fibre. — ol 
Connective Tissue, and Blood. —The Flesh of Different Animals.— The Examina- 
tion of Flesh.— Methods of Examining Animal Fat.— The Preservation of Flesh. 
— Composition and Analysis of Sausages. — Proteids of Flesh. — Meat Extracts and 
Flesh Peptones.— The Cooking of Flesh. — Poisonous Flesh. — The Animal Para- 
sites of Flesh.— The Bacteriological Examination of Flesh.— The Extraction and 
Separation of Ptomaines.— Index. 

" A. comoUAtioB which will be nott useful for the clAM for whom it U intended. "—Athtiunm. 
" A book which NO ONR who»c duties tnroirc cotUKicritiocu of food supply CAN AFFORD TO BB 
WITHOUT.' -Mtmuif*l Journal. 



In Large Svo. Handsome Cloth. With numerous Illustrations. 

Each Volume Complete in Itself, and Sold Separately. 

TECHNICAL MYCOLOGY: 

The Utilisation of Micro-organisms in the Arte and Manufactures. 
By Dr. FRANZ LA FAR, 

Prof, of Fermentation-Physiology and Bacteriology tn the Technic*! High School, Vienna. 

With nn Introduction by Dr. KM II. CHR. nANME.V, Principal of the Carlaber* 

Laboratory, Copenhagen. 

TraxsLATKP BT CHARLES T. C. SALTER. 

Vol. I.-SCHIZOMYCBTIC FERMENTATION. 15b. 

Vol. II., Part L-EUMYCBTIC FERMENTATION. 7s. 6d. 

"The flrat work of thr kind which can lay claim to completeness to the treatment of 
* fascinating subject. The plau U admirable, the cl«ss;fi L1 iiion Httujile, the style is jrood, 
and the tendency of the whole volume is to convey sure information to the reader."— 



Crown 8iro, Handsome Cloth. With Diagrams. 7s. 6d. net. 
[Companion Volume to "FERMENTS," by the same Author.] 

TOXINES AND ANTITOXINES. 

By OARL OPPENHEIMER, Ph.D., M.D., 

Of the Physiological Institute ut Erlangen. 
TltANSLATKD FROM THE GERMAN BY 

C. AINSWORTH MITCHELL, B. A, F.I.C., F.C.S. 

With Notes, and Additions by the Author, since the publication of the German Edition. 

" For wealth of detail, we have no small work on Toxines which equals the one 
under review." — Medical Time*. 
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In Crown 8vo, Handsome Cloth. Price 7s. 6d. net. 

FERMENTS 

AND TMEXR ACTIONS. 

d Text-book on the Chemistry and Physics of Fermentative Changes. 

By CARL OPPENHEIMER, Ph.D., M. D m 

Or the Physiological Institute at hrlangen. 

Translated from the German by 
C. AINSWORTH MITCHELL, B.A., F.I.C., F.C.S. 

ABRIDGED CONTB HTS. — Introduction. — Definition. — Chemical Nature of Ferments.— 
Influence of External Factor*.— Mode of Action.— Physiological Action.— Secretion.— 
Importance of FermenU to Vital Action.— Proteolytic Ferments.— Trypsin.— Bacteriolytic 
and Hemolytic FermenU.— Vegetable FermenU.— Coagulating FermenU.— Saccharifying 
FermenU. — Diastases. — Polysaccharides. — Enzymes. — FermenU which decompose 
Olucosides.— Hydrolytic FermenU. — Lactic Acid Fermentation.— Alcoholic FermenU- 
tion.— Biology of Alcoholic Fermentation.— Oxydases.— Oxidising Fermentation.— Bibli- 
ography.— Index. 

•' Such a Teritable mmltum in parxo has never ye* appeared. The author has set himself 
the task of writing a work on Ferments that should embrace human erudition on the 

subject "—Br evert \ Journal. 

Third Edition. In Handsome Cloth. Fully Illustrated. 

PRINCIPLES AND PRACTICE OF BREWING. 

FOR THE USE OF STUDENTS AND PRACTICAL MEN. 

By WALTER J. SYKES. 
Revised by ARTHUR R. LING, F.I.C., F.C.S., 

Editor of the Journal of the Institute of Brewing. 



In Crown 8vo. Handsome Cloth. 
A PRACTICAL LABORATORY HANDBOOK ON 

THE BACTERIOLOGY OF BREWING. 

By WALTER A. RILEY, F.O.S. 

Abridged Contents. — Laboratory Handbook and Apparatus. — Sterilisation. — 
NutrltlTe Liquids. — Microscope. Reagents, Ac. — Methods of Analysis. — Practical 
M cthods, including the use of " BretUnomyces," Cider and Wine Fermentations— 1 
Determining Races of Yeasts, «Sc— Practic al Now* on Yeast. 



Is Active Preparation. In Crown 8vo. Handsome Cloth. Fully Illustrared. 

PEAT: Its Use and Manufacture. 

By PHILIP R. BJORLING, Consulting Hydraulic Engineer, 
And FREDERIC T. UISSING. 

Abbidobi> Costbsts.— Introduction.— The Formation of Peat.— Ares and Depth of Dogs in 
Principal Countries.— Manufacture of Peat Fuel, Ac— Cut Peat, Dredged Peat, and Manufactured 
Pest.— Machinery fniuloyt-d iu the Manufactureof Peat Fuel — rest Mom Litter, ami the Machinery 
sroployed in its Manufacture.— Peat Charcoal and IU Manufacture.— Coat of making Peat Fuel and 
Charcoal.— Other Productions derived from Peat, such as Tar, Manure, Caudle*, Dyes, Paper, tic 

— It! BUOOBAHIT. — IXDK.X. 



In Crown 8vo. Handsome Cloth. With 30 Illustrations. Cs. net. 

THE CLAYWORKER'S HANDBOOK. 

An Epitome of the Materials and Methods employed in Brichmahing and Pottery. 

BY THE Author of "THE CHEMISTRY OF CLAYWOKKIXG," Ac. 

OE5KBAL Costbsts.— Materials used in Clayworklng ; Clara, Enrobes, Glascs, Colours, 
Water. FueL Oils, and Lubricants.— The Preparation of the Clay. Mining and Quarrying, 
Weathering, Washing. Grinding. Tein[icrlng. and Pugging.— Machinery : Boilers. F.tiginea, General 
Machinery, Steves, Mixing Machinery. Press**, Ac— Dryers and Dryiug — Kngtblng and Glazing. 
—Setting or Charging, Transport.— Kilua — Firing.— Dlschsrginir, Sorting, snd Packing.— Defects 
and Waste.— Testa, Analysis and Control.— Biblio .asrur.— Tablss.- Ixdbx. 
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Second Edition, Revised and Enlarged. 
With Tables, Illustrations in the Text, and 37 Lithographic Plates. Medium 

8vo. Handsome Cloth. 30s. 

SEWAGE DISPOSAL WORKS: 

A Guide to the Construction of Works for the Prevention of the 
Pollution by Sewage of Rivers and Estuaries. 

By W. SANTO CRIMP, M.Inst.C.E., F.G.S., 

Late AsiisUnt-Engineer, London County Council 

" Probably the most compute and hut tubatisb on the subject which his appeared 
in our Xw^W- Edinburgh MtdU.il Journal. 



Beautifully Illustrated, with Numerous Plata*, Diagrams, and 
Figures in the Text. Sis. net. 

TRADES' WASTE: 

ITS TREATMENT AND UTILISATION. 
A Handbook for Borough Engineers, Surveyors, Architects, and Analysts. 

By W. NAYLOR, F.O.S., A.M. Inst. C. 13., 

Chief Inspector of River*. Rlbble Joiut Committee. 

Contents. — I. Introduction.-II. Chemical Engineering.— III.— Wool De-greaslng 
sod Grease Recovery.— IV. Textile Industries: Calico Bleaching and Dyeing.— V. Dyeing 
and Callco-Printlng.— VI. Tunning and Fell tnongery.— VII. Brewery and Distillery 
WMte.-VIXI. Paper Mill Refuse.-IX. General Trades 1 Waste.-lNDRX. 

"There is probably no person In England to-day better titled to deal rationally with 
such a subject."-/in(fcA Sanitarian. 



In Handsome Cloth. With 59 Illustrations. 6s. not. 



A Manual for the Use of Manufacturers, Inspectors, Medical Officers of 
Health, Engineers, and Others. 

By WILLIAM NICHOLSON, 

Chief Smoke Ins poctnr to the Sheffield Corporation. 

CoNTKNTfi. — Introduction. — General Legislation against the Smoke Nuisance.— 
Local Legislation.— Foreign Laws.— Smoke Abatement.— Stuoke from Boilers, Fnrnaces, 
and Kilns. — Private UwolliuK-Housc Smoke. — Chimneys and their Construction.— 
Smoke Preventers and Fuel Savers. — Waste Gases from Metallurgical Furnaces. — 
'Summary and Conclusions.— Im>kx. 

"We wehonio such an adequate statement on an important subject."— British 
MedicalJonrnal. _ _ 

Second Edition. In Medium bvo. Thoroughly Revived and Rc- Written. 

15s. ncl 

CALCAREOUS CEMENTS: 

THEIR NATURE, PREPARATION. AND USES. 
By GILBERT R. REDGRAVE. Assoc. Inst. C.E., 

Assistant Secretary for Technology, Board of Education, South Kensington, 

And CHARLES SPACKMAN, F.C.S. 

"We can thoroughly recommend it as a first-class investment."— Practical Engineer. 
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With Four Folding Plates and Numerous Illustrations. Large 8vo. 

Ss. 6d. net. 

WATER SUPPLY: 

A Practical Treatise on the Selection of Sources and the Distribution of Water. 

Bt REGINALD K. MIDDLETON, M.IN3T.C.E., M. Inst. Much. E., F.S.I. 

ABRIDOID COHTKHTO.— Introductory.— Requirements as to Quality.— Requirements 
as to Quantity.— Storage Reservoirs.— Purification.— Service Reservoirs.— The Flow 
of Water through Pipes. — Distributing Systems. — Pumping Machine*. — Special 
Requirement*. 

1 "As a companion for the student, and a constant reference for the technical man, we 
anticipate it will take an Important position on the bookshelf/'— Practical Engineer. 



In Large Crown 8vo. Fully Illustrated. In Two Volumes. 

Volume I. Fourth Edition. Price 7s. 6d. net. 
„ II. Third Edition. Ready Shortly. 

THE CHEMISTRY OF 

GAS MANUFACTURE : 

A Hand-Booh on the Production, Purification, and Testing of Illuminating 
Oas, and the Assay of the Bye-Products of Gas Manufacture. 

By W. J. ATKINSON BUTTERFIELD, M.A., F.I.C., F.O.S., 

Formerly Head Chemist, Oas Works, Beck ton, London. E. 
" The MOT wobk of its kind which we have ever had the pleasure of re- 
viewing."— Journal of Gas Lighting. 



With Diagrams and Illustrations. 5a. net. 

ACETYLENE: 

THE PRINCIPLES OF ITS GENERATION AND USE. 

By F. H. LEEDS, F.I.O., F.C.S., 

Member of the Society of Public Analysts and of the Acetylene Association; 

Awd W. J. ATKINSON BUTTERFIELD, M.A., F.I.C., F.C.S., 

Consulting Chemist, Author of "The Chemistry of Oas Manufacture." 
'* Brimful of information."— Client. Trade Journal. 

"We can thoroughly recommend the book to the manufacturer as a reliable work 
of reference. t<> the user as supplying valuable hints on apparatus and methods of 
procedure, and to the student as a safe and certain guide."— Acetylene. 



Large 8vo. Handsome Cloth. Price 16s. net. 

FIRE AND EXPLOSION RISKS: 

A Handbook of the Detection, Inoestlgation.and Prevention of Fires and Explosions. 

By Dr. VON SCHWARTZ. 
Translated from the Revised German Edition 
By C. T. C. SALTER. 

ABBRIDOBD Genkral Coktrxts.— Fires and Explosions of a General Character — 
Uanuira arising from Sources of Light and Heat.— Dangerous Gases.— Risks Attending 
HlH dal Industries. — Materials Employed. — Agricultural Products. — Fata, Oils, and 
Resins.— Mineral Oils and Tar.— Alcohol, &c— Metals, Oxides, Acids, 4c— Lightning 
Ignition Appliances, Fireworks. 

"The work affords a wealth of information on the chemistry of ttro and kindred 
topics.*"- Fire and Weter. 

" A complete and useful survey of a subject of wide interest and vital importance."— 
Oil and Colour-man' » Journal. 
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Thirteenth Edition, Revised and Enlarged. Price 6s. 

PRACTICAL SANITATION: 

A HAND-BOOK FOR SANITARY INSPECTORS AND OTHERS 
INTERESTED IN SANITATION. 

By GEORGE REID, M.D., D.P.H., 

Ft 1 ton, Mem. Council, and Examiner, Sanitary Inttitute of Great Britain, 
and Medical Officer to the/ Staffordshire County Council. 

IBflttb an appendix on Santtarp Xaw. 

By HERBERT MAN LEY, M.A., M.B., D.P.H., 

Medical Officer of Health far /At County Borough of Wttt Bromtoick. 

General Contents. — Introduction.— Water Supply: Drinking Water, Pollution of 
Water. — Ventilation and Warming.— Principle* of Sewage Removal. — Details of Drainage : 
Refute Removal and Disposal.— -Sanitary and Insanitary Work and Appliances. — Detail* of 
Plumbers' Work. — House Construction. — Infection and Disinfection.— Food, Inspection of; 
Characteristics of Good Meat ; Meat, Milk, Fish, &c., unfit for Human Food.— Appendix : 
Sanitary Law ; Model Bye- Laws, itc. 

•'A very ushful Handbook, with a very useful Append!*. We recommend ft not only to SaNTTARY 
INSPECTORS, but to Hoi'SBHOLDEkS and ALL interested in Sanitary n*Wzrs.r Sanitary Retort. 



In Handsome Cloth. With 53 Illustrations. 3s. 6d. net. 

LESSONS ON SANITATION. 

By JOHN WM. HARRISON, M.R.San. I., 

Mem. Incor. Assoc. Mun. and County Engineers ; Surveyor, Wombwcll, York*. 

Contents. — Water Supply. — Ventilation. — Drainage. — Sanitary TWiilding Construction. — 
Infectious Diseases. — Food Inspection. — Duties of an Inspector of Nuisances and Common 
Lodging-Houses. — Infectious Diseases Acts. — Factory and Workshop Acts. — Housing of 
the Working-Classes Act.— Shop Hours Acts.— Sale of Food and Drugs Acts.— The Mar- 
garine Acts.— Sale of Horseflesh, &c. Rivers Pollution.— Canal Hosts Act.— Diseases of 
Animals.— Dairies, Cowsheds and Milkshops Order.— Model Bye-Laws.— Miscellaneous.— 
Index. 

"Accurate, reliable, and compiled with conciseness and care."— Sanitary Record. 



Second Edition, Revised. In Crown 8vo. Handsome Cloth. Profusely 

Illustrated. 8b. 6d. net. 

SANITARY ENGINEERING: 

A Practical Manual of Town Drainage and Sewage and fief use Disposal. 

for Sanitary Authorities, Engineers, inspector*, Arohlteots, 
Contractors, and Students. 

By FRANCIS WOOD, A.M. Inst. C.E., F.G.S., 

Borough Engineer and Surveyor, Fulhsun ; late Borough Engineer, Bacup, Lanes. 

GENERAL CONTENTS. 

Introduction. — Hydraulics.— Velocity of Water in Pipes. — Earth Pressures and Retaining 
WaJls.— Power*. — House Drainage. - Land Drainage. — Sewers. — Separate System. — Sewage 
Pumping.— Sewer Ventilation. — Drainage Areas.— Sewers, Manholes, &c— Trade Refuse. — 
Sewage Disposal Works. — Bacterial Treatment. — Sludge Disposal. — Construction and 
Cleansing of Sewers.— Refuse Disposal.— Chimneys and Foundations. 

" The volume bristles with information which wilt he greedily read by those In need of assistance. The 
book u one that ought to he ou the bookshelves of BVRRY PRACTICAL ENGINEER. 4 —Sanita ry Journal. 

"A VBRrTABLB POCKET COMPENDIUM of Hanltarv EfiRmcerinic. . . . A work which may, la 
many respects, be considered as complete . . , CQMMbnoably CAUTIOUS . . INTkkkstinc 
. . . SUGGESTIVE."— PuH'f Uralsk En fitter 
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Vol. I. Now Ready. In Half Morocco, 24s. net. 

In Two Volumes ) each complete in itself. 

PHYSICO-CHEMICAL TABLES 

FOR THE USE OF ANALYSTS, PHYSICISTS, CHEMICAL 
MANUFACTURERS AND SCIENTIFIC CHEMISTS. 

Volume I.— Chemical Engineering, Physical Chemistry. 
Volume II.— Chemical Physics, Pure and Analytical Chemistry. 

[Shortly. 

By JOHN CASTELL-EVANS, F.I.C., F.C.S., 

Superintendent of the Chemical Laboratories, and Lecturer on Inorganic Chemistry and 
Metallurgy at the Finsbury Technical College. 

The Tables may almost claim to be exhaustive, and embody and collate all the most 
recent^ data established by experimentalists at home and abroad. The volumes will be 
found invaluable to all engaged in research and experimental investigation in Chemistry and 
Physics. 

The Work comprehends at far as possible all rules and tables required by the 
Analyst, Brewer, Distiller, Acid- and Alkali-Manufacturer, &c, &c. ; and also the prin- 
cipal data in Thermo-Chemistry, Electro-Che mistby, and the various branches of 
Chemical Pmvsics. Every possible care has been taken to ensure perfect accuracy, and 
to include the results of the most recent investigations. 



Second Edition. In Lanje 8w>. Handsome Cloth. Beautifully 
Illustrated. With Plates and Figures in the Text. 

Road Making and Maintenance: 

A PRACTICAL TREATISE FOR ENGINEERS, 
SURVEYORS, AND OTHERS. 

With an Historical Sketch of Ancient and Modern Practice. 

By THOS. AITKEN, AssocM.Inst.O.E., 

Member of the Association of Municipal and County Engineers; Member of the Sanitary 
lost.; 8uirayor to tbe County Council of Fife. Cupar Division. 

WITH NUMEROUS PLATES, DIAGRAMS, AND ILLUSTRATIONS. 

Contents. — Historical Sketch. — Resistance of Traction. — Laying out 
New Roads. — Earthworks, Drainage, and Retaining Walls. — Road 
Materials, or Metal.— Quarrying. — Stone Breaking and Haulage. — Road- 
Rolling and Scarifying.— The Construction of New, and the Maintenance 
of existing Roads.— Carriage Ways and Foot Ways. 

"The Literary style is excellent. . . . A compbbhbjisivs and excbllbst Modern Book, an 
ur-TODATS work. . . . Should be on the reference shelf of every Municipal and County 
Engineer or Mnrreyor In the United Kingdom, and of every Colonial Engineer." - Tht Survryor. 
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Fourth Edition, Revised and Enlarged. With Illustrations. 12s. 6cL 

Painters' 
Colours, Oils, & Varnishes: 



By GEORGE H. HURST, F.C.S., 

r of the Society of Chemical Industry ; Lecturer on the Technology of Painters' 
Colours, Oils, and Varnishes, the Municipal Technical School, Manchester. 

General Contents. — Introductory — The Composition, Manufacture, 
Assay, and Analysis of Pigments, White, Red, Yellow and Orange. Green, 
Blue. Brown, and Black— Lakes— Colour and Paint Machinery— Paint Vehicles 
(Oils, Turpentine, &c, &c.) — Driers— Varnishes. 

" A thoroughly practical book, ... the onlv English work that salisiactorily 
treats of the manufacture of oils, colours, and pigments."— Chemical Trades' Journal 

• # * For Mr. Hurst's Garment Dyeing and Cleaning, see p. 84. 



In Crown 8vo. Handsome Cloth. With Illustrations. 5s. 

THE PAINTER'S LABORATORY GUIDE. 

A Student's Handbook of Paints, Colours, and Varnishes. 

By GEORGE H. HURST, F.C.S., M.S. CI. 

Abstract of Contents. — Preparation of Pigment Colours. — Chemical Principles 
Involved. — Oils and Varnishes. — Properties of Oils and Varnishes. — Tests and Experiments. 
— Plants, Methods, and Machinery of the Paint and Varnish Manufactures. 

This Work has been designed by the A utlior Jor the Laboratory of the Tet hnical School, and 
of the Paint and Colour Works, and for all interested or encaged in these industries. 

"This excellent handbook, ... the model of what a handbook should be."— Oils, 
Colours, and Drysalteries. 



Second Edition, Revised. In Crown 8vo. extra. With Numerous Illustra- 
tions and Plates (some in Colours), including Original Designs. 12s. 6d. 



Painting and Decorating 

A Complete Practical Manual for House 
Painters and Decorators. 

By WALTER JOHN PEARCE, 

LXCTURER AT THE XANCHUTKK TECHNICAL SCHOOL FOR HOCSt-FAlSTIWO AND DBOOBATTXO. 

GENERAL CONTENTS. 

Introduction— Workshop and Stores— Plant and Appliances— Brushes and 
Tools— Materials : Pigments, Driers, Painters' Oils— Wall Hangings— Paper 
Hanging— Colour Mixing — Distempering — Plain Painting — Staining— Varnish 
and Varnishing — Imitative Painting — Graining — Marbling — Gilding — Sign- 
Writing and Lettering — Decoration : General Principles — Decoration in Dis- 
temper — Painted Decoration — Relievo Decoration — Colour — Measuring and 
Estimating — Coach-Painting— Ship- Painting. 

"A THOROUGHLY USEFUL BOOK . . . GOOD, SOUND, PRACTICAL INFOR- 
MATION in a clear and concise form."— Plumber and Decorator. 

" A THOROUGHLY GOOD AND RELIABLK TEXT BOOK. . . So FULL and 

complete that it would be difficult to imagine how anything further could be 
added about the Painter s craft." — Builders' Journal. 
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Second Edition. In Large 8vo. Handsome Cloth. With 4 Plates 
and Several Illustrations. 16s. net. 

THE CHEMISTRY OF INDIA RUBBER. 

A Treatise on the Nature of India Rubber, its Chemical and 
Physical Examination, and the Determination and 
Valuation of India Rubber Substitutes. 

Including the Outlines of a Theory on Vulcanisation. 
By CARL OTTO WEBER, Ph.D. 

" Replete with scientific and also with technical interest. . . . The section on physical 
properties is a complete risumi of every thing known on lh- subject."— /#k/M-r*Mrr Journal. 



In Large Crown 8vo. Fully Illustrated. 5s. net. 

glue:, gelatine, 

AND THEIR ALLIED PRODUCTS, 

A Practical Handbook for the Manufacturer, Agriculturist, and Student of Technology. 

By THOMAS LAMBERT, 

Analytical anJ Technical Chemist. 
Contents. — Historical.— Gluk.—Gblatink. — Size and Isinglass. -Treatment ol Efflu- 
ent* produced in (Hue and Gelatine Making. — Liquid aod other (Hue-.. Cements, &C. — Uses 
of Glue and Gelatine. — Residual Product--. — Analysis of Raw and Finished Products. - 

AfpKMux.- Index, 

"A sufficient account I f modern methods of working, chiefly from a practical standpoint. 
A book . . . of real value."— C/wmu.t/ JVews. 



In Medium 8vo, Handsome Cloth. Fully Illustrated. 12s. 6d. net. 

PAPER TECHNOLOGY: 

AN ELEMENTARY MANUAL ON THE MANUFACTURE. PHYSICAL QUALITIES, 
AND CHEMICAL CONSTITUENTS OF PAPER AND OF 
PAPERMAKING FIBRES. 

With Selected Tables for Stationers, Publishers, and Others. 

By K. \Y. SIXDALL, K.C.S. 

Contents. — Introduction.- Technical Difficult i<-* relating to Paper. -The Manufacture 
of Rag Paper, Hand-made, Machine-made; Esparto Papers ; Chemical Wood Pulp; Me- 
chanical Wood Pulp; Wood Pulp Paper* ; Art Papers; Hemp, Jute, and other Papers. — 
The Physical Qualities of Paper: Weight, Thickness, Strength, Elasticity, &c. The 
Chemical Constituents of Paper: Clay, Pearl Hardening, Gelatine, Casein, Rosin, Alum, 
Starch, Pigments, Aniline Dyes, Ac— Chemical Analysis of Paper. Microscopical Analy- 
sis. — Conditions Affecting Quality. — "C U.S. Units."— Vegetable Fibres used in Paper* 
making-— Chemical and Physical Characteristics of Fibres. — Cellulose.— Statistics relating 
to Paper.— Tables.- liibliography.— Index. 

In Large 8vo. Handsome Cloth. With PlatCS and Illustrations. 7s. 6d. net. 

THE MANUFACTURE OF INK. 

A Handbook of the Production and Properties of Printing, 
Writing, and Copying Inks. 
By C. A. MITCHELL, B.A., F.I.C., F.C.S., .V T. C. IIEFWORTH. 

General Contents. Historical. Inks and their Manufacture.— Writing Inks.— 
Carbon and Carbonaceous Inks.— Tannin Materials for Ink. Nature of Inks.- Manufacture 
of Iron Gall Ink. — Logwood, Vanadium, and Aniline Black Inks. — Coloured Inks. — 
Examination of Writing Inks. — Printing Inks. — Early Methods of Manufacture. — 
Manufacture ol Varnish Inks - Preparation and Incorporation of the Pigment. —Coloured 
Printing Inks.— Copying Inks. Marking Inks.— Natural Vegetable Inks. Safety Inks 
and Papers. — Sympathetic Inks. - Ink Powders and Tablets. — Appendices. — Patent 
Specifications, &< . 

"Thoroughly well arranged . . . and of a genuinely practical order." — Rritiih Printtr. 
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TEXTILE INDUSTRIES. 



Second Edition, Thoroughly Revised Throughout. In Two Large 
Volume*. Handsome Cloth. 

A MANUAL OP DYEING: 

fOR THE USE OF PRACTICAL DYERS, MANUFACTURERS, 8TUDENT8, 
AND ALL INTERESTED IN THE ART OF DYEING. 

E. KNECHT, Ph.D., F.LC BY CHR. RAWSON, F.I.C, F.C.S., 

Htad of tha CbamUUr au4 Vjmlnt Ltapartmaot of Lata Haadof thaCbamUtrr ami Dyalaf Department 
the Tvcbuic&l B. ln.,1, MancfaaaUr; Editor of "Tba of Ui« Technical Collag*. Bradford ; Maaibtr 
Journal of Uw 8od«t7 o( Drat* and ColourUta ; " Council of U» Uodaty of Dy«n and CotoarbMJ 

And RICHARD LOEWENTHAL, Ph.D. 

General Contents. — Chemical Technology of the Textile Fabrics — 
Water — Washing and Bleaching — Acids, Alkalies, Mordants — Natural 
Colouring Matters— Artificial Organic Colouring Matters— Mineral Colours 
— Machinery used in Dyeing — Tinctorial Properties of Colouring Mattel 
Analysis and Valuation of Materials used in Dyeing, Ac, &c. 

•'This authoritative and exhaustive work . . . the most complktk we have yet 
an the subject." — Textile Manufacturer. 



In Large Sro, Handsome Cloth. Pp. i-xv + 405. 16s. net. 

THE SYNTHETIC DYESTUFFS, 

AND 

THE INTERMEDIATE PRODUCTS FROM WHICH THEY ARE DERIVED. 

By JOHN CANNELL CAIN, D.Sc (Manphkster and Tfbinoen), 

Technical Chemist, 

And JOCELYN FIELD THORPE. Ph.D. (Heidelberg), 
Lecturer on Colouring Mutt era in the Victoria University of Manchester. 

Part I. Theoretical. Part II. Practical. Part III. Analytical. 

" Wo have no hesitation in describing this treatise at one of the most valuable Ixwka 
that ha* appeared. . . . Will give an impetus to the study of Organic Chemistry 
generally. —Chemical Irade Joxtmal. 



Companion Volume, to Knechl <L Rawsons "Dyeing." In Large 8vo. 
Handsome Cloth, Library Style. 16s. net. 

A DICTIONARY OP 

DYES, MORDANTS, & OTHER COMPOUNDS 

USED IN DYEING AND CALICO PRINTING. 

With Formula, Properties, and Applications of the carious substances described, 
and concise directions for their Commercial Valuation, 
and for the Detection of Adulterants. 

By CHRISTOPHER RAWSON, F.I.C., F.C.S., 

Consulting Chemist to the B*h*r Indigo Planters' A«*oclation ; Co-Author of M A Manual 

of Dyeing ; " 

WALTER M. GARDNER, F.C.S., 

Head or the Department of ChemUtry and Dyeing, Bradford Municipal Technical College : 
Editor of the " Jouro. 8oc. Dyer* and ColonrUU . " 

And W. F. LAYCOCK, Ph.D., F.C.S., 

Analytical and Consulting Chemist. 
"Turn to the book as one may on any subject, orauy substance in connection with the 
trs le, and a reference is sure to be found The suthors have apparently left nothing out" 
— TtxtiU Mtrcary. 
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Large 8vo. Profusely Illustrated with Plates aDd Figures in the Text. 

16s. net. 

THE SPINNING AND TWISTING OF LONG 
VEGETABLE FIBRES 

(FLAX, HEMP, JUTE. TOW, & RAMIE). 

A Practical Manual of the most Modern Methods as applied to the Hackling, Carding, 
Preparing, Spinning, and Twisting of the Long Vegetable Fibres of Commerce. 

By HERBERT R. CARTER, Belfast and Lille. 

1 ■ i nkkal Contents. — Loin; Vegetable Fibres of Commerce.— Rlae aud Growth of 
the Spinning Industry — Raw Fibre Markets.— Pure-basing Raw Material.— Storing and 
Preliminary Operathms.— Hackling.— Sorting.— Preparing.— Tow Carding and Mixing.— 
Tow Combing.— Gill Spinning.— The Roving Frame.— Dry and Demi-sec Spinning.— Wet 
Spinning.— spinning Waste. — Yarn Reeling. — Manufacture of Threads, Twines, and 
Cords.— Rope Making.— The -Mechanical Department.— Modern Mill Construction.— 
Steam and water Power.— Power Transmission. 

" Meets the requirements of the Mill Manager or Advanced Student in a manner 
perhaps more than satisfactory. . . . We must highly commend the work as repre- 
senting up-to-date practice."— Nature. 



In Large 8vo, Handsome Cloth, with Numerous Illustrations, 9s. net. 

TEXTILE FIBRES OF COMMERCE. 

A HANDBOOK OF 

The Occurrence, Distribution, Preparation, and Industrial 
Uses of the Animal, Vegetable, and Mineral 
Products used in Spinning and Weaving. 

By WILLIAM I. H ANNAN, 

Lecturer on Botany at the Ashton Municipal Technical School, Lecturer on Cottob 
Spinning at the Chorley Science and Art School, &c. 

With Numerous Photo Engravings from Nature. 

"UsKjrci. Ikformatios. . . . ADKRanu Iu.cstkatiobs. . . . The information 
is not easily attainable, and in Its present convenient form will be Taluabla"— Textile 



In Large 8vo, with Illustrations and Printed Patterns. Price 2 is. 

TEXTILE PRINTING: 

A PRACTICAL MANUAL. 
Including the Processes Used in the Printing of 
COTTON, WOOLLEN, SILK, and HALF- 
SILK FABBICS. 
By C. F. SEYMOUR ROTHWELL, F.C.S., 

Mem. 3oe. of Chemical Industries ; late Lecturer at the Municipal Technical School, 

Manchester. 

General Contents. — Introduction. — The Machinery Used in Textile 
Printing. — Thickeners and Mordants. — The Printing of Cotton Goods. — The 
Steam Style. — Colours Produced Directly on the Fibre.— Dyed Styles.— 
Padding Style.— Resist and Discharge Styles — The Printing of Compound 
Colourings, ate— The Printing of Woollen Goods.— The Priuting of Silk 
Goods.— Practical Recipes for Printing.— Useful Table*.— Patterns. 

' Bt fab the best and most practical book on tixtilk fkjhtixo which has yet been 
brought out, and will long remain the standard work on the subject. It Is essenUally 
practical in character."— Textile Mercury. 

" The most practical maxual of textile paiNTi™ which has yet appeared. We have 
no hesitation In recommending if — The Textile Manufacturer. 
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Large 8vo. Handsome Cloth. 12a. 6d. 

BLEACHING & CALICO-PRINTING. 

A Short Manual for Students and 
Practical Men. 

By GEORGE DUERR, 

Director of the Bleaching, Dyeing, and Printing Department at the Accrington and Bacnp 
Technical Schools ; Chemist and ColourUt at the Irwell Print Work*. 

Assisted by WILLIAM TURNBULL 

(of Turn boll A Stockdale. LlmltedJ. 

With Illuat rations and upwards of One Hundred Dyed and Printed Patterns 
designed specially to Bhow various Stages of the Processes described. 

GENERAL CONTENTS. —Cotton, Composition of; Bleaching, New 
Processes ; Printing, Hand-Block ; Flat-Press Work ; Machine Printing— 
Mordants— Styles or Calico-Printino : The Dyed or Madder Style, Resist 
Padded Style, Discharge and Extract Style, Chromed or Raised Colours, 
Insoluble Colours, Ac — Thickeners — Natural Organic Colouring Matters 
— Tannin Matters — Oils, Soaps, Solvents — Organic Acids— Salts — Mineral 
Colours— Coal Tar Colours— Dyeing— Water, Softening of —Theory of Colours 
— Weights and Measures, Ac. 

" When a madt w at out of a difficulty is wanted, It is is books uci th is that It is found."— 
Textile Recorder. 

"Mr. Durbr's wobet will be found most csrpcl. . . . The Information jiren is of oua? 
»ALOa . . . The Recipes are THoaouootT rSACtlCAU' -rexlii* J/ann/ortar*r. 



Second Edition. Revised and Enlarged. With Numerous 
Illustrations. 4s. 6d. 

GARMENT 
DYEING AND CLEANING. 

A Practical Book for Practical Men. 

By GEORGE H. HURST, F.C.S., 

Member of the Society of Chemical Industry. 

General Contents.— Technology of the Textile Fibres— Garment Cleaning 
— Dyeing of Textile Fabrics — Bleaching — Finishing of Dyed and Cleaned Fabrics — 
Scouring and Dyeing of Skin Rugs and Mats— Cleaning and Dyeing of Feathers- 
Glove Cleaning and Dyeing— Straw Bleaching and Dyeing— Glossary of Drugs 
and Chemicals— Useful Tables. 

" An up-to-dats hand book has long been wanted, and Mr. Hurst has dose nothing 
more complete than this. An important work, the more so that several of the branches of 
the craft here treated upon are almost entirely without English Manuals for the guidance 
of workers. The price brings it within the reach of all." — Dyer and Calica-Printtr. 

" Mr. Hurst's wonc drcidrdly fills a want . . . ought to be in the hands of 
every garment ovrr and cleaner in the Kingdom" — Textile Mercury. 
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" BojB OOULD HOT HIT! A MOKE ALLURIHQ IETROPCCTIOW tO Scientific ptirsutU 
than these charruiug -looking volume*."— Letter to the Publisher! from the Head- 
muter of one of oar greet Public Schools. 

Handsome Cloth, 7s. 6d. Gilt, for Presentation, 8b. 6d. 

OPEjWUfl STUDIES If BOTAflY: 

SKETCHES OF BRITISH WILD FLOWERS 
IN THEIR HOMES. 

By R. LLOYD PRAEGER, B.A., M.R.I.A. 

Illustrated by Drawings from Nature by S. Rosamond Praeger, 
and Photographs by R. Welch. 

General Contents.— A Daisy-Starred Pasture— Under the Hawthorns 
— By the Kiver — Along the Shingle — A Fragrant Hedgerow— A Connemar* 
Bog — Where the Samphire grows — A Flowery Meadow — Among the Corn 
(s Study in Weeds)— In the Home of the Alpines — A City Rubbish-Heap— 
Glossary. 

"A FRESH AND STIMULATING l)OOS . . . should take a high pi lice ... The 
Illustration! ere drawn with much skill." — Tk$ Timet. 

" BBAUTTTULLT ItLl'HTRATSD. . . . One Of the K06T ACCURATE BS well SB 
IHTXRESTING book* of the kind we have s.eti. -AtAnuxutn. 

" Redolent with the scent of woodland and meadow. "-The Standard. 



With 12 Full-Page II tu at rations from Photograph*. Cloth. 
Second Edition, Revised. 8s. 6d. 

0PE1WUK STUDIES l|i GEOIiOGY: 

An Introduction to Geology Out-of-doors. 

By GRENVILLE A. J. COLE, F.O.S., M.R.I.A., 

Professor of Geology tn the Royal College of Science for Ireland, 
aud Examiner in the Unlvereity of London. 

General Contents.— The Materials of the Earth— A Mountain Hollow 

— Down the Valley — Along the Shore — Across the Plains — Dead Volcanoes 

—A Gianite Highland— The Annals of the Earth— The Surrey Hills— The 

Folds of the Mountains. 

"The fascist attho 'Orax-Aia Stcdim ' of Paor. Ools site the subject e glow or 
ANIMATIOX . . . cannot rail to arouse k«v_«u interest in geology."— Qtologval ilagann*. 
" A charxko boos, beautifully Illustrated." -AtA«un, m . 



Beautifully Illustrated. With a Frontispiece in Colours, and Numerous 
Specially Drawn Plates by Charles Whymper. 7s. 6d. 

OPEH-AIR STUDIES 15 BIRD-LIFE: 

SKETCHES OF BRITISH BIRDS IN THEIR HAUNTS. 

By CHARLES DIXON. 

The Spacious Air. — The Open Fields and Downs. — In the Hedgerows. — On 
Open Heath and Moor. — On the Mountains. — Amongst the Evergreens. — 
Copse and Woodland. — By Stream and Pool. — The Sandy Waste* and Mud- 
flats.— Sea-laved Rocks,— Birda of the Cities.— Index. 

"Enriched with excellent illustrations. A welcome addition to all libraries.'' — Wttt' 
mituUr Rtvirw. 
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Twenty-third Annual Issue. Handsome cloth, 7s. 6d. 
(To Subscribers, 6s.) . 

THE OFFICIAL YEAR-BOOK 

SCIENTIFIC AND LEARNED SOCIETIES OF GREAT BRITAIN 

AND IRELAND. 

COMPILED FROM OFFICIAL SOURCES. 

Domprisinq (together with other Official Information) LI8T8 of the 
PAPER8 read during the Session 1905-1906 before all the LEADING 
80CIETIE8 throughout the Kingdom engaged in the following Depart- 
ments of Research ;— 

} 6. Economic Science and Statistic*. 
} 7. Mechanical Science, Engineering, and 

Architecture, 
J 8. Naval and Military Science. 
I 9. Agriculture and Horticulture. 
> to. Law. 
J it. Literature, 
i i a. Psychology. 
J 13. Archaeology. 
{ 14. Medicine. 



"Fills a very real want." — Engineering. 

" Indispensable to any one who may wish to keep himself 
abreast of the scientific work of the day." — Edinburgh Medical 
Journal. 

" The Y ear-Book or Societies is a Record which ought to be of the greatest use for 
the progress of Science. " —Lord Play/air, F.R.8., K.C.B., M.P., Pmtt-Prtndtnt of th, 
Britiih Att«ci«t\OH. 

" It goes almost without saying that a Handbook of this subject will be in time 
one of the most generally useful works for the library or the desk "— Tkt Tim*t. 

" British Societies are now well represented In the ' Vear-Book of the Scientific and 

Learned Societies of Great Britain and I re land. '"-(Art. "Societies" in New Edition of 
"Encyclopedia Brittnnica," vol. x»L) 



Copies of the First Issue, giving an Account of the History, 
Organization, and Conditions of Membership of the various 
Societies, and forming the groundwork of the Series, may still be 
had, price 7/6. Also Copies of the Issues following. 



The vkak-hpok <>r societies forms a complete index to the sciKNTinc work of the 
sessional year m th<- various Department*. It is used as a Handbook in our great 
Scientific Centres, Museums, and Libraries throughout the Kingdom, and has become 
an isijim-knsahi.e book i,r kfkkkknck to every one engaged in Scientific Work. 

READY IN OCTOBER EACH YEAR. 
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ft. Science Generally :«'.#., Societies occupy- 
ing themselves with several Branches of 
Science, or with Science and Literature 
jointly. 

S a. Mathematics and Physics. 

f 3. Chemistry and Photography. 

I 4. Geology, Geography, and Mineralogy. 

f 5. Biology, including Microscopy and An- 
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Stanford University Library 

Stanford, California 



In order that others may use this book, 
please return it as soon as possible, but 
not later than the date due. 
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